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Preface 


Curriculum development considered in its widest sense has been recognized as 
the main generating force not only for quality in education but also for 
fostering the ability to assimilate changes, especially those due to the rapid 
scientific and technical evolution now in progress. This book is designed to 
assist those involved in curriculum planning and development by providing 
information on new approaches and experiences, on new methods and tech- 
niques in the teaching of mathematics - a subject of considerable concern in 
curriculum-reform programmes. 

The introduction of a new curriculum involves a change in the very purposes 
of education and in teaching practices. Thus curriculum has different meanings 
in various contexts and at different working levels. What is offered here is a 
survey of new approaches to teaching mathematics, including both practice 
and theory - from examples of classroom application to the problems of 
identifying the processes by which mathematics learning takes place. For those 
readers on the operational level there is provided a selection of syllabuses, a 
survey of available teaching aids and materials, and a reference appendix to the 
fundamental concepts of the new mathematics. A comprehensive list for 
further reading is to be found in the bibliography. Thus it is hoped that the 
reader, whether working in mathematical education as a curriculum planner, 
teacher-educator or practising teacher, will find material of interest. Despite 
the increasing importance of the primary stage in the reform movement, the 
present book focuses on the secondary level where the mathematics curriculum 
reform started and has been more readily applicable. 

As with the teaching of any science, the teaching of mathematics must 
necessarily keep pace with advances in the field of mathematics itself. Towards 
this end, various national and international professional organizations are 
making sustained efforts to promote the fundamental reforms necessary for 
the improvement of school mathematics teaching. Mention is made here of 
one of Unesco’s activities in this field, a meeting of experts, the International 
Symposium on School Mathematics Teaching, convened in Budapest by the 
Hungarian National Commission for Unesco with the participation of the 
Organization. At this meeting recommendations were formulated concerning 
mathematics curricula and the furthering of mathematics teaching to serve as 


international guidelines. Reference to the Budapest recommendations- a valid 
and far-reaching statement of objectives for the reform - is made throughout 
the book. 

To prepare this book Unesco approached two experts in the field of mathe- 
matics teaching: Willy Servais of the Institut Supérieur de Pédagogie and 
Préfet des Etudes at the Athenée Provincial du Centre in Morlanwelz, 
Belgium, and Tamas Varga, Research Officer of the National Institute of 
Education in Budapest. Mr Servais and Mr Varga served as consultant editors 
for this volume, but also wrote major portions of the text, contributing in the 
areas of their special interest and concern. They turned to the following 
leading mathematicians and mathematics educators for contributions: Matts 
Hastad, Secretary of the Nordic Committee for the Modernization of School 
Mathematics; Anna Zofia Krygowska, Professor of Mathematics and 
Mathematical Education, Teacher Training College, Cracow; Geoffrey 
Matthews, Project Organizer of the Nuffield Foundation Mathematics 
Teaching Project; E. A. Peel, Professor of Educational Psychology, Depart- 
ment of Education, University of Birmingham; and Angelo Pescarini, teacher 
of mathematics in the secondary schools of Ravenna. These contributions 
reflect the different experiences and approaches being tried in curricula and 
methods. To present adequately the current situation in mathematics teaching, 
the manuscript was submitted to other specialists and educators whose com- 
ments and suggestions were incorporated in the book. 

Any opinions expressed herein are those of the editors and the authors and 
do not necessarily reflect the views of Unesco. 

It is planned to follow this first title with other guides to the teaching of the 
basic sciences: biology, chemistry and physics. Science teaching has proved 
to be a field which most countries are anxious to develop and certainly it 


represents a marked priority within the national scheme of educational 
development. 
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General Introduction 


Prepared by T. Varga Fe 


The reform of mathematics teaching 


Towards the middle of this century a vast international movement emerged, 
aimed at making profound changes in mathematical education. Groups, 
centres, projects and societies were formed with the object of reshaping school 
mathematics. Research mathematicians, psychologists, teachers and education- 
ists all became active in the reform both of the content and of the methods of 
teaching. Individuals and centres joined forces, both within and between 
countries, and experimental courses were set up. 

What are the motives underlying the reform? 

One of the possible answers is the conflict between demands and accomplish- 
ment. 

The science of mathematics is expanding rapidly ; school mathematics lags 
behind by centuries. Social and technical progress depend more and more 
on up-to-date mathematics in an increasing range of professions. This is 
because mathematics is becoming a more flexible tool than it ever was in many 
fields of life and culture, old and new alike. Computers, as results and pro- 
moters of the progress in mathematics and technology, deserve a special 
mention. Their rapid spread is an important component of the process of 
mathematization. 

Under the pressure of such factors, vocational training and higher education 
are overburdened with mathematical topics. This pressure is transmitted to 
schools which are required to modernize their mathematical training. 

Yet there is an opposite pressure, resulting from the lack of ability. For the 
the majority of pupils even the present curriculum seems to be over full and 
too difficult. There is much evidence that the mathematical thinking of most 
pupils does not reach a very high level. Much of the effort these pupils would 
need to continue their mathematical studies could certainly be put to better 
use. 

The contrast between demands and accomplishment appears to be 
irreconcilable. Those who meet different facets of the problem come to quite 
opposite conclusions : one would increase the subject matter, another would 
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decrease it; one would move the teaching of certain topics to lower levels, 
another towards higher grades. Some recent curricular reforms seem to be the 
resultants of these two forces, without much attempt to find the roots of the 
problem. 

The awareness that more thorough changes are needed, not just the ifiser- 
tion or exclusion or shift of topics, marks a crucial turning point. The whole 
curriculum, from the very beginning, is seen to need revision both in content 
and sequence. Teaching methods must also be re-examined. The reform stands 
or falls by the teachers; their training and re-training, at every level, is funda- 
mental. 

Knowing what is needed would not itself have led to the development of the 
reform movement. The recognition of new possibilities gave it momentum, and 
instilled the hope that real advances, not half measures, might be reached in 
the field of mathematics teaching. This optimism has been fostered both by an 
appreciation of recent developments in mathematics and psychology, and by 
actual teaching experience. 

In this century mathematics moved away from what is generally called 
school mathematics. This is one fact. Another is that its core became in a sense 
more integrated, more coherent and thereby more suitable for building a new 
‘school mathematics’. 

Psychology, too, has made its contribution. In particular, genetic child 
psychology and various learning theories have led to results that pay a divi- 
dend in the learning of mathematics, especially by young children. 

It is not only the mere theoretical development in mathematics or in psy- 
chology which has given rise to optimism, but the experiences to which they 
have led. This has helped to dispel the sceptical view according to which 
understanding mathematics is the privilege of a select few endowed with 
peculiar innate abilities. This view is readily accepted by those who under- 
stand mathematics (for they are, then, an élite) and also by those who do not 
(for then they cannot be blamed for it). Most reformers are none the less 
convinced that the ability to attain a high level of mathematical culture is 
within the reach of human beings in general, not of only a select company. 
This conviction is rooted in the teaching experience mentioned above and has 
led to further experiment. 

From these experiments new ideas and principles are now taking shape. 
related partly to a new system of school mathematics and its teaching, partly 
to the Strategy of the reform movement, and partly to problems of realizing the 
reform in practice. Some of these ideas and principles are set out below. 


New and old 


Inspeaking ofthe reform of mathematics teaching the words ‘new’ or ‘modern’ 
are often used, in this work as elsewhere, as terms of praise. The words ‘old’ or 
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‘traditional’ are accordingly used in a pejorative sense. Such labels should not 
suggest that a topic is to be rejected solely because it is not recent, or another 
preferred because it is recent (or labelled as recent). No successful and durable 
reform may be conceived without a reasonable knowledge of both the old 
and the new in this field, their evaluation, the integration of what has been 
found valuable and the rejection of what has become worthless in them. 

Here is an example. Comenius (Jan Amos Komensky) revolted centuries 
ago against the verbal, memorizing way of teaching that survived from the 
Middle Ages (when it was justified by lack of printing machines). Experience, 
said Comenius, should be the starting point. Yet because of the inertia of 
education his principles have not yet been put into practice: the exposition 
ofready-made knowledge and the overemphasis on verbal memory as opposed 
to experience and understanding are all too frequent today, even in mathe- 
matics teaching. In this respect the principles of Comenius are still ‘new’ and 
‘modern’. 


The reform of content and teaching method 


Every balanced reform project seeks to modernize both content and teaching 
methods. Under given conditions one or other may be more important or more 
urgent, yet ‘both in mutual assistance’ is usually considered as a better policy 
than ‘either... or. . .". Routine content automatically entails routine ways 
of presentation. 

Content can be analysed into content proper (‘What to teach?’) and its 
inner organization, this latter being most closely related to teaching methods. 
Similarly, teaching methods can be analysed into presentation of the subject 
matter (e.g. the use of graphical devices or models) and the organization of 
classroom work, the former being most closely related to the content. 


Table 1 

Content Teaching methods 

Content proper Organization Presentation Organization 
(What to teach?) of the content of the content of classroom work 


Some reform trends pay more attention to content and others to teaching 
methods. The view that the reform of the content is more important than that 
of the teaching methods is rarely stated explicitly. It is, however, implicit in 
many publications and schedules. Wherever the reform moves mainly from 
above (from authorities) downwards, there is a tendency to emphasize content. 
The content — what to teach — can easily be imposed upon the teacher. Less 
easy to control is the way it is organized into the curriculum, still less its 
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presentation. Least susceptible of all is the most properly pedagogical activity 
of organizing children’s work. But all of these can be communicated from 
person to person, like an epidemic. This is an indispensable counterpart, or a 
desirable alternative, to the introduction of new curricula by higher authorities. 
If new and more appropriate curricula have been introduced and they still do 
not pay the expected dividends, the trouble may lie with person-to-person 
communication of the ingredients. 


Mathematics as a tool and as an autonomous science 


In learning mathematics, as in learning a language, use is the best starting 
point. Few are interested in the structure (mathematical or grammatical) 
of what they have not experienced in use. If they have, the growing appreciation 
of the structure is fundamental in promoting correct and efficient use. 

Some are anxious lest school mathematics should become by reform too 
theoretical instead of more practical, as if these two aspects exclude rather 
than strengthen each other. 

Look at mathematical logic. Some decades ago this seemed to be one of the 
most remote mathematical disciplines to which the rest of mathematics was 
sometimes opposed as ‘concrete mathematics’. Suddenly it has turned out 
that apart from being theoretical it is also extremely practical. A basic know- 
ledge of logic is, for example, indispensable in understanding and using 
computers. Logic is now seen as fitting well into the school curriculum and 
adding much to its theoretical and practical value. 

‚Other topics, elements of which may have a similar twin effect on school 
mathematics, include mathematical analysis, linear algebra, probability and 
Statistics, information theory and game theory. 

To produce this twin effect, it is not enough to have such topics represented 
in the curriculum. Teachers are needed who themselves think both in terms 
of applications and in terms of pure mathematics and who can transfer those 
ways of thinking and of doing to children. 

The following example may help to bring home the point. If we, as teachers, 
Suggest to children a useful heuristic rule such as: ‘In order to determine three 
unknowns try to find three conditions’, then we train them in the spirit of 
applications and, of course, heuristic applications. There is no theorem of 
pure mathematics to the effect that three conditions are either sufficient or 
necessary to determine three unknowns. Even if we restrict conditions to 
equations, there is none. Further strong restrictions are needed to guarantee 


absolute validity to such a statement. In mathematics the proper word for 
absolute validity is: validity — both 


Eu in pure and in applied mathematics. 
Mathematics is a whole; only the aspects differ. From the point of view of 
ot validity, at least not to the same extent 
The time element comes to the fore. We 


applications our primary concern is n 
as in pure mathematical thinking. 
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run a risk. But we must know we run a risk. Teachers and pupils, applied 
mathematicians and academic mathematicians alike must clearly distinguish 
between heuristic rule and theorem, plausible reasoning and proof. 

The traditional teacher has a horror of speaking in inexact terms. But he is 
not always able to be exact. This makes him inclined to blur the frontier 
between what is a theorem or a proof and what is not. The clear distinction 
between these is not exclusive to pure mathematics. An awareness of this 
distinction enables us to treat the subject in both its theoretical and practical 
aspects. 

In order to see clearly where exactness can or cannot be expected, the 
distinction between physical systems and their mathematical models* is vital. 
The idea is old but its consequent realization in schools is a new and promising 
feature of the new trends. 

Certain aspects of a physical system (e.g. a moving body or a statistical 
sample) can be more or less exactly characterized by mathematical models 
(e.g. functions). Usually one may choose between models that fit less well to the 
system but are simpler and more manageable, and others that fit better but 
are more complicated and more cumbersome. It is usually much harder to 
find (and harder still to invent) a mathematical model suitable for solving a 
problem about a physical system and to interpret the result obtained within 
the mathematical model in terms of the physical system, than to solve just 
that part of the problem which falls within the mathematical model. The trans- 
lation from and to the physical system rarely — and then only partially — lends 
itself to algorithmization ; it demands much of sound judgement and intuition. 
Every teacher of mathematics knows how much more difficult it is to teach 
the solution of ‘word problems’ by means of equations than solving the 
equations themselves, in spite of the fact that word problems in books usually 
lead to much simpler equations than those extracted from real-life situations 
and are often little more than straightforward translations of equations. 

School mathematics is further detached from real life by an excessive use 
of simple whole numbers, in order to avoid long and tedious calculations. The 
best way to get rid of such time wasting is, however, not always by using simple 
numbers, nor by avoiding numerical data, but by using calculating machines 
and other devices such as the slide rule. 

Such devices, applied in real-life situations, help to develop in children a feel- 
ing for order of magnitude and reasonable approximations, and skill in 
estimation or in the use of rapid rough calculations of numerical results. 

All in all, a balance between numerical and non-numerical problems, of 
widely differing origins, is generally expected from new mathematics teaching. 


*The word ‘model’ is used in mathematics in another, nearly opposite sense as a mathematical 
model satisfying a system of axioms. The point is that a system of axioms is more abstract than its 
model, but a physical system is less abstract than its mathematical model. If we insist on speaking 
about models of axiom systems then it would be more reasonable to speak ofa physical model and 
a mathematical system describing it, than the other way round. 
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Where to put the emphasis is a matter for consideration and is to be answered 
according to the situation. 


Mathematics as an art 


Many students leave school without ever having felt the beauty of mathematics. 
More often than not they take the Opposite view. . 

One of the fundamental aims of the present reforms is to help pupils enjoy 
mathematics, to make them realize its beauty. As a beginning, the fear and 
anxiety so often raised in them should be removed. Essential to this approach is 
freedom of expression, arising from playful activity. To realize and enjoy the 
beauty of mathematics, pupils must be given sufficient opportunity for free, 
playful, creative activity, where each can bring out his own measure of wit, 
taste, fantasy, and display thereby his personality. 

Students who have a feeling for beauty realize more easily, for example, 
that mathematics gains in beauty if we put 3° = 1 and 3-2 — 3 rather than 
accepting, say 3° = 0 and 3-2 = _9. They find this harmonious and they 
also find it useful because it fits into and extends the pattern of earlier knowledge. 
Such examples make them aware of how beauty can show the way towards 
utility, 

An important type of problem developing (and making use of) the sense of 
beauty is the search for patterns, 

Mathematical recreations al b 
matics. Puzzles in mathematics are somewhat similar to songs in music: 
tious and accessible to many. Some 
are the personal inventions of creators of mathematics ; others are of unknown 
origin, becoming polished through centuries, emerging here and there in 
i are also like anecdotes, which often 
le in the development of topology, 
lent starting points and incentives for 
creative mathematics itself. 


Mathematics as a whole 


One of the main disadvanta 
meal character; on this there i 
however different they are, unifying tendencies emerge. Set, relation, function, 
group, vector and many others are 
riculum is the object of much cont 

Those who prefer later introduct 
for children, think it is preferable 
order to have a firm base for gener. 
duction think that arriving at ar 


Toversy and experiment. 

ion, because these concepts are too abstract 
first to meet a number of special cases in 
alization. Those who are for an early intro- 
easonably general concept through concrete 
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situations, and then applying the idea to special cases, has the advantage of 
giving a comprehensive view. 

Those who hold the first view are influenced by attempts to introduce 
general concepts without adequate preparation, without sufficient motivation, 
in an uninspired way. Those who hold the second view contrast these cases 
with successful experiments, which they regard as existence theorems. 

Typical of the piecemeal approach are courses of geometry in the Euclidean 
spirit. Krygowska (1962)* has written in this connexion: 


Their illusions [i.e. those of the partisans of Euclid] have long hindered the enrich- 
ment and the modernization of the average pupil's education through mathematics 
teaching, given the piecemeal treatment of the general notions of classical geometry, 
often presented virtually in fragments. (For example, the pupils recite the definitions 
of a convex angle, of a convex polygon, of a convex polyhedron, but they have no 
idea that a circle is convex.) The general definitions based on the idea of sets of 
points were alien to the deductive system of Euclid’s Elements. Yet such restrictions 
are inconceivable in a modern geometry course. 


The new curricula, which are being tested in many variants, aim at not 
merely removing this fragmentation from within the various mathematical 
disciplines such as geometry, arithmetic and algebra. The disciplines them- 
selves are gradually being integrated. 

The separation of arithmetic and algebra in the school time-table is regarded 


, today as anachronistic. It sounds indeed incredibly dull, although it is a fact, 


that in many schools after having studied arithmetic for five, six or seven years, 
the pupil moves to a so-called course of algebra which begins with equations 
such as 3x = 18 and with statements such as: ‘The commutative law of 
addition is valid not only in arithmetic but also in algebra: a+b = b--a^ 
(As if this identity did not express in a general way — at this informal level — 
the very fact known from arithmetic that the sum of any two numbers is the 
same whatever the order of the numbers is.) 

Instead of this obsolete separation we now find it quite natural that the 
solution of equations as well as inequations is an integral part of learning 
arithmetic, or rather of mathematics, as early as grade one. 

The integration of the mathematical curriculum does not stop here. Alge- 
braicmethods (this time not only in the sense of traditional school mathematics) 
penetrate into geometry. They abolish the division between ‘synthetic’ and 
‘analytic’ geometry and contribute to the integration of geometry with the 
rest of mathematics. 

There are concepts in mathematics having a unifying strength which goes 
beyond the scope of traditional mathematics. It might be said that those 
concepts extend mathematics by establishing patterns not previously envisaged. 

An example of such a concept is a set (together with other pertinent concepts 
such as element, subset, intersection, union, Cartesian product and relation). 
If we regard grammatical notions such as noun and adjective as useful in 


*References for the Introduction will be found on p. 32. 
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developing clear thinking, we should attach even more importance to the 
following ideas about sets. Given a fundamental set. for example that of 
human persons, some nouns and adjectives, such as ‘sailor’ or ‘one-legged’, 
each define a set within the larger set. that is a subset of the larger set (see 
Figure 1). Proper nouns and some other designations (such as 'G. B. Shaw’, 
‘the first cosmonaut’) identify elements of the fundamental set (Figure 1). 
Other words and phrases (such as ‘is the son of’, ‘knows’, ‘is older than’) ex- 
press relations between elements of the fundamental set (Figure 2). An adjective 


together with a general noun, or two consecutive adjectives (‘one-legged 


set of human beings 


set of sailors set of one-legged 


persons 


e 
a sailor 
(with two legs) 


° 
a one-legged 
sailor 


° 
a one-legged person 
(not a sailor) 


e 
the first cosmonaut 


Figure 1 Subsets and elements of a fundamental set 


Johnny ~ is older than 


"e 
Mr Williams 


Figure 2 Relations between elements of a set 
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concrete things 


black things 


big black 
things 


Figure 3 Intersection of sets 


sailor’, "big black") usually determine the intersection of the two sets defined 
by them separately (Figure 3); and so on. 

In the above examples concepts of set theory have been related to those of 
grammar, as the less familiar to the more familiar. This order is hardly natural. 
Such fundamental set-theoretical concepts as those listed above and the 
logical concepts closely linked with them, such as those of conjunction, dis- 
junction, implication, etc., are simpler, deeper and more powerful than those 
of grammar and by no means assume a previous knowledge of grammatical 
notions. Their grasp at an age of, say, between six and twelve is a powerful aid 
to clear thinking. 

In mathematics itself these concepts enable pupils to realize relationships 
between many notions that earlier emerged accidentally and were learned 
without apparent connexions. (For example, when we speak of the greatest 
divisor of two numbers, or of the solution of simultaneous equations. each 
time we look for the intersection of two sets.) 

Ina similar way, equations and inequations as special concepts are fitted into 
the more general concept of a condition or an open sentence. The following are 
all open sentences: 


X2 5, D-2«5 — divides 6. 


— was a sister of Branwell Bronté. 

The truth sets of these sentences are, in the case of the first three, subsets of 
the set of natural numbers N, and of the fourth, a subset of the set of human 
beings H: 


{3}, {0, 1, 2}, {1, 2, 3, 6}, 
{Anne Brontë, Charlotte Brontë, Emily Brontë}. 


Each of the above is an open sentence in one variable; they determine subsets 
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of a set (of N. of H). Open sentences in more than one variable, such as 
‘— divides —’, define relations. : 

The concept of an open sentence is extremely simple, children of six to 
seven years old can easily grasp it through everyday examples. Yet it is just as 
deep as it is simple; it contains the germ of one of the most important concepts 
of modern logic: that of a propositional function. 

An early knowledge of general unifying ideas does not mean a hunt for half- 
ripe abstractions alien to te mind of the child. Rather it amounts to what may 
be called a striving after "globality': instead of starting from the parts and 
trying to fit them together to a whole, it means going from the whole to its 
parts. Learning is viewed by the reformers as an aspect of the development of 
an organism — a human being. Characteristic to the development of organisms 
is the start from a whole, a germ. Learning is much more similar to biological 
growth than to manufacture, where component parts are first produced, then 
fitted together. 

Another aspect of mathematics as a whole is the balance between knowledge 
and technique. Without the latter the former is of little value. A wide view of 


very general concepts is not much use to a student if he cannot simplify an 
expression like 


2 


I= 


or Au(AnB). 


Yet formal skills are only a small part oftechnique in mathematics. A much 
more general view is expressed in the well-known memorandum of sixty-five 
American mathematicians published in the March 1962 issue of Mathematics 
Teacher and American Mathematical Monthly: "To know mathematics means 
to be able to do mathematics: to use mathematical language with some 
fluency, to do problems, to criticize arguments, to find proofs, and, what may 


be the most important activity, to recognize a mathematical concept in, or to 
extract it from, a given concrete situation,’ 


Familiarity and surprise 


An 
chil en false ideas, but onl 
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‘Children should not be confused,’ they say. One of the most important means 
of new-style mathematics teaching is to puzzle children, indeed to confuse 
them, again and again. 

“What are the neighbours of 3? — this question sounds bewildering. The 
new style teaching of mathematics does not refrain from raising such ques- 
tions, nor from answering directly if the questions are raised by children. 

To children accustomed to surprises and shocks, it is no longer easy to teach 
anything, especially not if it is false. Those who are often ‘confused’ in the 
above sense are more likely to think independently and less likely to accept 
an idea or a statement on mere authority. Keeping within the children’s range 
of thought also means letting them express their ideas in their own language. 
Their struggle with words helps their thoughts to ripen ; the need for successful 
communication improves their ways of expression. 

A non-authoritarian approach is required to realize the possibilities of 
teaching young children more mathematics than before. 


Levels 


“In which grade should coordinate geometry be taught?’ This is a question 
characteristic of the construction of traditional programmes. Now the question 
would be asked in the form: “What ideas of coordinate geometry should be 
included in a particular grade?” 

This change in the formulation of questions is connected with the shift of 
emphasis from imparting knowledge towards mental development. The same 
subject matter can be ‘known! at different levels. We begin to see what these 

m in planning curricula. This results 


levels are and begin to consider the 
in a much more intricate curriculum than in the past, much less describable 


in the usual terms. : 
In order to express the idea that we return to the same topic several times, 


each time at a higher level, the terms spiral curriculum and concentric cur- 
riculum are used. An instance of the latter is the two-level teaching ofelementary 
synthetic geometry: a *propaedeutic course’ (for example from ten to twelve 
years of age) and a ‘systematic course” (from thirteen to fifteen). In the spiral 
curriculum there are no such breaks; there is a gradual transition and the two 
levels coexist for a long time. Instead of a sharp change from one level to the 
other there is a back-and-forth traffic between the two. This is the best way of 
making the transition — if it can be so called — from arithmetic to algebra (in 


the traditional sense). One can never say, ‘The course of arithmetic is over; the 


course of algebra begins.” 
Good teachers have always adapted themselves, as far as the programmes 


allowed, to the natural developmental levels of mathematics learning. They 
were induced to do so perhaps by their need of contact with the students. 
there is something new today in this respect: the conscious use of scie: 
knowledge about child development and the growth of human thinki 
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general. The reshaping of curricula based on this knowledge will do much to 
promote adaptation. » 

In the past much has been said about the psycho-pedagogical conditions 
governing the drawing up of the programmes, especially of where to begin. 
It has often been said that what was called “deductive thinking’ could not be 
started before an age of about twelve. . 

Recent psychological research and educational experience have consider- 
ably modified this view. Instead of waiting for the ripening, the idea of making 
ripe has come to the fore — an idea advocated earlier by such psychologists as 
Stern and Vygotsky. As we now see (Bruner, 1966): 


:-- Some capacities must be matured and nurtured before others can be called into 
being. The sequence of their appearance is highly constrained. But these steps or 


the child can hold in mind two features of a displa 
deal with their relationship, as in a ratio. . 
described by a variety of investigators wo; 
Moscow, Paris, London, Mon; 
an interesting likeness. 


y at once, for example, that he can 
-- The steps or stages have been variously 
rking in centres as widespread as Geneva, 
treal, Chicago and Cambridge, but they seem to have 


Some of the researches into identifying the levels, or the series of prerequisites, 


atics teaching are the following: Van Hiele and 
Van Hiele-Geldof (1958/9), Skemp (1962) and Pyshkalo (1965). 

The five levels distinguished by Pyshkalo in the development of geometrical 
ideas may be summed up as follows: 
1. The child sees the 
its parts and witho 
different figures. 


geometrical figure as a whole, without distinguishing 
ut realizing relationships between them or between 


igh experience (observation, drawing, model- 
ith constituent parts and properties of figures 
ps between properties: the idea of defining a 
is unknown to him. 

3. Beginnings of deductive thinking: the insight that some properties imply 
other ones; 


appreciation of definitions; logical Organization is local, the role 
of axioms is not yet grasped. 


2. Beginnings of analysis: throu, 
ling) the ch 


but he does not see relationshi; 
figure by some of its properties 


pretations. 
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Pyshkalo has found by surveys made in five schools that before the usual 
systematic course started, at about eleven or twelve years of age, more than 
90 per cent of the pupils had not moved beyond level 1. Yet the systematic 
course assumed a maturity corresponding to level 3. Similar considerations 
led much earlier in England to the end of the rigid systematic course of 
geometry in the Euclidean spirit and its replacement by what is known as the 
stage A, B, C approach to geometry. 

Having regard to the prerequisites and adapting the curriculum to children’s 
levels of thought allows them much quicker progress than the imposition of 
adult thinking. Those whose experiences are mostly related to the ‘adult 
thinking’ kind of teaching find alarming the idea of a curriculum in which 
children from six to fourteen years old acquire mathematical notions pre- 
viously regarded as higher mathematics, belonging to the fields of sets and 
logic, modern algebra, probability, etc. 

This would be alarming indeed if children mastered words only without 
the notions behind them; or only isolated notions not rooted in their own 
thinking which do not develop into useful tools. Producing such pseudo- 
results instead of looking for the optimal conditions of children’s development 
in mathematical thinking is not rare. Yet behind sham results and half results 
it is impossible to see the real ones. Partial though they may be, they have 
modified our earlier view about the potentialities of young children. Those 
who have experienced the development of these potentialities in average 
children, even under unfavourable conditions, cannot help thinking that many 
other children are being deprived and wasting a mathematically receptive 


period that will never return. Quoting Bruner again: 


In the last few years there have been reports showing the crippling effect of deprived 
human environments as well as indications that ‘replacement therapies’ can be of 
considerable success even at an age on the edge of adolescence. The principal deficien- 
cies appear to be linguistic in the broadest sense — the lack of opportunity to share in 
dialogue, to have occasion for paraphrase, to internalize speech as a vehicle of 
thought. ... Unless certain basic skills are mastered, later, more elaborate ones become 


increasingly out of reach. . . . 


As we see today, the traditional teaching of mathematics can be looked upon 
even when successful as a sort of ‘replacement therapy’ — some kind of special 
education for retarded children (the majority of school children today). 
‘Better late than never’. we try to save what we can. This is extremely im- 
portant. But it is even more important to make the best of the years which are 


the most receptive for mathematical growth. 


0.9 Cycles in learning mathematics 


09.1 In the learning of mathematics, research workers have identified a certain 
cyclic structure. In the formation of a concept or in the learning of an item o "m 
23 Cycles in learning mathematics wi 
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knowledge, stages or phases have been distinguished which together constitute 
a cycle. When it is complete, or while it is still growing, a new cycle, consisting 


of similar stages, may begin. 


Two descriptions of such cycles, due to Dienes (1960, p. 39) and Polya 
(1963, p. 605), are worthy of comparison: 


Dienes 

The preliminary or play stage 
corresponds to rather undirected. 
seemingly purposeless activity usually 
described as play. In order to make play 
possible, freedom to experiment is 
necessary. 


The second stage is more directed and 
purposeful. At this stage a certain 
degree of structured activity is desirable. 


The next stage really has two aspects: 
one is having a look at what has been 
done and seeing how it is really put 
together (logical analysis); the other is 
making use of what we have done 
(practice). In either case this stage 
completes the cycle, the concept is now 
safely anchored with the rest of 
experience and can be used as a new 
toy with which to play new games. 


Polya 

A first, exploratory phase which is close 
to action and perception and moves on 
an intuitive, heuristic level. 


A second, formalizing phase ascends to 
a more conceptual level, introducing 
terminology, definitions and proofs. 


The phase of assimilation comes last : 
there should be an attempt to perceive 
the ‘inner grounds’ of things; the 
material learnt should be mentally 
digested, absorbed into the system of 
knowledge, into the whole mental 
outlook of the learner. This phase paves 
the way to applications on one hand, to 
higher generalizations on the other. 


The growing appreciation of the value of beginning with lightly structured, 


guided, explorative activity is one ofthe most conspicuous and most promising 
features in reform work the world over. 


Another remarkable characteristic in the new mat 
related to the cyclic course of learning, 
developing skills or in memorizing fact: 
formal arithmetic, for instance 


hematics teaching, closely 
is the almost total absence of drill in 
S, as an independent activity. Skills in 
‚ are not developed by doing sums mechanic- 


started. The new activity may be the solution of eq 
first by simply guessing, then by 
substituting the supposed roots a 

The integration of the develo 


i eady for application, since they are developed 
in the course of their application rather than out of any context. 
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A third conspicuous feature of the pilot work in many reform projects is a 
delay in the verbalization, at least publicly, of what has been found — of rules, 
shortcuts and relationships. Again, this has several advantages. First, slower 
pupils have more opportunity to experience the discovery for themselves and 
do not just accept a formulation void of sense for them. Second, a certain delay 
before verbalization usually helps the idea to ripen. The act of verbalization 
in due course also has such an effect. Third, it may be a valuable — even though 
external — motivation to try to find a secret that some of the pupils know but do 


not share. 


Individual differences 


The growing consideration of the differences between pupils is another 
important trend. The basic idea is that every child should be given the op- 
portunity to display his abilities as fully as possible, be he quick or slow, deep or 
superficial, thinking this way or that. This requirement is not specific to 
mathematics teaching, but here it is particularly important. Inno other subject 
does a disregard of the differences influence so severely the efficiency of 


teaching. 
Some ways of making allowances for such differences are the following: 


(a) Children work individually or in small groups on more or less different 
tasks. The teacher certainly cannot decide which task will contribute most to 
the development of each child at a given time. Even if he could, it would be 
difficult to assign to each pupil the most suitable task every time. Evidently 
he has to allow pupils some choice and give them some autonomy in organizing 
their work. His main responsibility is to set going this ‘self-regulating process’, 
to control it, to correct its errors. Such organization of the work in the class- 
room is no stopgap arrangement. It has ingredients which are educationally 
valuable: pupils get used to independent, autonomous, self-reliant work; the 
possibility of choice adds to their morale; they are more likely to progress at 
their own pace than with the usual class organization. 

Sometimes children of similar ability are grouped together. Sometimes 
groups are mixed and one child in each group is expected to act asa leader. 
Perhaps the best solution is to let children form groups so that friends are 
together ; the quicker is rarely patient enough to help the slower unless they 


are friends. 


(b) The class is divided by the teacher into two (or three) groups, according 
to ability or achievement. These groups are set apart and dealt with in turn. 
While there is discussion with one group the rest of the class may be involved 
in individual or group work. The groups are not inflexible divisions — there 
may be regrouping or minor adjustments from time to time. 


(c) The ‘streaming’ of pupils in parallel classes of the same grade according to 
ability has a similar aim. In many countries the separation of pupils according 
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to their interests rather than ability is preferred. Often there is a mathematical 
and scientific stream. The regrouping of the pupils within the class is nearer to 
‘interest streaming’ than to streaming according to ability. The fact that it is 
related to one particular subject, mathematics for example, reduces such 
undesirable side-effects as the loss of self-esteem by those who are in a lower 
stream. 


(d) In some countries, notably the USSR and Hungary, mathematical and 
mathematical—physical classes are being organized for the pupils gifted or 
interested in these subjects. Many other Opportunities are given to such pupils: 
correspondence courses during their school years according to an additional 


programme, clubs, competitions, holiday activities, lectures, films, books, 
student journals. 


The following points should also be noted: 


attitude in his Pupils towards others: the s 
to go wrong, the brighter ones will be less li 
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Discovery and exposition 


"The best way to learn anything is to discover it by yourself. writes Polya 
(1965. p. 103). This is more true in mathematics than in other subjects. The 
system of ideas exposed by Polya in his works about problem solving. plausible 
reasoning and mathematical discovery (1954, 1963 and 1965) has had con- 
siderable influence on several mathematics teaching reform projects. Among 
the ingredients of new school mathematics there is hardly one more important 
than that of leading the pupils to meet mathematics in statu nascendi, or to 
make them rediscover it. 


This means first an approach to mathematics through problems. In the old- 
style teaching of mathematics sharp distinction is made between theoretical 
material and problems or exercises to which the theory is applied. In new 
approaches such a distinction becomes blurred. The law of sines, for instance, 
is not necessarily a theoretical item of knowledge to be deduced and then 
applied. It may be proposed as a problem, or rather as a link in a chain of 
problems. Books by Dynkin and Uspenskii (1963), and Yaglom and Yaglom 
(1964) are instances of this; they take topics from graphs, number theory, 
probability and geometry, and break them up into problems. Books of this 
kind may be of much help in the future. 


The original discoverers of mathematics were not given ready-made problems. 
They were faced with ‘problem situations’ which they had first to realize and 
formulate. Sometimes they even solved the problem before having formulated 
it precisely. 

A similar approach is often instructive for the rediscoverers of mathematics. 
(See, for example, Polya, 1965, p. 107.) To begin with open problem situations 
has the advantage of developing an ‘applicational attitude’ in mathematics 
(cf. the study of Papy in Mathematics Today, OECD, 1964). Those who apply 
mathematics rarely deal with readily formulated mathematical problems. They 
are more often confronted with open problem situations which they have to 
mathematize, to translate into the language of mathematics, to find a fitting 
mathematical model (cf. section 0.4). While doing this they have no such cue 
as pupils often have: "We are now on Chapter N, so this problem is likely to be 


solved by methods in Chapter IN 


Mathematics is not only a body of theorems and problems. To it belong 
also definitions and axioms, notation and terminology. In an up-to-date 
teaching of mathematics pupils learn not only names and symbols for mathe- 
matical entities, but also to name and to symbolize. Searching for a better 
name or symbol than that accepted by others is just as important as adapting 
themselves to standards and common usage. The same applies to forming 
concepts or to adopting axioms. Weighing the relative merits of various 
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definitions or axioms, names or symbols is an important mathematical 
activity, even though it does not belong to formal mathematics. 


The term "discovery method' has different meanings according to the degree 
of originality involved. 

One extreme is when the teacher determines that children should discover 
acertain fact or law, and leads them to it through sufficiently graded questions. 
If the teacher is skilful, success is guaranteed, but children may not see the 
wood for the trees. 

At the other extreme the situation is so open that discoveries made by the 
children may be new to the teacher himself. Such moments are solemn for a 
teacher who understands what the children discover and the frequency of 
such solemn moments may be a measure of high-quality teaching. Yet it would 
be unrealistic to raise such a standard for mass education. 


In learning mathematics, 
pressing our own ideas, u 


— understanding the ideas of others, assimilating them, allowing them to bear 
fruit. Developing in stude: 


exposition is an important component of mathematical education. Those 
who have sufficient experi 
actively during these pass 
before a proof starts and try to construct the proof themselves; or try to find 
examples from general stat 
other hand, they who have acquired competence in the technique of reading 
(or listening to) mathematics, gain a powerful means therein for widening the 
Scope of their mathematical understanding; this widening is likely to help 


in their more active work, their rediscovering mathematics or discovering it 
anew. 
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not rare, yet they constitute perhaps rather an exception than a rule. In 
teaching, the situation is worse: to attach rewards and punishments to learning 
is more a rule than an exception. It is an institutionalized practice supported by 
social conditioning and by decrees. This practice exerts an unfavourable 
influence on the natural process of learning. 

The reform movement contributes to the solution of this grave and intricate 
problem in many ways. It can provide children with mental ‘food’ necessary 
for their development, presented in an inviting form. Both the content and the 
form can induce children to regard the learning of mathematics as their own 
concern and not an activity forced upon them. 

Success in the reform usually goes with the reconsideration of the moti- 
vational aspect of teaching. Davis (1964) writes about how this problem is 
dealt with by the Madison Project in the following terms: 


We should admit at the outset that we use the ordinary rewards such as praise and 
affectionate warmth, etc. in securing reasonable social behaviour. We try never, 
however, to use a teacher-imposed external reinforcement schedule to determine what 
a child thinks, how he answers a question, or how he attacks a problem. (This last may 
be mild overstatement; perhaps the proper description would be : well, hardly ever.) 

We try to use two forms of reinforcement only: first intrinsic rewards derived from 
solving a problem, from the reduction of cognitive strain which follows upon the 
discovery of an important concept or relationship, from the gratification of experi- 
mental verification of a prior theoretical prediction, etc., and, second, the reward that 
comes from being able to tell your classmates or your teacher about what you have 
just discovered or have just accomplished. 


The limitation expressed in the remark made by Davis (in brackets) arises 
from the realization of the present situation. In a similar vein Polya (1965, 
p. 103) writes: ‘The interest of the material to be learned should be the best 
stimulus to learning and the pleasure of intensive mental activity should be the 
best reward for such activity. Yet, where we cannot obtain the best we should 


try to get the second best, or the third best. . um . . 
The interest may have its source both within and outside mathematics. 


Mathematics as an autonomous activity and mathematics as a tool, or a key 


to other activities, may both be challenging. i» . 
Without interest efficient learning of mathematics is hardly conceivable; 


nor is it without effort. These two are by no means opposed to each other. For 
an interesting and challenging activity we are more ready to make effort and 


even sacrifice. 


Evaluation 


Evaluation is a highly controversial issue. Paradoxically, that which can be 
evaluated with reasonable reliability (such as formal skills, problem-solving 
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(c) Long-term evaluation 


especially important, even with individual children and especially with 
populations large enough to make Statistical inferences possible. These may 
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content and the form of teaching, and valid principles must have practical 
applications in actual classroom work. 

Mathematicaleducation asa field ofresearch is gradually findingacceptance. 
Though its frontiers are not yet clearly defined, it is safe to say that the scien- 
tific approach of such researchers as Krygowska and Matthews is making a 
contribution to this specific field. 


Programmed learning 


In a book concerned with new trends in teaching mathematics, programmed 
learning cannot be ignored. It must be said, however, that opinions about this 
issue range wide, from those who proclaim its advent as a new era in education, 
to those who regard it as a plague on mathematical education. None of these 
views is acceptable. 

One way of looking at programmed learning is to see in it the application 
of cybernetic ideas to education. The gains may be theoretical (the analysis 
of the learning process from a new angle) and practical (the introduction of 
automatic and semi-automatic devices into this process). The first is a real 
challenge furnishing and promising new insights, though there is also a danger 
of merely relabelling old phenomena. As to the second, it must be said that 
claims about the present and future merits of programmed learning of mathe- 
matics are too high in proportion either to evidence obtained from objective 
evaluations or to the material and mental investments. 

As mentioned earlier, evaluating procedures are more sensitive to the 
formal elements of learning and less sensitive to such elements as under- 
standing or original thinking. It may be thought that the merits of pro- 
grammed learning lie in these latter fields. This is not so. The strongest claim 
for programmed materials is that they take over much of the routine drill, so 
freeing the teacher for more human aspects of the work. 

In this respect it should be recalled that routine drill has a decreasing role 
in new mathematics teaching; practice in formal skills is preferably linked to 
some challenging hunt for new concepts and ideas. Even if drill remains, it is 
more efficient if it constantly changes its form and becomes individualized. 
Flexibility is, however, not the leading quality of present-day programmed 
materials, 

The situation as described above may change. For example, the use of 
computers will, it is claimed, provide in the future for the mass introduction 
of flexible learning programmes. Computer-based instruction is perhaps the 
greatest promise of the programmed learning movement. 
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The growing role of the teacher 


The shortage of qualified and competent mathematics teachers isa world-wide 
phenomenon. It is aggravated by the increasing demand on mathematics 
and mathematicians in so many fields of the modern world outside education. 
The quality of mathematics teaching should be increased at every level from 
primary to university. Yet there is an imminent menace of decrease because of 
teacher shortage due to the very reasons that demand the increase. 2. 
Most reformers probably agree that the proper way of breaking this vicious 
circle is not the partial or total replacement of some teachers by technical 


be esteemed accordingly? 
Progress towards this higher prestige goes hand in hand with the reform 
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Classroom Treatment of 
Some Essential Topics 


To form an opinion on mathematics teaching, it is important to see what 
teaching methods and educational media are used. The best way to do this is 
to observe classwork. Present trends need to be 


in an actual lesson, that is, 
ples of the way certain subjects have been dealt 


illustrated by concrete exam 
with by pupils. 

There are many ways of describing a lesson or series of lessons, and we have 
felt it best to vary our methods. In the case of the junior pupils, we have 
described what happens in the classroom, noting the children’s attitude, 
their questions, their discoveries and their difficulties, as well as the teacher's 
explanations, his silences and his comments. When dealing with older pupils, 
we have progressively reduced the descriptive part, and given an outline ofthe 
material covered in a series of lessons. 

No attempt has been made to reconstruct the life of the class — not even a 


film could do that — but we have tried to record with some accuracy what we 


have actually seen done. These lessons were actually given, and we have noted 


their merits, points on which there may have been omissions, and aspects of 
them which some people may perhaps consider open to question. They are 
not ideal or model lessons, but they have the advantage of being drawn from 
life. The pupils” lively interest and ready participation in these lessons show, 
as far as the observer can judge, that they have effectively grasped material 
which is sometimes considered to be too advanced or too abstract for their age. 

ould gain a clearer understanding of 


From these few examples, the reader sh 
what is meant by expressions such as an ‘active lesson’, ‘the teacher's role as à 
guide’, ‘the use of educational situations’, ‘the use of examples drawn from the 
sciences’, etc. In some cases, the account of the lesson is followed by comments 
on significant or noteworthy features. Our thanks are due to the teachers who 
have allowed us to observe their work or have reported on it: Mrs Papy, Mrs 
Olah, Messrs Clersy, Delmotte, Dienes, Hästad, Matthews and Pescarini. 

These lessons provide evidence of what can be done by schoolchildren from 
the outset and through secondary schooling in given circumstances. The 
question of knowing which topics are the most desirable or useful to treat at 
the various levels of a given curriculum is one open to experiment and dis- 
cussion, but the experience of mathematics teachers and educationists has 


led to the definition of certain classroom conditions favourable for the 


Classroom Treatment of Some Essential Topics 


38 


learning of mathematics. In this connexion the following points were made 
at the International Symposium on School Mathematics Teaching in Budapest: 


Teaching should rely on the natural intelligence of the student and not be limited 
to the acquisition of purely routine techniques which are quickly forgotten and are 
not very suitable for adaptation or transfer. 


Personal activity of the student is indispensable for the development of his potential 
abilities. 
The efficiency of learning is greater if the teacher presents pedagogical situations 


familiar to the student, who can put them into mathematical form himself, making 
his own discoveries and working at his own speed. 


The conditions for learning such a systematic subject as mathematics should be 


organized in a manner which enables the student to acquire progressively a structured 
and active way of thinking. 


matical textbooks, films, study with the aid of teaching machines, television lessons. 
The respective Pros and cons of these methods, for Presenting various topics, should 
be studied with reference to levels of attainment and other circumstances, 


A lesson in logic 
Lesson given by Z. P. Dienes. Text prepared by T. Varga 


This is a normal mathematics class ina F. rench-speaking school in Sherbrooke, 
a city in Quebec, Canada. About thirty children, nine or ten years old, are 
distributed in groups of from three to five, 

The groups are engaged in various activities, Some are drawing diagrams on 
blackboards, others are sitting at tables or on the floor working with sets of 


one-third of a set, keeping the colour variable constant, (Shading on the right 
symbolizes thickness.) 


Materials and assignments (through worksheets or orally) have been given 
Out to each group by the teacher. 


Classroom Treatment of Some Essential Topics 


39 


OAI à on 
OAI ion 


Figure 4 Part of a set of Vygotsky’s logic blocks 


children continue their work. They know that Dr Dienes is very likely to join 
their group, too, during the period. 

Dr Dienes, Hungarian by birth but equally at home in English, French, 
German and Italian language and environment, sits among the children 
enjoying the games himself like a child. He suggests that a set of logic blocks 
be sorted into four groups, according as they are yellow or not, squares or not. 
They sort the blocks in two boxes and their lids. It takes some minutes before 
they have this arrangement : 


m 
yellow non-yellow 
L squares squares 


yellow non-yellow 
non-squares non-squares 


Dr Dienes now removes one of the boxes (or lids), the yellow non-squares, 
leaving this: 


yellow non-yellow 


squares squares 
non-yellow 


non-squares 


and asks, ‘What could you say about each of the blocks remaining here? 
Something that sounds like “If..., then ....” If it is yellow, then ...?” 
They look at the yellow blocks remaining and are soon ready with the 
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answer: ‘If yellow, then square.’ 

‘Right. Now see if you can say something about the squares. Or about those 
which are not square. Or which are not yellow.’ 

Some incorrect answers are rejected by the children themselves, or with- 
drawn by the proposers. Some answers are, though accepted, agreed upon as 
being not very interesting since they are always true. (For instance, that 
squares are yellow or not yellow.) Finally, ‘If not yellow, then not square’ is 
identified as another sentence which is true this time, but not always. 

Putting back the first box, Dr Dienes asks the children to select another and 
find ‘If..., then... .' sentences again. Then he passes to another group leaving 
the children to struggle with the problem and to give him their conclusions in 
writing. 

In the second group he invites children to pick out of the whole set three or 
four logic blocks, Here again he asks them about ‘If..., then . . .' sentences 
which are true about these blocks (see Figure 5a). They may say some which 
are not true about all of them, even if they are true about some. 


Figure 5a A selection of logic blocks for which the statement, ‘If large, then 
blue’ is true 


Here are a few sentences of both kinds: 


True Not true 
If red, then triangle If red, then square 
If triangle, then red If triangle, then blue 
If blue, then square If square, then blue 
(not always; it can be yellow!) 
If thick, then small If small, then thick 
If large, then blue If blue, then large 


They would like to go on but he changes the assignment. He writes the last 
true sentence on a slip of paper and invites them to add a fifth block which 
would make this sentence false (Figure 5b). 


aal JO 


Figure 5b The addition of the large thin yellow circle negates 'If large, then 
blue’. Another true statement is "If yellow, then thin’ 


"If large, then blue" is no longer true. What else is true about this new set?” 
There are a lot of such sentences. One of them is: ‘If yellow, then thin.’ 
“Add a block to make it false.’ (Figure 5c.) 
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Figure 5c With the large thick yellow triangle, ‘If yellow, then thin’ is no 
longer true. A new statement is ‘If triangle, then thick’ 


“What is still true? For instance, “If triangle, then thick." Make it false." 

This goes on for a while. With about ten blocks they cannot find a simple 
sentence that is true. They start again. The third time they can do it themselves, 
in pairs. One pair says and writes true sentences which the other pair turns to 
false by new blocks, and so on. Dr Dienes passes to other groups. 

He starts new work with four groups almost simultaneously. To each he 
gives a large sheet of paper with a ‘tree’ on it. There are six different trees 
(Figure 6). He gives four to the children and reserves two for the quicker 
groups. 

Each group has a set of logic blocks. They are told to use only the small 
blocks this time, and to put one at each branch end. This they do quickly 
without much attempt at systematizing. 

‘Now try to make it nicer,’ Dr Dienes says to those children who are ready. 
He does not specify what he means by this. Only occasionally does he give 
hints such as these: 

*On this branch almost every block is a square. Could you make them all 
squares, by changing some blocks? Now do something similar on the other 
branches." 

“All right, here are the squares, here the triangles, here the circles, here the 
long rectangles. But look, among the squares a yellow is in the middle, and 
with the triangles a red is. Try to make it still nicer" 

He passes quickly from group to group giving just a few hints hereand there. 
They are mostly to their intuition — and perhaps their sense of beauty. 

Those who arrive at a ‘final’ ordering can try their hands with other trees. 
Curiously enough, the second task is not always easier than the first. This is 
a good exercise to release children who tend to have fixed ideas of order. 

With two groups who finished their trees he now starts a discussion. 

"Suppose you arrange the blocks by placing the blocks you like best on the 
left and those which you like less on the right. What do you regard as more 
important: colour, shape or thickness?" 

"Colour." 

“Which colour do you like best: red, yellow or blue? 

“Blue.” 

“And which do you like less than blue but still almost as much” 

‘Red.’ 

‘Then we shall make every blue block precede every red block and every 
red block precede every yellow block. Thickness and shape are less important. 
They only count if blocks are of the same colour. Which of them would you 
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(a) (b) 


© (d) 


[3] (f) | 


| 
Figure 6 Six different ‘trees’ for ordering the logic blocks | 


Say is more important, shape or thickness?” 
Some say, ‘Shape’ ; some say, "Thickness". | 
“All right, you choose one tree and the rest another tree. Remember that for | 

you the order iscolour, shape, thickness, and for you: colour, thickness, shape. 
After some guessing, they find the appropriate trees. They write on each 

branch the symbols expressing the attributes according to their order of 
preference. (See Figure 7, for example.) 
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Figure 7 The small logic blocks arranged in order on one of the ‘trees’ 


Then Dr Dienes shows them pairs of blocks and each time they decide which ; 
of the two is ‘better’ according to the rules for each tree. 

Now the four ‘tree’ groups and some other children are around him, and he 
starts another discussion, based on pure imagery. 

‘It will soon be Christmas. Think of a very expensive gift you would like to 
receive.” 

They agree on an electric train. 

‘And something less valuable?” 

“A ball.’ 

‘And something very cheap? 

“A pen.” 

‘Suppose that you can receive either no train or one train or two trains but 
you cannot receive more than two. In the same way, you can have no ball or 
one ball or two balls and no pen or one pen or two pens. Remember that balls 
are worth much less than trains, and pens much less than balls. Now tell me, 
what would be the most valuable set of presents you could receive?’ 

After some discussion they agree on two trains, two balls and two pens. 


He writes on the blackboard: 


ttbbpp 
‘Now think of somebody who receives things which cost somewhat less. 


Still less! Something between!” . 
In this way they arrange the sets, as they did 


to superimposed criteria. 


earlier with objects, according 


usual lesson? Much more than could 


What was the subject matter of this un! l 
One was the idea of implication (or 


have been related in the above report. 
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conditional, in Quine’s more coherent terminology), another the ordering of 
objects and sets. The first has more to do with speaking: that is how we use 
the words, ‘If..., then... ^; the second with doing: finding a way of arranging 
things in order. 

The first situation, in both variants, contains far more than the idea of 
implication. To speak of the first variant, the layout created by removing one 
box can be interpreted not only by implications but also by disjunctions (in 
the sense of inclusive ‘or’), both in two different ways* (see Table 2a). 


Table 2a Two Interpretations of an Arrangement of Logic Blocks 


Yellow Non-yellow 
Suares yellow non-yellow 
squares squares 
Non- non-yellow 
squares non-squares 
o TA: P Inclusive ‘or’ 
(implication, conditional) (disjunction, alternative) 
1. If yellow, then square 3. Non-yellow or square (may be both) 


2. If non-square, then non-yellow 4. Square or non-yellow (may be both) 


The lesson is again about language: that’s how we use the word ‘or’ — to be 
sure, just one way of using it. To visualize another, remove two oppositive 
boxes (see Table 2b). This layout can then be read in several other ways, for 
example, by ‘if and only if” (in short, *iff") sentences. 


Table 2b The ‘Iff’ and ‘Exclusive “Or” * Interpretations of an Arrangement 
of Logic Blocks 


Yellow Non-yellow 
Squares yellow 
squares 
Non- non-yellow 
squares non-squares 
“If and only if... ^ Exclusive ‘or 
(equivalence, biconditional) 
1. Yellow if and only if square 3. Either yellow or non-square 
(but not both) 
2. Non-yellow if and only if 4. Either non-yellow or square 
non-square (but not both) 


*For a systematic treatment of these concepts see Appendix, section A.l. 


Classroom Treatment of Some Essential Topics 


45 


In the first case (Table 2a) we have the union of two sets. In the second case 
we have a symmetric difference. The removal of three boxes leads to the 
intersection of two sets, the set-theoretical counterpart of the connective ‘and’.* 

The expert will see that the truth-table technique has been translated to the 
language of, say, seven to twelve year olds. Once the language is decided on 
the way is open to discovering a number of relationships: how an implication 
can be turned into another by interchanging the clauses and negating both; 
how a disjunction can be turned into an implication and vice versa by negating 
the first clause ; and so on. The use of some symbolism then becomes more and 
more imperative. The increasing awareness of the relationships and the 
fluency in using symbols can grow into a powerful means of reasoning about 
our own reasoning, of being more conscious about the very stuff of mathematics. 

The rest of the lesson is completely different from the first part. The use of the 
same set of concrete material is perhaps the only essential link between them. 
The technique presented here through directed discovery is basic in putting 
words in alphabetic order, using a dictionary or a directory, arranging 
numerals in increasing or decreasing order, and similar situations. In the cases 
listed there is a somewhat rigid pattern: the ordering goes according to the 
first letter or numeral, or if they are the same, according to the second, and 
so on. This is a convention —as is the use of ten for the base of the numeration 
— which, if stressed too much, tends to obscure the proper idea. The use of the 
logic blocks and of other situations is aimed at freeing the concept from 
convention and bringing out the main message, our double freedom in deter- 
mining both the order of the attributes (colour, shape, thickness) and of their 
values (blue, red, yellow, etc.). Only if each of these is fixed, can a superimposed 
order situation be unambiguously determined in the order of any two elements 
— in this case, of two objects or of two sets. 

There is a difference between these two cases, that of the objects and that of 
the sets, arising from the fact, that numbers are properties of sets, not of 
objects. The distinctly non-numerical character of the first activity changes in 
the second to something which has to do with numbers. One more step, 
making one train equal in value to three balls and one ball to three pens, gives 
e three, with their cardinal as well as ordinal 
has not been taken. The accent is on the 
me clearer if it is presented alone. 


us numbers expressed in bas 
aspect. But this step, intentionally, 


ordinal aspect and this it is hoped will beco ? 
Words such as ‘hope’ are appropriate here, more than would be claims 


such as, ‘it has been proved’ or, ‘this is the proper way’. In the strict educational 
sense nothing has yet been proved, but there is much to hope. One of the features 
of the Dienes approach is the scope for analysis of complex concepts into their 


and not to the set of blocks. The blocks ‘each of which is yellow and 
he yellow and the square blocks’. This second expression fakes us 
back to the idea of union. It is like speaking of the blocks ‘each of which is yellow or square’. It 
should be noted here that properly speaking the logical or linguistic equivalents of these arrange- 
ments would be, “For every block, if it is yellow, it is a square." Technically, universal quantifiers 


are involved here. 


*If related to each single block 
square’ are not the same as `t 
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elements (such as the ordinal and cardinal aspects of number) and presenting 
them separately. This is, of course, quite different from expecting children to 
analyse mathematical concepts at an age when they are not ready, a common 
and serious error. What is attempted here is a greater use of mathematical 
education to assist the natural growth of the thought processes in children. 
Yet the question remains, will the elements into which we analyse mathematical 
ideas, become integrated in children’s minds? Some are sceptical about it. 
They are afraid that ideas presented in this way are swallowed by children in 
an ‘insoluble capsule, unrelated to the wealth of experience that can make it 
come alive’ (Hawkins, 1967, p. 8).* The main issue is perhaps the relative 
importance of the mathematical environment into which we put children 
(strongly advocated and in many ways created by Dienes) and of the natural 
environment implied in the words ‘wealth of experience’. The benefits of the 
first are so evident that they could hardly be denied, and Dienes would be the 
last to deny the merits of the second. Their relation to each other will remain 
for some time to come. 


The concept of a group 


Lesson of about fifty minutes given by M. Delmotte to a class of twenty-six twelve-year- 
old boys. Text prepared by T. Varga. 


The lesson begins with a short revision of the concepts of permutation (as a 


particular case of mapping, itself a particular case of relation) and the com- 
position of two permutations. Three children changing places is used as an 
example. 


Three children are having a game. [He draws the sketch as in Figure 8.] They leave 
their places and then return either to their original places or to another seat. In how 
many ways is this possible? The quickest, who therefore has first choice, is a. 


A 


Figure 8 Three children, a, b and c, in their places 


*His criticism is not ex; 


plicitly directed against the Dienes approach, but it is a clear expression 
of 


one general point of view. References for chapter 1 will be found on p. 93. 
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Jean, show us how many moves it is possible for a to make. 


Jean draws the three possible moves on the board: 
| | | | Q3 
Figure 9 The three moves which a can make 


The rest of the class draw the same in their exercise books. 


Now it's b’s turn. How many choices does he have? 


The class decides that two possibilities are open in each of the three cases. The 
following drawings take shape on the board and in the children's books: 


| N Ce 
(a) (b) (c) 
Ä D qe 
(d) (e) (f) 


Figure 10 For each of a’s three possible moves, b has two 
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T What about c? Does he have any choice? 
P No, he must take the only place left. 


They complete the sketches, indicating c’s move in each case. 


T Do our drawings cover every possibility? Is there any repetition, any superfluous 
drawing? Tell me then, in how many ways can three children choose their places? 
How many possible permutations are there in a set of three elements? 


When all these questions have been answered, the teacher gives a colour to 
each of the six permutations, putting big coloured spots next to the six 
drawings. He combines the six cases into one drawing on another board, 
using the six colours for the lines. He begins to draw it; the children follow 
him until they have a diagram like Figure 11. 


T Have we got every possible game? Is each game represented only once? What kinds of 
relations are represented here? 
A 
Fi igure 11 The six different moves that the three children can make, 
combined into one diagram 
48 
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The teacher deliberately insists on such questions. When they have all been 
answered, the children declare that they have before them the set of the 
possible permutations in A. 


We shall symbolize this set of permutations by /,. How many elements has 5^? 
What is its cardinal? Let us enumerate these six elements using our colours. à 


While they answer these questions, they are all busy, their hands and minds 
are kept equally occupied. They draw: 


A-(@: 0 2.0 9.09) 


Now they begin to compose permutations. Here they make use of the 
introductory part of the lesson where they saw examples of such compositions. 
They still have in mind children changing places, but their way ofspeaking and 
thinking becomes more and more abstract. 


Take a permutation, the green one for example. Form its composition with another, 
say the violet. [He draws on the board.] What is the composite of these two permuta- 


© - © 
tions? Try to find it, but don’t tell the others your answer. Isit still a permutation of A? 


They continue working, with one of the pupils at the board. As the big figure 
is too complicated, a little one is drawn for the two permutations to be com- 
posed (see Figure 12). 

The boy at the board finds the composition. 


Have we got a permutation again? What happens if we take another two permuta- 
tions? Michel, think of a permutation; you too, Pierre. I don’t know which ones you 
have thought of, but I can guarantee that if we form the composition of them, it will 
still be a permutation. Let's write down what we have found. 


He writes on the board: 
1. For every x, y € Sas 
yoxE Sy. 


This is usually expressed as: “The operation of composition is internal and everywhere 
defined.’ Are you sure that this is always true for any couple of permutations? (The 
word ‘couple’ is used in the sense of an ‘ordered pair.) 

It must be true. Every permutation of A isa bijection of A onto A. And we have seen 
that the composition of two bijections is a bijection. 

Thank you. That was an excellent explanation. Can you tell me something else about 
the composition of two bijections? or more generally, of two relations? 
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Figure 12 Two permutations to be composed into one 


One of the pupils mentions associativity. The teacher asks for examples of it. 


They speak about the union and intersection of sets, and the composition of 
relations. 


T What does associativity mean in our case? 


Choose three permutations and try it. 
[Everybody writes: 


© - © - © = ® : 5). @ 


one of the pupils writing it on the board.] Let us calculate the two members separately 
and see if they give the same result. [He begins: 


©: © - © - 
® . c). @ = 
and the children continue.] 
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Who knows what the result in the upper brackets is? [Hands in the air.] All right, 
continue. [ They finish the ‘calculation’ (most of them obtaining the same result).] You 
see, if Alain thinks of a permutation, and Denis and Michel too, even though I don’t 
know which ones they are thinking of, I am sure that if they form the composition of 
their three permutations in these two ways, the result in either case will be the same. 
This is another property of relations. 


He writes under the first property: 


2. For every x, y, Z € Pa, 
Zo(Yox) = (Zoy)ox. 


The lesson continues with another problem. On the board, the teacher 
writes : 


c. © - © 
What can we write here [pointing to the vacant place] to make it true? 


The empty set. [Some laugh, the teacher does not.] 
What do colours symbolize here? They symbolize permutations. Which permutation 


should go there? 


They go back to the diagram with the arrows (Figure 11). Having been given 
this opportunity to grasp the idea they fill in the empty place. Another example 
follows with another colour, and with the empty place on the right. They use 


the term ‘identical permutation’. 

Again this seems to be true of every permutation. We have now obtained a third 
property: 

3. There exists an element 14 € J^, such that, for every x € Sus 

laex = x = xe la. 

He writes this, as he did earlier, with the help of the children, always waiting 


for their suggestions. 


There is still one more property. 


He draws: 

. © - © 

on the board. 

Can you think ofa permutation which, when combined with this, gives us the identical 
permutation? 


A pupil suggests a colour. 


Let us see. Try it on the board. 
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The boy comes out, explains his idea by means of arrows and then fills the 
empty place with the colour he had proposed. 


And if we put them in the reverse order? 


They try it and find the same result. The term ‘reciprocal’ or ‘inverse’ is 
introduced. They write: 
j e 


Exercises follow concerning the reciprocal (inverse) of other permutations. 


If we combine a permutation with its reciprocal (inverse), what do we get? Why? 


He pretends to be dull-witted. The children explain the situation to him; they 


know it is a joke, but they enter into the spirit of it. Then they formulate the 
last property: 


4. For every x € F}, there exists an x^! € F a, Such that 


mete Fee Ay: mx ax. 


Every time we have a set with an operation in it having these four properties, we say 
that the set relative to that operation forms a group. 


Some further comments: 


(a) A concept has been introduced here to twelve-year-old boys, which tradi- 
tionally appears only in the university curriculum. (This tradition is not very 
old, since in most universities it dates back less than half a century.) 


(b) The introduction of this concept at this age-level is justified. It is a concept 
of basic importance which serves as a link between arithmetic, algebra and 
geometry. Moreover, it serves as a means to lessen this obsolete division of 


mathematics. The concept is not only important, it is also elementary, being 
within the grasp of twelve year olds. 


(c) This was the first lesson where these pupils met this notion. Their acquaint- 
ance with it is bound to be superficial. Much further work is needed, until the 
concept ripens. The present lesson has achieved its aim. Children have made 


the first steps, through personal experience and work, towards assimilating 
the concept of a group. 


(d) Most teachers would probably wait to introduce the word ‘group’ until 
pupils come across the idea in different contexts, They may argue that too 
close a connexion between the word ‘group’ and the concept of permutation 
is threatened. We share this view. (Integers with respect to addition, integers 
modulo a number, reflections of a Square and many other examples will of 


> course follow in subsequent lessons. Nobody would advocate an approach 
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restricted to permutations. It is simply a question of when to introduce the 
word itself.) 

(e) The use of colours and the most simple way of representation (namely the 
coloured spots) are, as can be seen, a major vehicle in promoting understanding 
and employing abstract concepts. 


(£) ‘Official’ symbolism and ‘adult’ terminology have been used. There would 
be no point in avoiding them once children are willing to accept them. 


Glide reflections 
Lesson of ninety minutes given by Mme Papy to twenty-four girls aged from fourteen to 
fifteen years old. Text prepared by T. Varga 


The teacher sketches two parallel lines on the board (Figure 13a), marking 
them 1 and 2, respectively. ‘What would be the result of reflections relative to 
1 and 2?” 

One of the pupils volunteers: ‘A translation.” 

The teacher puts the same question concerning two coincident lines (Figure 
13b) and two secant lines (Figure 13c). The pupils give the answers: ‘Identical 
transformation’, ‘Rotation’. 


1 \ 2 1/9 


E "d Fá 
(a) (b) / o Z 


Figure 13 Pairs of (a) parallel lines, (b) coincident lines and (c) secant lines 


In response to the teacher's questions, they re-form their answers (for example, 
*Rotation around the point of intersection of the two lines"). 

The teacher now draws a red line parallel to the lines drawn first, puts a 
red ‘1’ next to it, and asks: ‘Could you trace a line, red 2, so that the reflections 
in respect to red 1 and red 2 result in the same translation as did white 1 and 
white 27 

One of the girls goes to the board and acco! 
teacher, draws free-hand diagrams, estimating 


by eye. 


mplishes the task. She, like the 
the distances of the parallels 
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The same problem, this time related to a yellow line parallel to the others, 
is solved by another girl. 

While they are working, the teacher writes on the board in a symbolic 
notation, using the respective colours: 


The pupils are apparently quite familiar with this symbolism. 

“You see, we have now factorized the translation t. (A short discussion 
follows about the number of ways to factorize t.) 

"Now let us see this case.’ The teacher points to the right-hand figure 
(Figure 13c). Some pupils come out to the board. The work is similar to that 
for the parallel lines. They get the factorization: 


In order to make a comparison and to sustain a possibly general idea of 
factorization, the teacher writes the number 12 on the board, asking: ‘How 
could you factorize this number into two integers?’ The class arrives at the 
conclusion that, in this case, only a finite number of factorizations is possible. 

A discussion induced by the teacher’s questions how follows about the 
possibilities of decomposing a product of more reflections. The girls distinguish 
the cases of an even and an odd number of reflections. The teacher asks the 
disputants to defend their views, evidently in the hope that the views them- 
selves will become clearer during the discussion. A girl goes to the board and, 
with some help from the teacher, writes on it: 


The girl would continue, but some of the others look perplexed. So the teacher 
stops the girl and asks her some questions concerning the possible values of 
nand the number of factors of the above product. Then the girl continues, 


inserting brackets: ‘Here is an even number of reflections, their product is 
the product of two reflections:’ 


Another girl volunteers: ‘She has proved one of the statements, but she 
has not disproved the other. Perhaps we can substitute the product of three 
reflections by a single reflection?” 

Let’s see! Could you sketch me some cases of three reflections?’ suggests 


the teacher. Some girls go to the board and sketches like those in Figure 14 
appear on it. 
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Figure 14 Various arrangements of three lines 


After some trials, they establish that in some cases the product can be sub- 
stituted by one single reflection, but not always. After a short discussion it 
becomes clear whose predictions were nearer to the point. 

After this introductory part of the lesson, the class begins to study a new 
transformation: the product of a reflection and a translation parallel to the 
axis of reflection. To start with, the teacher draws a diagram (Figure 15) on 
the board. 


>> 
Figure 15 Representation of a translation 


Very few words are needed ; the girls know what she means by such sketches. 
To make the point clearer for some of them, she puts questions like: “What 
other couple ofpoints would givethe same translation?’ ‘Let us see still another, 
not on the axis.’ ‘Could you draw a different case, not represented by this 
picture? The answers often consist merely of drawings appearing on the 
board, drawn by different girls. The last question proves to be too vague: some 
time elapses before they realize its meaning; they should not forget the trans- 
lation of length 0. This case, too, is sketched on the board (Figure 16). 


Q 


Figure 16 A translation of zero length 


‘Now let’s look at this product: 


P = toSp- 

Your task is to construct the image produced by this transformation of . . ^; 
the girls suggest to her: `. . . of Joseph.’ ‘Let's call him Joseph, she agrees. 
Joseph appears on the board (Figure 17). 
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Figure 17 Joseph 


The teacher invites one ofthe girls to come out, the rest work at their places. 
She walks around, encouraging some, discouraging others (who are on the 
wrong track), and giving them hints on how to continue. Remarks that may 
be instructive for others are made aloud. Part of the task accomplished, 
another girl goes to the board. She has some difficulty with the translation. 
To help her, the teacher breaks up the task into pieces, ‘Show me a couple of 
point producing this translation — another couple — and another. Now the 
one whose origin is this point.’ (Joseph's right hand after s,.) The breaking- 
up works, the girl soon finds her feet. The drawing looks like Figure 18. 


Figure 18 Joseph undergoes a glide reflection 


“As you see,’ the teacher summarizes, ‘Joseph made a glide, apart from being 
reflected, so we will call this transformation a glide reflection. What do we 
mean by glide reflection?’ The girls arrive at a correct wording. 

‘Does anybody see anything particular about this product, t o s4? 

Some girls: ‘It is commutative.” 

"Do you think so? Let's see.” 

One of the girls comes out and explains her idea by drawing. After all have 
agreed the teacher asks ‘Who is willing to draw us ?2J and 2?J? While this 
is being done, she continues the conversation with the class about the trans- 
formation under discussion: ‘What single transformation would produce the 
same effect as P?J?; as P3J? What transformation would bring this’ (pointing 
at FJ), ‘to this one? (pointing at 23]). 

Then they sum up their empirical findings by writing on the board: 
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toS, = Spot P = tos, = Saot = 
P= P? = (toSx)o(sa ot) 

P? = to(sacSa)ot 

P? = tolot. 


Il 


‘Now I shall give you a problem. Try to prove this:’ (pointing to the 
formula #2 = 1?) ‘by means of this: (the formula tos, = S4 ot). 

During their individual work, she walks around the classroom as usual. After 
awhile, a girl is requested to write on the board what she has found so far: 


P? = toSpotoS, 


Los aS ot 
= tolot 
-tet e D. 
A little chat follows about brackets: they add and cancel some, but do not 
linger much on associativity. 
The teacher continues, ‘Kate, come here and factorize this translation.’ She 
draws an arrow. ‘Replace it by the product of two reflections, please.” 
Kate draws a diagram like Figure 19. 


Figure 19 A translation as the product of two reflections. The pupil has not 
indicated the order in which the reflections take place 


‘Lam not sure you are right. Show me the two axes,’ the teacher asks. Kate 
points with her two forefingers to the two lines. 

I am still not sure you are right. Which is the first axis and which is the 
second?’ 

“Why didn’t she ask this last question first?’ one is tempted to ask, but it 
would have been a pedagogical mistake. To allow the students to grope, even 


to go wrong, is more instructive than to prevent them from making errors. It is 


through errors that we learn most. 
Other factorizations are also found, then a problem is posed: ‘As you see, 


P is the product of a reflection and a translation parallel to the axis of sym- 
metry. Could you find another reflection and another translation parallel 
to its axis having as their product this same 9? 

Some girls are perplexed, some protest. 
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"Well, let's see. You say it is impossible. Try to establish your statement by 
calculation. Suppose that 


P = tos, = t3052. 


Are you sure then that 7, must equal 1, and so with the ss? Go on, try it." 

Seeing that very few of the girls find their way, she gives them a hint: ‘You 
see, if they are equal, so are their squares.’ This much is enough for the majority. 
Some need an explicit reference to the formula 2? = t? proved just now. 

They arrive at t? = 13 and establish that this implies t, = t3. 

‘Now what about our problem? asks the teacher, ‘Have we solved it? 
Some girls say they have; others point out, however, that the question of s; 
and s, is still pending. 

“Are you sure that they are also equal? Well, I don't doubt you are, but 
you must show it to me by calculation. So far we have proved that t, — t; 
and this allows us to write 


os = tyes, 


instead of the original. But we must arrive from that at s, = 55.' The girls 
work individually, as usual. 
A girl then writes the following on the board: 


hey = f1o82 = tot; 051 = trot] lo82. 
1 1 1 2 1 1 1 


‘This is by no means false,’ the teacher says after examining it carefully, 
‘still it is not quite logical. How did you arrive at it? 

They correct the proof and finish it. 

They discuss what they have found. As an analogy, 7 is factorized in the set 
of natural integers. Time is running out, so the teacher sums up: ‘Since there 
is a unique way of factorizing a glide reflection into a reflection and a transla- 
tion parallel to its axis, we can speak of the axis of the glide reflection and the 
translation of the glide reflection. 

At the end of the lesson she gives them some problems for homework: 


1. Investigate the product of a reflection and a translation which is not neces- 
sarily parallel to the axis of reflection. 


2. Try to show that the product of reflections in these three axes (Figure 20a) 
is a glide reflection. 


Figure 20(a) Three axes of reflection 
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About the latter, she gives a hint. ‘Don’t be puzzled if you arrive at a situation 
like this: (Figure 20b). ‘This seems to have nothing to do with glide reflection. 


Figure 20(b) An equivalent representation of the three 
axes of reflection shown in Figure 20(a) 


Still it has, because you may replace it by a situation like this:’ (Figure 20c). 
‘Do you get the idea?” 


Figure 20(c) A further equivalent representation of 
| the axes of reflection of Figure 20(a) 


The ease with which pupils use the symbolism is particularly characteristic 
here. After having introduced a new transformation and having marked it by 
a letter P they are able to see what P?, P3, etc. mean. Some still have diffi- 
culties, but they are encouraged by the comprehension of the others (‘I must 
master it if they did; after all, it can’t be witchcraft.) and by the constant 
assistance of the teacher. Pupils write products of not only two or three, but 
even n transformations, and they can use this symbolism in their reasonings. 

There is a continuous interaction between this symbolic notation and the 
intuitive representation (in drawings and mental images). No demarcation 
line, like the one separating the traditional ‘synthetic’ and ‘analytic’ geometry, 
can be observed. 

What do you think of Joseph? The girls are apparently delighted with him. 
He is certainly more attractive than, say, a triangle. He is also more versatile. 
He is visibly influenced by the transformations acting on him. Some are shown 
in Figure 21. 

Notice the use of curved arrows (Figure 18). You may have found them 
unfamiliar. Aren’t they being used to represent vectors? But can a vector be 
curved? Conditioned by the ‘directed segment’ approach, one may judge this 
representation inappropriate, but this is not so. Curved arrows suggest the 
important idea that between the origin and the endpoint ‘anything can happen’ 
and that the direction has ‘nothing to do with it’. 
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Figure 21 Joseph is transformed 


Still more important, arrows have a much wider meaning for these girls than 
just vectors or translations. They began the study of relations two years 
earlier. They often represented relations by arrows — curved arrows — between 
points of ‘potatoes’, which meant for them elements of sets. What they are 
doing here is just a particular case of what they did formerly. They consider 
transformations as special relations. They learn geometry in a much broader 
context than children usually do. Not only ‘synthetic’ and ‘analytic’ geometry 
are here integrated; the whole of geometry is merged into a unified mathe- 


matics course, based on sets and relations. These curved arrows point it out 
clearly. 


Greatest common divisor and lowest common multiple 
Prepared by W. Servais 


Introduction 


By the time pupils in the first class of secondary school (twelve years old) 
reach this lesson, they have grasped the basic theories of sets. The techniques 
of operations with sets (intersection, combination and difference) have become 
completely automatic. They understand the four arithmetical operations in 
the set of natural integers, as well as their properties, and they have studied 
raising to powers, including the power zero. 

In previous lessons the following concepts have been made clear: 


(a) Divisors common to several numbers. Common divisors of several numbers 
are introduced as the intersections of sets of divisors, As an example, consider 
the common divisor of 12, 18 and 27: 


Set of divisors of 12 = div 12 = {1, 2, 3, 4, 6, 12}, 
Set of divisors of 18 = div 18 = (1. 2, 3, 6, 9, 18}, 
Set of divisors of 27 = div 27 = {1, 3, 9, 27}. 


These sets of divisors and their intersections can be represented by a Venn 
diagram (Figure 22). 


Set of common divisors of 18, 12 and 27 = div 18ndiv 12ndiv 27 
= {1, 3}. 
The greatest common divisor of 18, 12 and 27 is 3, 
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divisors of 18 


divisors of 27 


divisors of 12 


Figure 22 Venn diagram representing the sets of divisors of 18, 27 and 12, 
and the intersections of these sets 


(b) Prime numbers. A prime number is one which is only divisible by exactly 
two divisors. The following examples illustrate the point: 


3 is a prime number because 3 is divisible by 1 and 3. 
1 is not a prime number because it is divisible only by 1. 
6 is not a prime number because 6 is divisible by 1, 2, 3 and 6. 


(c) Primary numbers and primary divisors of natural numbers. Let us call any 

power of a prime number a primary number. For example: 

81 = 3* is a primary number, 
1 = 3° is a primary number. 


(d) Primary factoring of a number. As an example, let us find the set of primary 
divisors of 540. 


540 
270 
135 
45 
15 
5 
1 
540 = 22.33.5 
The set of primary divisors of 540 — p(540) — is {1, 2, 2?, 3, 37, 3°, 5}. 
Any integer has one and only one set of primary divisors and, vice versa, any 
set of primary divisors yields one and only one whole number. For example: 


Un C9 C2 Q2 IJ I2 


p(x) = (1,2, 22, 2°, 3, 5, 52) æ x = 2.3.5? = 600. 


Any attempt to find the set of primary divisors of a number (and vice versa) 
affords an opportunity for many exercises in calculation. 
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The lesson proper 


(a) Exercise. Find the lowest common multiple and the greatest common 
divisor of 54 and 90. 


Pupils will draw up a list of divisors and multiples of 54 and 90. 


Divisors of 54: 1,2, 3, 6, 9, 18, 27, 54. 

Divisors of 90: 1, 2, 3, 5, 6, 9, 10, 15, 18, 30, 45, 90. 
Multiples of 90: 90, 180, 270, 360, 450, 540, and so on. 
Multiples of 54: 54, 108, 162, 216, 270, 324, and so on. 


The greatest common divisor of 90 and 54 is 18. Let us symbolize this fact by 
90 À 54 = 18. 
The lowest common multiple of 90 and 54 is 270. This may be written 
90v 54 = 270. 


Pupils are then asked whether this method would be practical in the case 


of very large numbers. They then realize the need for devising some other 
technique. 


(b) Use of primary divisors. Pupils are asked to find and write down the set of 
primary divisors of 90, p(90), and the set of primary divisors of 54 or p(54): 


p(90) = {1,2,3,32,5}, p(54) = (1,2, 3, 32, 3°}. 


(90) (54) 


Figure 23 Venn diagram representing the sets of primary divisors of 90 and 
54, and the intersection of these two sets 


Pupils are invited to look for a relationship between 18 and 270 (i.e. 90 A 54 


and 90 v 54) and to work out this diagram (Figure 23). They may also look 
for p(18) and p(270). 


The following results will be found : 


1. The intersection of the sets of primary divisors of 90 and 54 gives the set of 
primary divisors of the greatest common divisor, 18: 


p(18) = {1, 2, 3,37} = p(90) e p(54). 


2. The combination of the sets of primary divisors of 90 and 54 gives the set of 
primary divisors of the lowest common multiple, 270: 


p(270) = (1, 2, 3, 32, 33, 5) = p(90) U p(54). 
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The first result indicates that the set of primary divisors of the greatest common 
divisor of two numbers is the same as the intersection of the sets of primary 
divisors of these numbers: 


p(A A B) = p(A)np(B). 1.1 


It will be seen that any divisor of a number is a product of primary divisors of 
this number. The greatest common divisor is therefore formed from the 
greatest primary divisors common to the two numbers: it is the number 
corresponding to the intersection of the sets of primary divisors. 

The set of primary divisors of the lowest common multiple of two numbers 
is the same as the union of the sets of primary divisors of these numbers : 


p(4 v B) = p(A)u p(B). 1.2 


Pupils then carry out exercises in which they look for the greatest common 
divisor and the lowest common multiple of numbers given. 

The pupils are asked : "What happens if one of the sets of primary divisors 
is included in the other?’ Everyone studies this question by taking an example 
and it turns out that such a situation occurs if and only if one of the numbers 
is a multiple of the other. 

For two sets A and B: 


AnB=A, 
AuB=B. 


AcB=> f 1.3 
When the two sets are sets of primary divisors, p(4) and p(B), implication 
1.3 can be written 


p(4)np(8) = p(4 ^B) = p(4), 14 
potis pues e = pA ^ B) = p(B). 


AAB = A, 15 


Hence (A is a multiple of B) > d "v 


(c) Properties of the operations ^ and v . Having defined two new operations 
^ and v concerning natural (nonzero) integers, the pupils will spontaneously 
look for the properties of these operations. 


What is the property that we might examine first? 
Associativity. 

What must be proved in order to showt 
(anb)nc = a^ (b^c) = anbac, ne 
(avb)vc = av (bvc) = avbvc. 


hat operations a and v are associative in No? 


That Va,b,ceNo: ! 


Pupils may be at a loss to prove the derivations of this property. 


What operations did we use to define the operations, ^ and v? 
Operations ^ and U. 
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In the light of this, can we now prove that ^ and v are associative? 
Yes, knowing that ^ and U are associative, we can conclude that ^ and v are also. 


Having demonstrated the associativity of a and v, we can now speak of 
the greatest common divisor and the lowest common multiple of more than 
two numbers. | 

The pupils will go on to study the commutativity of ^ and v. Since 
operations ^ and U are commutative, ^ and v are also commutative and 
we have: 


anb= baa, 


Va, be No: 17 


avb=bva. 


They will continue by investigating whether or not there is a neutral 
element for À and v. 


" p star? 
What are the neutral elements of the operations with which you are already un 
Zero is neutral for addition in the set Z of relative integers (as well as for all the se 
of numbers with which we are familiar), 


VaeZ:a+0 =a=0+a. Le 


A neutral for multiplication in the set Q of rational numbers is 1 (as well as in all set: 
of numbers with which we are familiar), 


Vae Q:a.l =a = 1.a. 19 


The identical transformation I is neutral for the operation o (product of 
composition) in the set T of translations, because 


WeT:tol = t = Iot. 1.10 
" p 9 
In general when can it be said that an element n is neutral for an operation in à ke 
When Vae4:n*a =a = a«n. % 
What conditions must a number z fulfill in order to be neutral for ^ in No? 12 
Vae No:a^n = a = n^a. b 


Does this number exist? Pupils will look for it and will find that such a number 
does not exist. 


On the other hand they will discover that 
VaeNo:avl=a=l1va LR 


and thus that 1 is neutral for v in No. i 
Similarly, pupils will discover that 1 is an absorbent element for ^ in No 

because 

VaeNg:aal=1=1aa t14 


During these exercises, the pupils have discovered that every element of 
No is idempotent for operations A and v, as for example: 
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414=4 and 14v14 = 14. 


When called upon to prove this property, pupils point out that every set is 
idempotent for ^ and U, 


ie AnA=A and AUA=A. 


Consequently Va € No: a v. 1.15 


ava — a. 
Pupils then try to find out whether A is distributive relative to v. Since N 
and U are mutually distributive, the same holds for ^ and v. 


Va, b, LT eo = (a ^b) v (aac), 


av (b^c) = (av b) ^(av c). 116 


Summary of properties 


1. v and A are associative (1.6). 

2. v and ^ are commutative (1.7). 

3. v and ^ are mutually distributive (1.16). 

4. In No, 1 is a neutral element for v (1.13) and an absorbent element for ^ 
(1.14). 

5. Every element of N, is idempotent for ^ and v (1.15). 


Remarks 


The whole of the material in section 1.4.2 has been covered in one period of 
about an hour. The pace was somewhat forced, in order to reach a certain 
completion. Under ordinary circumstances two periods are probably needed 
for the same topic. The reason for setting a pace quicker than the usual one 
was that it was a demonstration lesson, attended by about one hundred 
primary-school teachers. They had been taking a refresher course in mathe- 
matics, and they had to be shown in this lesson how certain concepts of modern 
mathematics could be linked with traditional topics such as the GCF and 
LCM. Some of the teachers present had taught these pupils before; knowing 
their ability and background, they were able to gauge the advance the pupils 


had made in less than one year. 

Very often the consequence of a fasi 
the task assigned for a given period, b: 
not the case here. Pupils were not simp 


tunity to learn by personal experience. 
The rules for finding the GCF and the LCM were not given to them: 


vered these rules and why they work. This is the natural 
t by discovery. You cannot expect an average 
he same time see why it works. If the topic is 
ght, these two issues may coincide, at least 


t pace is that the teacher ‘accomplishes’ 
ut the pupils do not. This was however 
ly taught, they were given the oppor- 


they themselves disco 
order of learning brought abou 
pupil to discover a rule and at t 
very simple, or the pupil is very bri 
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apparently. In general, this is not the case. Pupils first discover a pattern, then 
they begin wondering why it works. 

Note the simultaneous teaching of the GCF and the LCM. Usually these 
are taught separately — a logical set-up if the pattern is new for the children. 
For these boys it was not new; they were sufficiently familiar with the concepts 
of intersection and union of sets, and the transfer from this previous knowledge 
contributed strikingly to the assimilation of the new ideas. 

The introduction of the ‘primary divisor’ concept may seem avoidable. The 
following diagram (Figure 24) and scheme might then serve as a substitute: 


pm(90) pm(54) 


Figure 24 Diagram representing the prime divisors of 90 and 54 


90 = 2x3x3x5, 
54 = 2x3x3x3, 


90154 = 2x3x3, 
90v 54 = 2x3x3x3x5. 


Here pm(a) would mean, ‘the set of the prime factors of a, taken with their 
multiplicities’. For instance, pm(90) = (2, 3, 3, 5); pm(54) = (2, 3, 3, 3). Yet 
there is a difficulty: set notation does not allow multiplicity ; one and the same 
object cannot ‘twice’ be an element of a set. We may attribute a sense to 
{2, 3, 3, 5}, but then it must be equal to {2, 3, 5}. This may seem too severe a 
Position, but it is unavoidable. If {2, 3, 3, 5} were not equal to {2, 3, 5} i 
would not be true that two sets are equal if and only if every element of either 
is an element of the other (‘principle of extensionality’). A possible device to 
save the situation would be to distinguish the equal prime factors (here the 3s) 
by subscripts. Still, the use of primary divisors has the advantage that non- 
conventional new notation is avoided. The use of primary divisors has other 
advantages independent of the concept of set, viz. when the factors, their 
number and their sum have to be determined. 

Taking the GCF and LCM of two numbers are traditionally not Ie 
garded as operations. They are looked upon as ‘something else’, what ‘else 
being conveniently unstated. This means depriving ourselves of interesting 
comparisons between these and other operations. Often it is easier to achieve 
more than less. We may spend hours of drudgery with commutative, associa- 
tive, distributive laws applied to the ‘four rules’ with numbers, and they still 
will not be sufficiently clear. Applied under quite different circumstances, they 
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receive the necessary background. The same holds for the existence of the 
neutral element (1.13) (note the counter-example with the operation ^, 1.12), 
for involution (raising to a power), which latter can be more fully appreciated 
after seeing examples of idempotence, and so on. 

Note that the double distributivity between the GCF and the LCM 
(1.16) is certainly an awkward question if it is regarded independently of set 
concepts. The teachers present admitted that it was new to them and they 
found it difficult. Nevertheless, the children who were familiar with the mutual 
distributivity between the intersection and the union of sets, had only to grasp 
the idea that here again, as so often formerly, they were dealing with these 
same two fundamental operations. 


The use of environmental interests in developing a project 
Prepared by A. Pescarini, secondary-school mathematics teacher at Ravenna, Italy 


The idea of using naval charts 

The teaching experiment described here was carried out during three months 
(February, March, April) of the 1955/56 academic year with second and third 
grade boys and girls (from twelve to fourteen years of age) in the Pietro 
Damiano Secondary School, Ravenna. 

The teacher, an ex-naval officer, recalled his enthusiasm and that of his 
comrades when, at the same age as his present pupils, he was first given the 
opportunity to do practical work with charts in a naval school. 

The vividness of his memories suggested to him the idea of introducing 
similar practical work to his class in order (a) to exploit this rich source of 
motivation for an interesting introduction of mathematical ideas, and (b) to 
develop in pupils the heuristic attitude needed for solving open problems 
raised by projects of navigation. 

It was important to reconcile this approach with the official mathematical 
curriculum which is emphasized at this stage by the approach of a final 
examination at the end of grade 3. The Hydrographical Institute of the Italian 


Navy readily provided charts. 


Preliminary knowledge 


The pupils had a common background of practical arithmetic: some pro- 


ficiency in calculations with decimal numbers; in measuring angles in degrees 
and time in days, hours, minutes and seconds; in simple geometric ideas and 
the use of instruments ; and in the use of signed numbers. They had an informal 


knowledge of the concepts of longitude and latitude. 


The lesson 
f the charts so excited the pupils that the teacher wondered 


The presentation o! 5 ae 
t and energies towards the objectives 


how he could focus their diffused interes 
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of the project in the limited time available. They spontaneously raised a 
multitude of problems and it was not easy to restrict them to a selection 
without either damping their enthusiasm or dealing with problems which were 
too difficult. The teacher found it convenient to lead the discussion through 
problems which, though not directly mathematical, arose naturally in the 
given context. These related to reading a chart, to the use of a compass and its 
role in navigation etc. The following excerpt from a taperecorded lesson (in 
the second grade) may give some idea of the course of the work: 


What have you got in front of you? 

A map. 

Do you think that this map has some pecularity? 

It represents the Adriatic Sea. 

Can you tell the land from the sea? 

The colour of the sea is lighter. 

Please, teacher, inside the land towns are not indicated . . . 
-.. neither are mountains — nor roads. . .. 

What do you think this map is for? 

9 


As you said, roads are not indicated, towns only at the coast. ... 
They are used by shipmasters. 

I know - by pilots. 

That’s right. So from now on you are all pilots. 
Shall we start steering at once? 

But do you know what the harbours are for? 

For the ships to rest... . 

For loading and unloading goods and passengers. 
Also for repairing ships. 

And then? 

h 


What else happens with a ship in a harbour? 
I know! It is refuelled. 

Refuelled with what? 

With coal. 

[Pupils laugh] 

With oil! Today all ships are driven by oil. 


Let us say, almost all. At any case, how many miles do you think a ship can travel 
without being refuelled? 


It depends on how large its tank is... 
-.. also on the speed... . 


On the consumption of its motors. My car does ten kilometres on a litre of petrol. . - - 
On the conditions of the wind, of the sea. … 


Let us simplify the situation. Supposing average weather conditions, and a certain 
speed in knots, what other data do you think essential? 

I have said: the capacity of the tank. 
The consumption per kilometre. 
Rather per nautical mile [1852 metre. 


s]. At sea this unit of measure is used. I think 
that’s all. Let us formulate our probl 


em: supposing that a ship consumes a certain 
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quantity q of oil per mile at a speed of say 20 knots, and that its tanks can hold T 
metric tons of oil, how many miles can the ship travel without refuelling? 

What do q and T mean? 

Why. q means the quantity of oil consumed per mile, and T means the capacity of the 
tank in metric tons. 

Why don't you give us the numbers? We could make a word problem. 

Why not solve it without the numbers? 

I could solve it if I had the numbers. 


Tell me, how. 

1 would divide the number of tonnes in the tank by the consumption per mile. 

Why can't you indicate the division? 

I could, but I don't know what to divide by what. 

But you do, you have all you need. Try to tackle it. Use the letters: T for the number 
of tonnes, q for the quantity of oil consumed per mile. What would you write for the 
unknown? 

Let's call it A. 

All right then, what will 4 be equal to? 

A is equal to T divided by q. 

How would you write it if you had numbers? Come to the blackboard. 

Oh yes, this way: 


== A. 
q 


1 agree. This is the right formula if q is expressed in tonnes per mile. And what if it is 
expressed in kilogrammes per mile? 

I would convert the kilogrammes into tonnes. 

Would you try it? 


DW q in tonnes 
q in kilo mes = ————— 
q grammes 1000 
This means, if we use this new q, q in kilogrammes, we shall have 
ER. 
E. 
1000 
or, recalling how we divide by a fraction, 
1000T 
— — = À. 
q 


particular problems as you will. But you should use 
ovise numerical data but, as you see, we have solved 
have a solution formula that you can use in 


Now you can formulate as many 
reliable data. I didn't want to impr: 
the problem all the same. Moreover we 
every case of concrete numbers. 


Yes, teacher, but where should we look for data? - 
Isn't there a harbour in Ravenna? Go on board a ship and ask for it. 
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Remarks 


The approach used by the teacher is apparent from this text. The problem was 
open, indeterminate. Because of the motivation boys soon became involved. 
One can distinguish the usual phases of problem solving. The teacher first 
helped the boys to problematize a situation and then to formulate a definite 
roblem. " 
i In the next phase the problem was easily solved using literal notation 
which was new to the pupils. Doing so they made definite progress towards 
more abstract and generalized problem solving than they were accustomed "t 
After a number of problems solved in this way the teacher found it possible 
to discuss with the pupils the merits of this general way of solving problems. 


A lesson on linear programming 


7 rn vs, aged from 
Ninety-minute lessons given by Mrs Olah to a class of six girls and ten boys, aged fr 
fifteen to sixteen years. Text prepared by T. Varga 


Background and aims 


During the earlier lessons the pupils learnt of linear inequalities. They ic 
sented the solution sets by open or closed half-planes. They ‘played’ with t 
intersections, unions and differences of such sets, and with their complemen- 
tary sets in respect to the plane. This offered a good opportunity for re 
the symbols ^, U, etc. The concept of the slope of a line was already s 
known to them. For example, they had some awareness of the fact that the 
slopes of lines with equations of the form 


ax+by=c 
only depended on a and b, not on c. 


5 A . T inear 
The object of this lesson was to present a practical application of we 
inequalities, so far little more than a mathematical curiosity to the pupils. 


The lesson 
At first sight the problem has little to do with half-planes: 


One division of a factory produces two articles that we shall call X and ui ^ 
would be desirable to produce as many as possible, with a value as high as possi 
and to make as much Profit as possible. 


A discussion follows on these ideas. Pupils raise questions. Partly as answers 
to these questions, partly on the teacher's initiative, the data in Table 3 appear 
on the blackboard. Other divisions also need the same workshops and 
machines, hence the restrictions expressed in the last column. 
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Table 3 Production of Articles X and Y 


X Y Machine-hours 
available daily, 
as a maximum 

Cost of production per piece/S 128 465 — 
Price per piece/$ 2 5 — 
Profit per piece/S 0-72 035 — 
Time needed for milling/hours 2 0 90 
Time needed for compressing/hours 0 2 80 
Time needed for grinding/hours 2 1 100 
Time needed for painting/hours 5 5 300 


The problem begins to take shape. The students examine it and look for a 
mathematical model. They decide to use x and y to represent respectively the 
number of pieces of X and Y manufactured daily. The teacher allows them to 
work independently. When it is time she asks a student to write on the board 
what he has found : 


2x < 90, 2x+y < 100, 
2y < 80, 5x+5y < 300. 


She asks those who seem to be uncertain, ‘What does this inequality express?” 
"Couldn't we write the same information in a more simple form?’ 

Here and there some silly remarks are made. The atmosphere of the lesson 
allows them to be made; ideas are clarified, misunderstandings need not 
survive. 

Now they use the techniques developed earlier. They make sket 
intersection of four half-planes (Figure 25). 

The teacher asks questions about different points of the coordinate plane: 
‘What does this point represent?’ ‘What do we know about that point?’ This 
serves to make students realize two tacit conditions: if either x or y were 
negative, it would mean that articles were being destroyed in the factory, 
instead of being produced. 

The conditions reach their simplest forms: 


ches of the 


x < 45, y < 100—2x, x>0, 
y < 40, y € 60—x, y > 0. 
tion shows that the points satisfying them simul- 


Even a sketchy representa 
taneously lie within a closed hexagon OABCDE. 
What is the problem? They agree to subdivide it as follows: How many 


items X and Y should be manufactured daily to maximize (for the two articles 
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o 16 20 30 40 


Figure 25 Intersection of the four half-planes, x < 45, y < 40, y < E 
y < 60— x. These half-planes, together with the two half-planes represen 
non-negative x and y, intersect in the hexagon OABCDE 


together) the number of items n, the value produced v and the profit p? a 
The number of items is seen to reach a maximum of sixty when the peii 

shop is maximally utilized. This condition is satisfied at points on segmen 

CD. This gives for x and y the non-independent conditions: 

20 € x « 40, 

40 > y > 20. 


A student points out that, according to the condition of maximum ny 
should be equal to 40 and x should be equal to 20. One Y item is of more 
value than one X, and this makes it clear that the production of Y should be 
favoured for making v a maximum. n 

But the profit on X is higher and so the same argument holds for producing 
40 X items and only 20 Y.ifour primary goal is the higher profit, not the higher 
value produced. 

“Have we finished? Is this the final answer to our questions?’ asks the pone 
The students are startled by this question. One of them remarks, ‘We treate 
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the number of pieces as most important. The answers 20 and 40 are valid if we 
make the combined number of X and Y items a maximum. But what happens 
if it is not? 

‘Indeed, what does happen if it is not? Could we then obtain a greater 
profit? Or a higher total value? Let us see. The profit if x items of X and 
y items of Y are produced is 


p = 0:72x+035y. 


What lines do these equations represent if p varies? What about their slopes? 
Would you plot one of them, Kate? What if p is higher? Where can p be the 
highest? Watch the restrictions! Yes, it will be at point B. 

“Now the value of the production. Leslie, you have it already. You say, at 
the point D. That is, p and v cannot be maximized together. It is a pity. But 
what if we were to modify the conditions? We might demand more time for 
the painting and polishing, in order to reach a higher production value and a 
higher profit at the same time.” 

Here the lesson had to stop. Students will plot the diagrams at home on 
graph paper, and work out suggestions for reorganizing the production con- 
ditions in the factory. 


Discussion 

Should we approach mathematical topics from theory or from practice? 
Should we first take a mathematical model and apply it to solving problems, or 
should we rather raise problems that lead us to formulate mathematical 
models? 

These are controversial questions. The second approach is known to have 
at least two advantages. 

Firstly, among pupils - as among people in general — theoreticians are less 
numerous than those who are practically minded. Therefore a practical 
approach.can be expected to have a higher motivational value than a merely 
theoretical one. 


Secondly — and this is the main point — those who apply mathematics to 
solving a real problem very rarely have a ready-made mathematical model 
to hand. They themselves have to find and sometimes to create the necessary 
means. Starting with the practical problem helps to develop a useful way of 
thinking. 

All that is true; yet the following points are also true. (a) The acquisition 
of a new mathematical idea can be motivated by considerations within 
mathematics itself: getting rid of an exception to a principle, rounding off 
a treatment, etc. The more we can reveal to the students the inherent laws and 
beauties of mathematics, the more this kind of motivation increases. 
(b) Practical problems that can be made interesting are rarely available. There 
is also a danger that unnecessary details will distract attention from the 


essential ideas. (c) Finding (not to speak of creating) a mathematical model 
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for a practical problem needs en time, especially if the components 
of the model are not all at our disposal. , 

The teacher has to ponder these different points before he decides Bee 
a purely mathematical approach and one based on the outside worl 

ironment. 
` Further consideration shows that the two points of view are not as far iae 
as they seem. Motives can be taken partly from mathematics itself, par 
from the environment in a wide sense. Part of the mathematical a 
may be prepared beforehand, the discovery of another part may be expe! 

rise from the problem. 
dm consili- the lesson from these viewpoints. There may be pecan 
against pre-arranging the mathematical equipment. Some teachers ue um 
this writer) might have tried to motivate the introduction of half-p anı ere 
some environmental problem at an earlier stage. Still they have little rigl E 
blame the teacher for having chosen a different way. There are too ma y 
factors involved in such decisions: the pupils’ and the teacher’s peeo : 
the syllabus to be covered, etc. In this particular case, deeper ti Ph " 
expected for intrinsic mathematical problems than in an average class; 
apparent from the discussion. x " 

+ the topic and its presentation appropriate to this age level? Since pen 
programming itself is new, it is not surprising that it found its way es 
secondary schools only recently (and so far only in the simple intuitive pi 
sentation as seen above, restricted to two dimensions). After the aep: 
work of Mansfield and Thompson, whose textbook (Mathematics: E; 2 
Approach) adapts the topic for as young an age group as from ke uk 
thirteen years, and the work of other pioneers, there remains little dou e 
linear programming will have a permanent place in secondary-schoo! a 
labuses at some age level or another, in some form or another. Ls ie 
introduction of the topic to mathematical classes, as in Hungary, can only 
regarded as a preliminary to its wider spread. eee 

Consider the strictly pedagogical aspects of the lesson. The same topic he 
taught some days later for the other half of the class by another teacher. : 
problem itself was the same, and this rendered the pedagogical difference: 
especially conspicuous. 

The first a planned a lesson, and followed her plan; the second cn 
also planned a lesson, but deliberately ceded half of the initiative to the clas à 
This involved a risk of not being able to finish in time, and indeed —€— 
what happened. Yet her compliance paid fair dividends in the creative activity 
and independent work of the class. . 

The first teacher posed the problem in a mathematically impeccable form ; 
the second gave the students only a rough outline of the situation and let them 
develop it with a mathematical problem. 

This treatment, of course, takes more time, and it is up to the teacher to 
decide again and again about the usefulness of his time investment. This may 
not always be worth enough, it may tend to degenerate into formal ceremonies 


Classroom Treatment of Some Essential Topics 


1.7 


1.7.1 


75 


even under the label ‘heuristic’. In the reported lesson this was not the case. 
It is true that most of the forty-five minutes were over before it became clear 
to the students what the problem really was. But this groping about the 
problem was a worthwhile activity, through which the problem became their 
problem. The crop grew ripe while time was seemingly wasted; it had just to 
be gathered in. 

There is another aspect of this ‘wasting time’. Recall the moment when the 
teacher let them err about the maximization of n, v and p, snatching them 
back at the last minute from the mistake of considering v and p only after n 
had been maximized. Without stumbling upon this error, few of them could 
reach a clear idea of the problem. This is a typical example of what might be 
called learning by mistakes. 


Probability and statistics 
Prepared by M. Hästad, Secretary of the Nordic Committee for the Modernization of 
School Mathematics 


Finite outcome spaces 

The empirical background of probability theory must first be studied : that is, 
the empirical phenomenon called the stability of relative frequencies. The 
students should themselves perform experiments such as tossing drawing-pins 
or coins. These experiments and the following simple properties of relative 
frequencies are used to motivate the model of probabilities in finite sample 
spaces. 

If f (u) is the relative frequency of the u, 


then f(u) 20 and YfwW=1, 
where the summation is made over the set of all possible outcomes. If A isan 
event then 


f(A) = LSM), 


ucA 


that is, the relative frequency of A is equ 
belonging to outcomes in A. 

The concept of outcome space is th 
outcomes of an experiment. Some examp 


Table 4. 
Table 4 Some Simple Experiments and their Outcome Spaces 


1.47 


1.18 
al to the sum of relative frequencies 


en introduced as the set of all possible 
les of outcome spaces are given in 


Experiment Outcome space 


Tossing a die {uy U2. U3, Mas Us, ug) 
(up, down} 
(up, down} x {up, down] 


(head, tail} x (head, tail} x (head, tail} 


Tossing a thumbtack 
Tossing two thumbtacks 


Tossing three coins 
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Subsets ofthe outcome space are called events. If we throw a die and get an 
even number, this corresponds to the event {az, a4, ag}. If we take a natural 
number between 1 and 100 the outcome space is (ue N:0 < u < 100} and 
the event that the number is between 0 and 50 is {ueN:0 <u < 50}. 


With every outcome u in the outcome space Q we now associate a number 
P(u) such that 


Plu) 20 and Y Pw) = 1. 1.19 


uen 


These numbers are called elementary probabilities. Table 5 describes some 
examples of simple outcome spaces with their elementary probabilities. 


Table 5 Some Simple Outcome Spaces and their Elementary Probabilities 


Outcome Elementary probability 


u P(u) 
Tossing a drawing-pin L 0:6 

A 04 
Sex of newborn baby boy 0-52 

girl 0-48 
Tossing a coin head 05 

tail 05 
Tossing a die 1 Li 

2 i 

3 $ 

4 i 

5 $ 

6 i 


The probability P(A) of an event A is defined as the sum of elementary 
probabilities belonging to outcomes in A, 


ie. P(A) = A Pu). 120 
It is then easy to show that 

P(g) = 0 < P(A) < 1 = PE), je 
P(A)--P(£,) = 1, UE 
P(AUB) = P(A)-- P(B)— P(A ^B), 2 
ANB = Ø = P(AUB) = P(A)+P(B) (A and Bare disjoint). 1.24 


One important special case is when the elementary probabilities are chosen 
equal to each other. One can often use some symmetry of the experiment to 
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justify this choice. If there are n outcomes in Q, we have P(u) = 1/n, and if we 
use definition 1.20 of P(A), we will get 


number of outcomes in A 


= 125 
total number of outcomes 


P(A) = 
If P(ANB) = P(A) P(B) the events À and B are called independent. 
Sample problems 


1. The number of accidents in a certain city on Sundays gave the following 
elementary probabilities. 


Outcome Elementary 
accidents probability 
0 0-819 
1 0:164 
2 0:016 
more than 2 0:001 


Calculate the probability that there is (a) at most one accident, (b) at least two 
accidents, (c) at least one accident, (d) one or two accidents. 


2. The probability that a unit produced in an automatic industry will be defec- 
tive is equal to p. In the experiment of selecting four units and counting the 
number of defectives amongst them, the following elementary probabilities 


may reasonably be assumed. 


Outcome Elementary 
defections probability 
0 (1—p* 

1 4(1—p)°p 

2 6(1— p)?p? 
3 4(1—p)p? 
4 p* 


Suppose that p = 0-2. (a) Check that the sum of the elementary probabilities 
is equal to one. (b) Calculate the probability that at least one of the four 
units is defective. (c) Suppose that the units are packed in cartons with four 
units on each carton. In how many, out of one thousand cartons, can one 


expect to find exactly two defective units? 
3. Show that p(A nB) < p(A) < P(AU B) < p(A)+p(B). 


4. In a farming experiment a square field is divided into sixteen equal squares, 
arranged in four rows and four columns. Four squares are chosen at random. 
Calculate the probability that these squares (a) lie in the same row, (b) lie in 
the same column, (c) lie in the same diagonal, (d) lie such that there is one in 


each row and one in each column. 
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5. In a newly built business centre there are eight shops on two levels: four 
stores on each level. On each level the shops are arranged in a row. The differ- 
ent shops are assigned at random to eight shopkeepers. Two of these people, 
A and B, are thinking of opening shoe stores. Calculate the probability that 
(a) A and B receive shops on the same level, (b) A and B receive shops next to 
each other on the same level. 


A statistical investigation 


The following investigation about the children’s habits with their mathematics 
homework may be performed by a group of students. , 

The purpose ofthe investigation is to select a random sample of pupils, give 
the group a questionnaire, sort out the replies by diagrams and tables, and 
eventually to try to draw conclusions about the whole population by means of 
statistical inference. The work is composed of six parts. 


(a) Discussion of the aims of the investigation. 


(b) Drawing up the questionnaire. The questions must be formulated so that 
it is possible to give unique answers. 


(c) The selection of the random sample of students which is to answer the 
questions. Here the notion of random sample, and possibly stratification ofthe 
sample, is discussed. The use of random numbers for selecting the sample is 
introduced. 


(d) The questionnaires are distributed and answered. 


(e) The material is treated and presented in tables and diagrams. Means, 
medians, quartiles and standard deviations are calculated. 


(f) By using tables of the binomial or normal distribution some confidence 
intervals are calculated. For instance, if seventeen out of eighty students in the 
sample have said they listen to music when doing their mathematics exercises. 
what can be said about the percentage of the 900 children in the whole school 
who combine music and mathematics in this way? Theanswer should be given 
as a confidence interval. 

The results of points (e) and (f) could be published as a theme or as a lecture 
for the whole class. Other topics may be treated in a similar way. 


A problem about statistical inference 


‘A metallurgist has performed four determinations of a melting point: 1263, 
1259, 1270 and 1268°C. Estimate the real melting point and tell how accurate 
this estimate is.” 

The students should understand the concepts of the mean and standard 
deviation of statistical data, expectation and standard deviation of a sto- 
chastic variable, and the normal distribution. 

The measurement of the melting point is a stochastic variable X which may 
be supposed to be approximately normally distributed. The mean pof X is the 
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melting point ifthe measuring process is unbiased. As an estimate of u we use 
the mean X ofthe four observations 1263, 1259, 1270 and 1268. Calculations 
give X = 1265. We wish to give a confidence interval round X in which y lies 
with 95 per cent likelihood. 

We suppose that X has the standard deviation c = 5. (Calculation of the 
standard deviation of the four observations gives the value 4-97 and does not 
contradict this assumption.) At this point we must make use of the theorems 
which say that the distribution of the mean X of four observations on X is ap- 
proximately normal with the same mean and a standard deviation 


= 5 S 


= pes. 

JA 2 
A table of the normal distribution shows that the value of X with a probability 
of 0:95 lies within 1-964 from the mean. This can be written 


Pu— 1968 < & < p-- 1962) = 095. 


In this case & = Sand the observed value of x is 1265. The inequalities can thus 
be written 


u—196x2-5 < 1265 < y+ 1:96 x 2:5, 

1265—49 < u < 1265+49. 

Themelting point can thus be estimated witha 95 per cent confidence interval of . 
1265+49. 


Matrices 


Prepared by G. Matthews, Project organizer for the Nuffield Foundation Mathematics 


Teaching Project 


Matrices may be introduced to children at the age of thirteen or fourteen, when 
the ‘product’ is defined naturally in terms of successive geometrical trans- 
be said for a preview. 


formations. However, psychologically there is much to 

Matrices can be introduced to eleven or twelve year olds with the help of a 
contrived motivation. They are then ‘old friends’ when they crop up later. 
Further, the important idea of a non-commutative algebra has been intro- 
duced satisfactorily early. Encounters with different structures do not confuse 
children of twelve, or even a little younger; on the contrary, they learn to take 
greater care with familiar situations. (Is 63421 x 59 186 the ‘same’ as 59 186 x 


63421?) 

Introduction to matrices can 
AR @pepRFaoBtTRE SM 
9 2 20 7 19 14 17 13 5 10 1 12 8 


as ra,ıa Twa 
(ins 1 3d 5 53 3 22 


be made via codes. For example: 
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2 15 
BUDA can be encoded by writing the corresponding numbers 79 and 


2 1 
premultiplying by an ‘encoder’, say ie 1 a 


2 1][2 15 2x2+1x7 | 
Me All 4 5 E x240x7 —1x1540x9 
11 39 
S k: = xl 
The rule for multiplying matrices is stated without explanation. The notion 


of a row ‘diving’ onto a column has been found useful. ROR 
The message is then sent as 11 39 —2 — 15. At the other end, decoding is 


0 —1 im 
effected through multiplication by a ‘decoder’, in this asd 1 | „obtaining 


0 -1]f 1 39] [2 ıs = 
i al —i5s| |y g] 599v 


After this artificial start, there is plenty of scope for discoveries; for example, 
thechildren can discover: (a) the rule for finding the correct decoder for a given 
encoder, (b) the unit and zero matrices, (c) that they are working with an 
arithmetic modulo 26, (d) that the determinant of the encoder should be unity 
to avoid fractions. They then investigate what happens if the encoding clerk 
makes a mistake and reverses the order of multiplication : 


b s]: d- 5 7] 


At the other end, the message is decoded according to the correct procedure: 
R -]f-11 2 -5 =7 
1 2 5 7| L-ı 16/ 


ie. -5-7-116 
or 21 19 2516 (adding 26 where appropriate) 
giving, instead of BUDA, PEST. 

Matrices of other orders can now be introduced, and a procedure can 
quickly be evolved for solving simultaneous equations. The relevant rules 
(associative law etc.) are emphasized as they crop up. 


x+2y= 5 
3x+4y = 11 
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a ez. z 
The matrix [ | introduced into the second matrix equation is 


3 


L 2 
obtained from p d by changing over the 1 and 4 and reversing the sign 


of the remaining elements. Several examples like this, made up by the children 
themselves, are worked through. 

The pernicious use of the symbol .'. (‘therefore’) can be brought out by the 
following demonstration : 


x+2y= 5 
3x+6y = 11 


The horrible snowstorm of dots has produced an absurdity. If‘... is replaced 
by the implication sign, = (and not by ‘<>’ unless every step is clearly re- 
versible), then the last example reads quite logically, according to the English 


adage, ‘Ask a silly question and you'll get a silly answer’. 
After this, the way is open to link matrices with geometry. Even at the age 


of nine or so, children can appreciate, for example, reflections in mirrors. 
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this is (MAC) y 


c) 2 


DAM MAC 


this is xy(MAC) 


Figure 26 Reflections in a pair of perpendicular axes 


In Figure 26, y(MAC) is the reflection of MAC in the y-axis and xy(MAC) 
is the reflection of y(MAC) in the x-axis; xy(MAC) = yx(MAC), but not if the 
mirrors are not at right angles to each other. At thirteen or fourteen, this can 
be taken up again in terms of matrices. The transformation of the column 


y 
xy) 
— | 
we 
Pd 
EE x 
Qe 
(3 
xy) 


Figure 27 Coordinates of a 


point and of its reflections in a pair of 
Perpendicular axes 


x]. =e -1 0|. ce 
vector into y or MAC into (MAC), is given by A = o iT sm 
=i 01% "WES 
0 Lily y 
. i ; po Ond 
Similarly the matrix representing reflection in the x-axis is B = an 


0 -1 


Classroom Treatment of Some Essential Topics 


19 


83 


the product of these is 


RE - Je 


say; that is, successive reflection in the axes is equivalent to the half-turn 


1-3] 


A group table can now be constructed : 


I A B G 


au>- 
OU» 
-—-0U 
“Pwo 


and this can be compared with other situations (addition modulo 4 etc.) so 
that the two distinct groups of order 4 are discovered. 
The affine transformations represented by 


ab 
= | (ad # bc) 


can next be investigated, and eventually there is hardly a branch of mathe- 
matics which cannot be illuminated in some way by matrices. That they are 
truly ‘polyvalent’ is indeed the justification for their early introduction. 


Calculus 
Prepared by G. Matthews, project organizer for the Nuffield Foundation Mathematics 
Teaching Project. 


Teaching calculus at school involves compromise : the mathematician demands 
rigour, the pupil demands motivation. Concepts must therefore be introduced 
intuitively and the need for refinement of ideas then gradually make itself felt. 
A start can be made at the age of about fourteen in terms of travel graphs. 


oves in a straight line so that the distance s metres it has 


Example. A particle m 
422. Plot accurately the graph of s 


travelled after t seconds is given by s = 
against t for values of t from Oto 4. 


(a) Read off from the graph the total distance covered (i) between t — 0 and 
t —3;(i)t = Oandt = 2. 

(b) What is the distance travelled in the third second (i.e. between t = 2 and 
t= 3)? 

(c) What is the average velocity between t = 2 and { = 3? 
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(d) Find the average velocity (i) between t = 2 and t = 2:5; (ii) between t = 2 
and t = 2:1; (iii) between t = 1-7 and t = 2:3. 


(e) Estimate the velocity when t — 2. 


(f) Draw by eye, as accurately as possible, the straight line touching the graph 
at the point for which t = 2, and calculate its gradient (the tangent of the angle 
it makes with the t-axis). 


(g) What do you infer by comparing the answers to (e) and (f)? 


The gradient of a curve is first introduced graphically, by observing the be- 
haviour of the gradient of a chord PQ as Q approaches P. . 

By this time, it is possible to make three fair guesses about motion in à 
straight line: 


(a) The gradient of any s(:) curve at any point gives the velocity at that instant. 
(b) The gradient of any v(t) graph gives the acceleration. 


(c) The area under any section ofa v(t) graph gives the distance travelled in the 
corresponding time. 


Even at this stage problems like the following can be set. 


(a) Give a rough sketch of the s(t) and (^) graphs of a schoolboy who starts 
slowly for school, panics because he thinks he is late and then dawdles again 
as he approaches the school gate. 


(b) Treat similarly a more complicated journey (e.g. he could set out and have 
to return for a forgotten book, jump on a bus, etc.). 


(c) If a few bacteria are put into a closed vessel, they will first breed slowly (a$ 
there are few of them), then more rapidly (as more become available to breed) 
and finally more slowly again (as they become cramped in the full vessel). 

Reword this statement in terms of the gradient of the graph of number of 
bacteria present plotted against time, and give a rough sketch of this graph 
(cf. Steinhaus, 1964, p. 249). 


Our idea of ‘gradient’ is then shown to be inadequate for, say. X and j: 
second look is necessary. At this stage it is pointed out that mathematicians 
cannot be bothered to deal in turn with x?, 3x-+ 1, 1/x and so on, but would 
rather deal in more general terms, and so the idea of function is introduced, as 
a many-to-one mapping. Eventually, again with the help of diagrams, the 
final definitive formula is evolved. 


There is still a danger that 


lig CFA) SG) 


h-0 h 
will become a meaningless slogan, to be brought out whenever the word 
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‘gradient’ is mentioned. We now therefore digress briefly to re-examine some 
of the underlying ideas. 

This will scarcely give a preview of the rigorous treatment given in more 
advanced courses, but at least perhaps show the need for it.* First, the idea 
‘h > 0’ here implies that, as A changes from one value to a numerically smaller 
one, it takes up ‘all’ values in between. Just what do we mean by ‘all’? This 
leads to a discussion (probably in the nature of revision) of the different sets 
of numbers. 

We next look a little more closely at the meaning of ‘limit’. 


Example. Find lim (x? +3). 

The answer is ‘clearly’ 7, since if x is given values closer and closer to 2, 
then x?+3 gets nearer and nearer to 7. This, however, is careless talk. (How 
close is ‘closer and closer’? Do we mean for all values of x close enough to 2? 
How near to 7 is near enough?) 

If A writes, ‘lim (x2+3) = 7’, this implies that if x is any number within a 
close enough range of 2, then x?+3 is as near to 7 as any challenger B pleases. 
The ‘close enough’ range for x centred on 2 does not necessarily apply to 2 
itself, as ‘tending to 2° does not involve actually reaching it. The argument 
might go as follows: 


You reckon lim (x?+3) = 7. Very well, 1 name 7+0-01 as the boundaries for x13. 
x-2 

You find an interval centred on 2 such that, for all x in that interval (except possibly 

2 itself), x? +3 lies between 74-001 and 7— 001. 


Certainly If x is between 23-0002, your condition is satisfied. 
All right. Now I name 7+0-0001 as the boundaries for x^4-3 . . . (and so on). 


If A is sure he can answer any such challenge, and come up with a correspond- 
ing interval for x, only then can he correctly assert that ‘Tim (x? +3) = T 
xc 


x?-4 
x-2' 

This is not quite so ‘obvious’ as the last example, for (x? —4)/(x —2) is 
meaningless when x = 2. All the same, ifx + 2, (x?-4)/(x—2) = x2, and, 
as x tends to 2, this expression tends to 4. 

A could stand up to any challenge by B, the conversation running similarly 
to that of the previous example. The reader should verify this, remembering, 
that as x is tending to 2, what happens, or fails to happen, if x — 2 does not 
affect the argument. 

x?—4 


Thus lim — = 4. 
x22 x—2 


Example. Examine lim 
= 


pick up a number of words, and only later stop to analyse 


*Learning to speak, small children first 
s time to stop and at least reflect a little on what we are 


their precise meaning. Similarly here it i: 
really talking about. 
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The graph of y = (x?—4)/(x—2) is a straight line ‘with a hole in it’, that is, 
the line whose equation is y = x +2 with a point missing at x = 2. 

(If we had started instead with the equation y(x—2) = x?—4, this would 
have been equivalent to ‘either x = 2 or y = x+2’, and the graph would 
then have consisted of the whole of the two straight lines x = 2and y = x+2.) 


h 
Example. Investigate lim [Al 
h=0 h 


This limit does not exist, for if h>0, |h|/h = 1, while if h<0, |h|/h = —1. 
It would therefore be impossible to find an interval for h centred on 0 
such that |h|/h was ‘as near as you please’ to any given number. 


This last example shows that |x| does not have a gradient when x — 0, 
for the following problems are equivalent. 


(a) Investigate the gradient of |x| at x — 0. 


(b)Investigate lim 95e 
1 


lim if f(x) = |x|, when x = 0. 


(c) Investigate jim 


h)—fO 
[0-0 A À iff = x]. 


im ial 


(d) Investigate lim n 


We bave just seen that the last limit does not exist. s 

We can now return with more conviction to our definition of the gradient 
of a function f(x) for a particular value of x, say x = a. To avoid having 
to write y = f(x) and referring to dy/dx (or to write clumsily ‘d{f(x)}/dx ) we 
introduce the notation f'(x) for the gradient of f(x), and we have 


S(a+h)—f(a) 
h 


f'(a) = lim 
h-0 


provided the limit on the right-hand side exists. (If it does not, then f(x) has 
no gradient when x = a.) 

The existence of the right-hand side implies that x can take all values 
within a certain range centred on a, and further that f (a4- h) —f{a) ^ 
as h — 0. This last condition means that the function is continuous at X = 4; 
that is, f(a) exists, and by taking h small enough, f(x) — f (a) is as small as you 
please for all x between a--h. But if a function is continuous at a point, this 
does not ensure that it has a gradient there (cf. |x| at x = 0); it is, in fact, a 
necessary condition, but not a sufficient one. E 

The way is now open for differentiation of polynomials and applications 


*This is roughly equivalent to saying that the graph of y — f(x) could be drawn in the neighbour- 
hood of x — a without taking the pencil off the paper. 
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(tangent and normal, maxima and minima, kinematics, approximations). 

Integration can be introduced by returning to the three ‘fair guesses’ (p. 84). 
The first two of these will by now have been justified and can be re-stated, 
mathematically, as 


ds dv _ 


— = b)— = f. 
Og” (b) di f. 
Guesses (a) and (c) form a pair: 
Gradient of s(t) graph is v. Area under v(t) graph is s. 


This suggests a connexion between gradients and areas as, roughly speaking, 
opposite processes. 


(a) (b) 


[9] % o 


Figure 28 (a) Gradient ofy= x? is 2x; (b) area ‘under’ y = 2x is x? 


Integration is then defined in three distinct ways, ‘opposite of differ- 
entiation’, ‘area under graph’ and ‘limit of sum’, the latter by means of an 


example. 
Example. Find the area ‘under’ the graph of y = x?, between x = 0 and 


x=a. 


The area required is that bounded by the curve, the x-axis and the line x = a. 
We first divide the interval between O and a on the x-axis into n parts, each 
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ö a i 


Figure 29 Area A under the curve y = x? between x = Oand x = a 


of length 6x, so that nóx = a. Labelling the points along the x-axis Ay, Az»: +» 
A,-1, A, (x = a) (Figure 30), we have 


OA, = A\A, =... = A, 4A, = dx. 


Since OA, = ôx, A,P, = (5x)?; OA, = 26x, A,P, = (26x)?; .. - ; 
A2 
OA,-ı = (n-1)öx, A, ,P,., = {(n-1)öx}?; OA, = n ôx, A,P, = (n x)”. 


We next construct two ‘staircases’ consisting of rectangles, as in Figure 30. 
The area A which we seek is greater than the area under the ‘staircase’ in 
Figure 30a, and less than the area under the ‘staircase’ in Figure 30b. 

The area under the first staircase is 


AP, x 6x+A,P, x dx+A3P3 x 6x+ ... +A,—1P,—-1 X 6x 
= dx[(6x)? + (2 dx)? +(3 dx)? +... - ((n— 1)óx]?] 
= (ôx)? {1?+2?+32+... +(n—1)?}. 

Similarly, the area under the second ‘staircase’ is 

(5x)? {1?+2?+3?+ ... +(n—1)? +n?}. 

We thus have 


(5x)? (22... +(n—1)?} < A < (ôx)? {12+22+ ... +n}. 
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Figure 30 (a) ‘Staircase’ with area less than A; (b) ‘staircase’ with area 
greater than A 


It can be shown that 


12+2?+...+n? = in(n+1)(2n+1) 


andthat 12422+...+n-1? = i(n—1)jnQn— 1). 
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Thus we have 

(6x)? x$(n—1)nQn—1) < A < (ôx)? x in(n-- 1) Qn-1). 

This can be written 

$(n óx — óx) (n óx)(n óx—óx) < A < $(n óx) (n óx-- óx) Qn óx +x) 
or, remembering that n óx — a, 

$(a—6x)a(2a— ôx) < A < 4a(a+65x)(2a+6x). 


We now let 0x—0 and n become large in such a way that n 6x remains 
to a, that is, we increase the number of small subdivisions of OA,, correspond- 
ingly decreasing the length of each. Now, as 5x0, 


$(a—óx)aQQa—àx) and tala+öx)(2a-+öx) 


both tend to 4x 2à? = la. As A lies between these amounts, however small 
we take ôx to be, it follows that A = 1a?. (This is consistent with the first 
definition of integration, by which fx? dx = x3 +c.) 

This can be followed by an informal treatment of the fundamental theorem 
and application to areas, volumes, mass-centres[ kinematics} and a possible 
sequence after this as follows: 


Exploitation of ideas: 
differentiation of product and quotient, chain rule, 
trigonometric functions, etc. 


Methods of integration 


T 


Taylor Maclaurin expansions 
Special functions 


T 
Curves, surfaces, solids 

i 
Differential equations 

T 


Introduction to partial differentiation 


In particular, we now give a note on the introduction of the exponential 
function and its inverse, the logarithm, to the future scientist. 
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The subject matter is, of course, quite traditional, but the presentation 
suggested is not the usual one of starting with 


t 


logt = [ia 
x 


1 
and developing the theory with as much rigour as possible from the start. 
Interest tends to wane with this approach, as the student can’t ‘see the point’. 
The following, then, is a suggested sequence: 

1. Start with a number of examples, such as: 

(a) Formulate mathematically the law, ‘If bacteria breed without restraint, 
the rate of increase is proportional to the number of organisms.’ 

(b) Translate into mathematics the law of cooling: ‘If a hot body is placed ina 
cool room, the rate at which its temperature changes is proportional to the 
difference between the temperature of the body and that of the surrounding 
medium.’ 

(c) Formulate the law of radioactive decay. 

In each case, an equation of the form 


ION = ks 1.26 


is found, so there is now a strong motivation for finding a solution of this. 


2. Start with the case k = 1, f(0) = 1 and use Maclaurin's series, 
x? 

f(x) = {O+xf'O) +5 f)... 

quite recklessly to obtain 


x? 
SGX) = teen ee 
Differentiate term by term, obtaining f'(x) 
equation 1.26. 
Also, multiplying two series together, 


x? y 
So) = (ves e +++ = ) 


= f(x) and so a solution of 


1 
= LHC E+ + es 


= f(x y. 


This suggests the index law and we let f(x) = exp x = e", defining e as 


bals 
EE °° 
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3. Thisisthekey movein the lesson. Many students (alas) may have accepted the 


above all too readily. Questions such as the following are now discussed by the 
class: 


(a) The series 
ite IDE ge 
sin x+5 sin 2x +33 sin 2x43 sin x+... 


converges. What happens on differentiati 
x=0? 


(b) Have we proved that exp X X exp y = exp(x4-y)? 


1 
(c) The series I-— + 


1 
A Bowe ++. converges. 


What about the Cauchy product of this series with itself, i.e. 


1 1 l 
LIR Jc" D 


The class can soon discover that the nth term of the last series does not tend 
lo zero as n tends to infinity, and so the series is divergent. 

After such a series of Shocks, the class will now accept the traditional 
approach with interest, being now aware of (i) the importance of the topic, 
and (ii) the dangers of a reckless approach. 

The introduction of simple differential equations to pupils of sixteen or 
Seventeen can be justified not only in terms of intrinsic interest but also since 
so many physical problems can then be tackled, for example: 

(a) Solve the equation 


d? 
qty = A cos pt. 


ing term by term and then setting 


What phenomenon is illustrated when p = n?Showthata particular integral of 
2. 


: ES. 
dg "y = k cos nt is y= ut sin nt, 


X — A- B cos at, ya Ct+B sin at, 


where the constants C and g are given by the formulae 
E eH 

C=-, =—. 
H a 


m 
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Evaluate the constants A and B if the particle is initially at rest at O ; and prove 
that in these circumstances the particle comes momentarily to rest when 
t = 2nn/x, where n is any positive integer. 


(c) A particle of unit mass is projected vertically upwards in a medium whose 
resistance is Av?, where v is the velocity at any instant. Find the greatest height 
attained when the initial velocity is v. Show that, when À is small compared with 
v the greatest height is approximately 


v? i v? 
2g\ 2g)" 


As already indicated, emphasis should be placed throughout on motivation 
and understanding rather than mechanical learning. Thus, for example, the 
idea of gradient is first shown to be useful, and later the underlying concept of 
limit is discussed in more than customary detail. Again, the exponential 
function and Taylor’s theorem are introduced most informally, more 
rigorous treatment being deferred until after their importance has been 
justified. 
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The Use of Teaching Aids 


Prepared by W. Servais 


Introduction 


It is appropriate to begin this review of the equipment and aids used in teaching 
mathematics by emphasizing the part they play in the development of mathe- 
matical thinking. Some teachers are opposed to the use of concrete illustrations 
as a basis of support for abstractions. They demand strict logic and strict logic 
alone, with no compromising admixture of imprecise empiricism. At the other 
extreme are those who want the concrete illustration for its own sake and who 
replace proof by demonstration, in the belief that the concrete is immediate, 
that it exerts some magic power and that mathematics is subsumed by the 
concrete. In fact, it is by working with concrete examples that we come by our 
first notions of mathematics. We gradually build up from our perceptions and 
actions relating to the concrete a mental picture which we can then call up by 
itself. The relations between perceptions and actions which have thus been 
given an abstract form constitute the first subject of mathematical study. 
Inan experiment with physical objects our attention is focused on the results, 
satisfactory or otherwise, ensuing from our actions. With mathematics in the 
abstract, objects are stylized and free from imperfections. For this reason, 
when we use sketches and tangible models to reinforce these abstract mental 
operations, we pay no attention to the imperfections in their representation of 
mathematical concepts. The mathematical experiment and the subjects with 
which it works are at a second stage and are not to be confused with the 
physical experiment and subjects, which are at an earlier stage. No doubt it 
is impossible for us to attain the second stage without having carried out the 
operations of the first. Most people, if not all, need to give a concrete form to 
their mental activity; this is where the vehicular language of diagrams and 
mathematical symbols comes in. These symbols and diagrams are physical 
models governed by precise rules of manipulation and thus, ultimately, they 
convey the rigour of the abstract original. 
All types of material equipment are, in their conception, isomorphic 
(Servais, 1958),* fulfilling the same role from the mathematical point of view, 
although from the psychological point of view some of them may be better 
adapted than others to our idea of things by their colour, their manageableness 
"References for chapter 2 will be found on pp. 120-23. 
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or their appeal to the intuition. Once their isomorphism has been acknow- 
ledged, we can delegate to them the task of giving support to a mathematical 
activity to which they automatically run parallel. This is the function of mathe- 
matical machines which work the other way round to make the abstract 
concrete. 

The term ‘model’ is thus employed in two complementary senses, corres- 
ponding to the two ways in which the physical and the mathematical interact : 
the physical material is a concrete model of the mathematical relation which 
it illustrates, the mathematical structure is an abstract model of the physical 
situation which it explains. 

Educationally, the greatest value of concrete material is that it allows the 
pupil to acquire mental experience at his own pace, outside the authority of 
the teacher. There are conscientious teachers who think they can teach any- 
thing by saying it and repeating it, not realizing that their efforts are wasted 
unless the intellectual activity of the pupils is deeply engaged. There are 
teachers who do not fully realize that their business is to see that children learn. 
Well-designed material aids can, to a certain extent, protect the pupil against 
the teacher, protect his unspoiled creativity from adult knowledge which has 
become a little stale by constant repetition. For mathematical teaching aids 
to fulfil their purpose, they must be manipulated by the pupils themselves, 
thus helping them to clarify, co-ordinate and organize their ideas. There 
would, therefore, be very little point in a complicated ready-made model. The 
best that teaching-aid firms can do is to supply the teaching profession with 
geometrical, mechanical, electrical, algebraic and logical construction games 
to encourage pupil activity and save teaching time. 


Drawings and diagrams 


Drawing with instruments is an integral part of the teaching of geometry. Not 
only does it enable pupils to draw figures correctly; its essential purpose is to 
create, by this exercise, a whole field of ideas and notions without which the 
pupil cannot form geometrical concepts. 
At the same time, the commentary which 
brings into active play a vocabulary which will later be 


its use in definitions and proofs. . TE , 
The exact drawing of figures gives the pupils an inkling of the perfection of 


pure geometrical concepts. Observations made experimentally upon physical 
figures provide, in suitable cases, a means of checking theoretical results in 
practice and of discerning new abstract properties. These exchanges and 
relationships between drawing operations, mental images and abstract notions 
are very useful for nourishing geometrical thought. j 

However, the transitions between the plans of action, comprehension and 
conceptualization occur so readily and so often in this way that, unless care is 
taken, they set up and perpetuate a confusion between the experimental and 


hich accompanies these operations 
come familiar through 
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the theoretical, and elementary geometry takes on too much the appearance 
of physics with ruler and compass. 

Itis true that metric geometry has its roots in the properties of solid physical 
bodies, but this is no reason why an attempt should not be made at a fairly 
early stage to rid geometrical thinking of its early connexions so that its 
relational content may be more easily grasped. 

In this way, abstract geometrical shapes may be used as mathematical 
models suitable for dealing with the most varied questions. For instance, a 
simple cube can be used as a model for the solution ofa problem involving the 
counting of numbers from zero to seven in the binary system (Pollak, 1965), 


or to represent the inter-character relations in a three-factor characterology 
(Servais, 1955/6). 


Drawing of rough diagrams is much more common than accurate drawing 
with instruments. An important original contribution of modern teaching has 
been to introduce the use of graphs systematically and at a very early stage. 
This makes it possible for pupils to realize at the conceptual level properties 
which are normally observed only at the perceptual level. 

Thus, in order to grasp the full significance of the axiom of the determination 
of a straight line by two points belonging to it, it is a useful exercise to mapa 
straight line A and a straight line B on a Venn diagram and to ask which will 
be the empty parts if it is known that separate points p and q both belong to 
both A and B. 

In this way, the figurative representation involved, while it is still perceptual, 
is of a more advanced nature and is being used to give a sharp, abstract form 
toa geometrical fact which is too closely tied to the visual evidence ofa straight 
line drawn through two points. In a similar way, Venn diagrams can be used 
to show two disjoint parallel lines or two intersecting lines (Papy, 1963). 

Schoolchildren of about the age of twelve who already have some grounding 
in sets and Venn diagrams show astonishing ease in dealing with such prob- 
lems. They therefore have the necessary background for understanding that 
all the notions involved apply equally to sets which are determined by any 
two of their elements and by pairs of objects in particular (Servais, 1965). 


Because of its perceptual realism, traditional geometrical drawing is un- 
suitable for illustrating certain ideas. It is easy enough to draw a segment, but 
how is it possible to indicate on the figure that the interval formed by the 
points within this segment is regarded as open? Some conventional repre- 
sentation is required. The elements to be excluded from consideration might, 
for instance, be coloured red whilst the elements to be taken into consideration 
might be coloured green (Papy, 1963). The two ends of the segment would 
thus be coloured red and the interior would be drawn in green. The same 
convention makes it possible to represent the interior of a circle and, more 


generally speaking, the interior of a region by adding to it certain elements of 
the border. 
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Geometrical drawing is usually something static. It does not, of itself, provoke 
transformations, relationships, in short, dynamism. Later on we shall look at 
some methods of achieving this dynamism by means of moving models or 
films. 

Arrow graphs are used to represent binary relations by sets of arrows 
(cf. chapter 1 and the Appendix). The finished graph, being formed of arrows, 
preserves the memory of the dynamic operation involved in drawing it. This is 
one reason why such graphs are an effective means of representing reciprocal 
relations by reversing the direction of the arrows or by the composition of 
successive relations. They thereby give particularly evocative images of the 
reflexivity, symmetry or transitivity of relations (Papy, 1963). They are really 
perceptual drawings fulfilling an abstract purpose. Coloured graphs have made 
a powerful contribution to the elementary understanding of relational notions 
by representing these notions, which were supposed to be on a higher level of 
abstraction, in perceptual form. 

It is a simple matter to add arrows to figures illustrating geometrical trans- 
formations to produce a striking result. For example, on a classical figure 
illustrating axial symmetry, it is only necessary to join points to their respective 
images by arrows and to indicate a few fixed points by a loop in order to 
obtain a really clear representation. 


Geo-boards 


rity, particularly drawing with instruments. 
abandon the idea that young children, even 
the unskilful, can be taught to construct correct polygonal figures. A simple 
and ingenious procedure has been devised by Gattegno (1958a, 1963a) to 
overcome this problem. Nails are fixed into a board at regular intervals along 
the edges of a sheet of squared paper. for instance, and a variety of polygons 
can be obtained simply by stretching elastic bands between these nails. The 
ease with which figures can be made, changed and erased gives wide scope for 
investigation, even to pupils who are not gifted with much imagination. I 
The variety of shapes thus obtainable develops the pupil s skill in handling 
concepts. For example, the concept of area will be easier to grasp after a 
number of exercises to find the area of a polygon by reference to that of the 
unit square. Nails evenly spaced around a circle make it very easy to construct 


inscribed figures. 
and study regular polygons and other inscribe ; 
Some diem geo-boards have been built for use by teachers in front of classes, 


but it is important initially for each pupil to use an individual geo-board 
twenty-five to thirty centimetres square which will give him an opportunity 
to discover the essential geometrical concepts in his own time. 

This method has already been introduced at primary-school level with good 


results. 


Drawing requires a certain dexte 
This does not mean that we must 
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Three-dimensional models 


The normal representation of solid figures on paper or on a blackboard 
frequently fails to give the beginner a clear idea of the geometrical relations 
which they are meant to suggest, especially when the conventions governing 
the drawing of such figures are not made plain. 

For this reason, teachers have long used models of the solids — prisms, 
pyramids, cones, cylinders, spheres and regular polyhedra — which could be 
drawn on if necessary as a teaching aid for elementary geometry. In the same 
way, models of surfaces of the second degree, surfaces of a higher degree and 
ruled surfaces are used in higher education (Gattegno, 1958b). 

Here again a distinction must be made between the lesson delivered by the 
teacher with the help of a model which the pupils may examine, and the 
construction of models by the pupils themselves, which helps them develop 
their own skills. 

The construction of polyhedra in cardboard raises elementary problems 
and demonstrates the usefulness of many simple geometrical constructions. 
These operations can be made more alive by careful choice of colours for the 
faces of the solids. In addition to the aesthetic effect obtained, there are 
interesting considerations of symmetry between faces of the same colour 
(Cundy and Rollett, 1961). Pupils find construction techniques employing new 
materials or procedures particularly attractive. An exciting example is the 
construction of solids with transparent materials such as acetophane, perspex 
and polythene. With such models diagonals and axes of symmetry can be shown 
inside the solids by means of differently coloured pieces of elastic. The con- 
struction of wire models using an electric soldering iron or a soldering kit 
with small transformer also has its strong supporters (Ministère de l’Instruc- 
tion publique, Belgium, 1956). 

The construction of models by the pupils obviously requires time and should 
ideally be restricted to manual work periods separate from the mathematics 
lessons proper. If the time for this extra work is not available, simpler pro- 
cedures will be needed. A few knitting needles, balsa-wood rods, coloured 
drinking straws or sheets of Bristol board or plastic are sufficient for demon- 
strating lines and planes. They can be fastened together with plasticine, glue, 
adhesive tape or elastic bands. These last have the advantage that, when tight 
they hold the model solidly together and, when loosened a little, allow enough 
play for one rod to pivot or slide over another. A combination of colours 
brings out certain elements more clearly and makes it possible to point them 
out (Ministère de l'Instruction publique, Belgium, 1956). Operations such as 
these are very helpful to the pupil and help him to become more easily 
acquainted with spatial relations. 

Another useful point isto show, by examples drawn from ancient and modern 
architecture, engineering and everyday life, the use made of geometrical 
properties by builders and designers. The natural forms of plants and animals 
are another rich field of investigation (Weyl, 1952). 
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Space frames 


This is the name given to apparatus which makes it possible to construct 
three-dimensional figures supported by a frame. The frame suggested by 
Adam (1958) is made of wooden strips forming a rectangular parallelepiped. 
The figures are supported by parallel slats on the faces. 

In the Geospazio system of Pescarini (Pescarini and Serra, n.d.), the frame - 
is a large cube of plexiglass with regularly spaced holes in its faces. Some of the 
faces are hinged to provide access to the inside of the cube. 

The ‘universal stereograph’ of Delugas (Walusinski, 1965) is made of three 
square panels arranged in a trihedron and mounted on hinges. Each panel 
consists of a wooden frame to either side of which is fixed a very fine metal 
grid. Knitting needles inserted in the two parallel grids remain fixed. The 
inner surfaces of the trihedron are covered with paper so that drawings and 
in particular projections can be made. The paper is then folded to obtain the 


required design. 


Moving models 


Models are a useful way of developing concepts of figures. They are even more 
useful for conceptualizing distortions, transformations and movements. 

Even at an elementary level, distortions of figures lead to a better under- 
standing of the properties of those figures. For example, four Meccano strips 
of equal length bolted together at their ends form a rhombus. Elastic can be 
used to give a physical representation of the diagonals. Distortion of the 
rhombus displays the classic properties very clearly. It may be seen in passing 
under what conditions the rhombus is a square. In the same way, it is possible 
to construct a parallelogram and its diagonals and to note at what point it 
produces a rectangle. It is also an interesting exercise to construct these quadri- 
laterals by taking two Meccano strips bolted together in the middle as the 
diagonals and stretching elastic between them to form the sides. Ifno Meccano 
strips are available, strong cardboard strips may be used and these may be 
fastened together with split-pin type paperclips. 

A quadrilateral formed with two pairs of knitting needles, each pair fastened 
together with elastic bands, can be distorted to give a square, a rhombus, a 
rectangle, a parallelogram, a trapezium, any quadrilateral and a complete 
quadrilateral with its six points of intersection. 

A distortable prism can easily be obtained by stretching elastic between the 
corresponding apexes of two cardboard bases held parallel. By moving the 
bases, one can obtain prisms of different heights and vary the direction of the 
lateral edges at will. When one of the bases is rotated through 180° in its own 
plane, all the lateral edges cross, thus forming two pyramids, having a common 


apex, and which can be distorted at will. 
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By replacing the polygonal bases by two discs of the same radius we obtain 
a variable cylinder. If one of the discs is turned slowly in its own plane, we can 
obtain a hyperboloid of one sheet and then a cone. 

Two Meccano strips of equal length with parallel strips of elastic stretched 
between them produce a ruled surface of the second degree (paraboloid or 
hyperboloid) when the two strips are placed in different planes. If they are 
placed in the same plane, with one at right angles to the other, the elastic bands 
will form tangents to a curve of the second degree. 

Anumber of models demonstrating the affine or metric projective properties 
of curves, particularly conics, can be constructed by using sliding and pivoting 
knitting needles (Servais, 1956a). 

The simplest way of obtaining conic sections is to project the light beam of 
an electric torch on a plane surface. A section of a wire or transparent plastic 
model may be obtained by passing light through a rectilinear slit and placing 
the model between the slit and a plane surface in a darkened room. Even a 
rough and ready apparatus in which a box takes the place of the dark room 
gives satisfactory results. Pupils can vary the illuminated section of the model 
at will by simply moving the model. 

An ingenious device for obtaining simultaneous horizontal, frontal and 
profile projections of a wire model consists of two mirrors inclined at 45° to 
each other and illuminated from above, with a box acting as screen. Movement 
of the model produces mobile figures, curves in particular, on the planes of 
projection (Tombs, 1961). 

Jointed models made from Meccano can be used for a number of elementary 
geometrical transformations such as translation (Kempe's translator), dilata- 
tion (pantograph), similarity (Sylvester’s pantograph) and inversion (Hart’s 
and Peaucelier’s inverters). 

These pieces of apparatus can be used to trace the transforms of certain 
figures, lines in particular. It is also possible to compose transformations 
(Gattegno, 1958b; Ministère de l'Instruction publique, Belgium, 1956). 

The simplest way to show axial symmetry is by reflection in a mirror. Ifa 
sheet of dark glass held perpendicular to the drawing board is used, both sides 
of the figure can be seen at once, one through the mirror and the other by 
reflection (Adam, 1958a). 

. Many everyday objects and mechanical devices may be used as ready-made 
jointed models. Adam (19582) has made very ingenious use of french-window 
bolts, umbrellas and folding music stands. 


Films 
At first sight. films would seem to be ideal means of showing transformations, 
variations and motion, being pre-eminently suited to representing movement. 


While the number of mathematical films is increasing, many are lacking 
scientific and educational quality. 
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The United States National Council of Teachers of Mathematics has sub- 
jected a sample of more than 250 films to examination by several committees. 
The report of three of these committees analyses 158 films and draws the 
following general conclusions: 


Several committee members have commented that the mathematical quality of many 
of the films is poor even in cases where a mathematics consultant is listed in the 
production. This is an unfortunate situation which might be remedied by more 
effective use of these consultants in the actual production of the film. Moreover, there 
seem to be relatively few films designed to illustrate a particular topic in less than ten 
minutes, say, and a great many films thirty minutes long, each covering a great many 
topics. Animation seems to be used less extensively and effectively than one might 
expect in view of the number of topics in mathematics which involve motion of some 
sort. Many members felt that short films on the history of mathematics would be of 
particular value to the mathematics teacher. In short, the consensus of the reviewers 
seems to be that more mathematics films should be designed to do tasks that the 
ordinary classroom teacher cannot do effectively, and fewer films designed to ‘teach’ 
an entire course. (Reviews of films, Mathematics Teacher, December 1963, p. 578.) 


These criticisms go to show that it is not easy to make a successful mathe- 
matical film. This makes it all the more interesting to take another look at the 
work of one of the pioneers of mathematical films who made more than 
twenty films meeting all the requirements expressed or implied above and not 
included in the list under consideration. 

Each of Nicolet’s films deals accurately with a single mathematical subject 
and each lasts approximately three minutes. They have no soundtrack and 
illustrate no points which the teacher and pupils could perfectly well work out 
for themselves. In addition, the purely technical quality of the most recent 
films is outstanding. Anyone who has used Nicolet’s films knows how effective 
they are (Gattegno, 1958c). 

Here is a summary of the action of the 
himself described it in 1942: 


best known of these films as Nicolet 


Three fixed points appear on the plane surface. 
ee degrees of freedom: its centre can move 


A circle revolves freely. This circle enjoys thr Gi 
dependently ofthe position of the centre. 


in two dimensions and its radius can vary in 


Apparently by chance the circumference of the circle comes into contact with one of 


the points. It is now less free than before. 
one of the other points coincides with a 


The circle swings, its radius increases until 
E ow lost another degree of freedom and 


point on the circumference. The circle has n 
retains only one. 
entre moves along a straight line as the radius varies. 


Its radi ill i e. Its c r i 
TED A second circle, moving freely like 


The circle ends by passing through the third point. 
the first, goes through the same adventures as the first. 


It passes through one of the three points then through a second and finally merges 


with the first circle. 


Films 


A third, fourth and more circles appear, inside the existing fixed circle or cutting it or 
completely surrounding it. They go through a number of variations, always ending 
up by passing through the three fixed points and merging into a single circle (Nicolet, 
1942). 


As we can see, the author's mathematical thinking is very clear as is also his 
educational aim, which he expresses as follows: 


The film lasts one to two minutes. The facts are presented and speak for themselves. 
The pupils recognize them after passing through the natural stages of discovery. Now 
they have to be proved. We see how far removed this film is from the film used to 
supply the proof, how intuition is aroused, how impressions and views are allowed 
to meet, collide, merge, come together and form ideas of greater or less stability which 


must then be examined, criticized, analysed and finally expressed in as simple and 
clear a form as possible. 


Nothing else can inculcate so well what Henri Poincaré calls ‘the healthy habit of 
analysing one’s sensations’. Not a word has been read or heard; there is only the 
viewing of moving, living figures and this viewing has encouraged the pupils to think 
about what they have seen and awakens in them the hope of discovering a truth. 


Intuition has done its part: logic can now be brought in and used to good effect on 
material worthy of it (Nicolet, 1942). 


We have quoted Nicolet because he expresses so well the part played by the 
intuitive exploration of a situation: the creation of a world of mental images 
and problems upon which logic can build. One educational factor of which the 
author emphasizes the importance consists in varying at will the elements in 
the situation under consideration. , 

This should be the case in every question at any level. Since in mathematics 
one is always dealing with a set of objects, a sufficiently broad idea must be 
given of the extent of the class to which these objects belong. Dienes (1960) 
refers to what he calls the *mathematical variability principle’, which states 
'that all features inessential to the Structure of the concept must be varied, so 
as to spotlight what is really constant’. The dynamic way in which Nicolet 
handles the question of making a circle pass through three non-aligned points. 
so different from the way in which it is usually handled, is a striking illustration 
of this principle. 

In the example quoted, the final aim of the author is determined in advance, 
but although the film proceeds inflexibly towards its conclusion and the 
activity of the spectator is to this extent limited, the film is developed in such a 
way as to raise a variety of problems in passing: location of the centre of a 

circle with constant radius passing through a fixed point, location of the centre 
of a variable circle passing through two fixed points, relative positions of two 
or more circles, etc. This abundance of matter for thought explains why over- 
long films which contain a substantial amount of information have to be 
chopped up into shorter sections, except in the case of films giving a summary 
of a subject. 


Films thus face the same problem as any other teaching aid: the problems 
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of how they are to be used and how they are to be integrated in teaching. Not 
having thought out the special methods and techniques required for educa- 
tional films, the producers of some of these films have reproduced on the screen 
the various stages of a classic proof; in so doing, they are simply lifting the 
logical exposition out of a textbook and on to the screen instead of using the 
film for what it can do better than any textbook — throwing wide open the 
windows of visual imagination. 

Films have a variety of recognized uses. Figures in movement can be shown 
several times over ifnecessary and then questions can be put on what the pupils 
have seen. It is often surprising to find how many facts they have been able 
to observe and retain after seeing a film once. The problems raised by the film 
will also be considered. Drawings must be made, data must be put in their 
proper place and the class must examine what is actually happening (Gattegno, 
1958c). The film is thus a method of initiating pupils into new subject matter 
and encouraging in them a wide variety of motivated activity. 

At some point, the film may be shown again so that a new point for research 
may be taken up, for every showing of the same film is, from the psychological 
and intellectual points of view, new. 

When a particular subject has been studied, a film is a very valuable way of 
summing up clearly the material which has been dealt with and retained. 

Other applications of films have been discovered, for example by Fletcher 
(1958), the author of a series of masterly films full of interest, ranging from 
The Simson Line to Four-Line Conics. 

When setting out to make a motion film on some fairly complicated but 
well-known subject, Fletcher has often discovered geometrical properties new 
to him as a mathematician as he has gone along. Analysing the language of 
films, he has emphasized that it makes it possible to produce methods of proof 
outside the verbal, literal context. Noting that nearly all mathematical films 
consist of drawings repeated in cycles and that the number of drawings 
required becomes smaller as the symmetry of the figures becomes greater, 
Fletcher studies the mathematical structure of these figures, which is ‘one of 
the most important lessons the film can give, particularly as it is difficult to 
translate it into words’. d 

As seen by Fletcher, one of the most important roles of the mathematical 
film is to serve as an introduction to the magic and beauty of mathematics. 
"People watching a mathematical film can forget that it is the expression of a 
logical sequence and can contemplate its beauty regardless of the discursive 
form.’ Pupils and teachers who have had the privilege of seeing the colour 
film Four-Line Conics recognize it as a thing of beauty, — — 

Although we have madea point of stressing the characteristics of the mathe- 
matical film as such, this does not mean that the documentary value of films 
for the teaching of mathematics should be neglected. A film may be used asa 
technique of instructing pupils in the use of the slide-rule, for example, since 
this is a very good way of drawing attention to points of detail. However, in 
view of the cost and difficulty of production, it is not a good idea to present on 
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film the sort of demonstration given in a book or by a teacher in class, unless 
there is a shortage of qualified classroom staff for this purpose. The use of 
films to take the place of the teacher in the classroom requires the lessons to be 
of very high educational quality. The same applies to television lessons. 

Documentary films can be used to show the applications of mathematics in 
the arts, in industry, in science and in economics. An amusing example is 
Disney’s Donald in Mathemagic Land, which is interesting even for the very 
young. 

A third use to which the documentary film may be put is to present actual 
lessons so as to show teachers educational methods and techniques being put 
into practice. For films of this sort to fulfil their purposes, it is important that 
they should be shot live, using several cameras like a television film as, 
for example, in the experiment carried out by the Canadian National Film 
Office. Films made in this way provide objective documentation suitable 
for being shown, studied and discussed at leisure by teachers and trainee 
teachers. 

Mathematical films are not as widely used as they might be, but this is no 
doubt due to temporary factors. At present not enough of the films being 
produced are good enough from a mathematical and educational point of 
view. The effectiveness of certain films does not justify their price. The theory 
of educational film production has not been sufficiently developed. Too many 
teachers expect the new method to teach the same things more quickly than 
the traditional procedures ; they do not ask themselves what new lessons they, 
as well as their pupils, can learn from the film. 

What is needed is for mathematics teachers to take an active part and 
increased responsibility in production. This is the way in which many valu- 
able films are made. Costs both for production and for use of the film are 
fairly high for 16 mm, but the 8 mm and super 8 mm formats are less expensive. 
Television size projectors with built-in screens allow films to be shown in 
subdued light without blacking the room out completely. Five-minute film 
loops can now be obtained in cassettes which need only to be inserted into 
the projector. The film can be projected several times over without being 
handled. 

Film strips are easy to use. They make it possible to stock much documenta- 
tion — figures, diagrams, pictures, formulae, photographic illustrations — 
without taking up much space. They can often be made at minimal cost: all 
that is needed is a 36 mm camera with an extra lens and a tripod for taking 
several shots in succession. Colour films can be used just as they areas coloured 
film strips. By making their own films teachers have material that is adapted 
to their own teaching requirements. 

Although the mathematical film strip lacks the movement of film, it does 
make it possible to present separate illustrations of the successive stages of a 
proof, a considerable improvement on the traditional representation, where 
several constructions are superimposed on the same drawing. The sequence 
of operations in a geometrical proof thus develops without words like that of 
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an algebraic computation. The books of Papy (1963) show how this strip 
cartoon technique can be exploited. 

Diascopes and episcopes are well known. A newer device, the overhead 
projector, also under other names, uses an objective lens and a mirror to 
project onto a screen any figure drawn on a transparent horizontal panel 
through which the light passes. The teacher can thus face his audience and at 
the same time show on a screen figures änd formulae which he draws and 
writes out as he goes along on a strip of cellulose acetate; this strip can be 
rolled up after use. Ready-made colour drawings on transparent sheets can 
also be projected. These can be superimposed on each other, so that one can 
be moved in relation to another (see e.g. Osborne, 1962; Unkrich, 1962). 


Algebraic aids 


The teaching aids we have considered so far all have a mathematical structure, 


often a complicated one, bound up with perception and visual images. In this 
sense they are geometrical. We now turn to teaching aids which, in addition 
to their geometrical aspect, illustrate certain structures when they are used to 
carry out certain operations. Handling of this equipment helps pupils to gain 
an insight into these structures and their properties. For this reason they may 
be called algebraic aids. 


The idea of using rods, tiles and blocks in the teaching of arithmetic is more 
than a century old (Smith, 1965). The Montessori system with its rulers, 
squares and cubes illustrating regular divisions has been in use since 1914. 
There are many other similar sets of apparatus of varying complexity and 
varying ingenuity all of which aim to provide a sensorimotor basis for the 


learning of arithmetic. 


The apparatus most widely used at present is Cuisenaire’s ‘Numbers in 
Colour’, which has been popularized by the research and demonstrations of 
Gattegno (1962). Although it is the simplest possible form of apparatus, it 
enables the pupil to learn, through his own activity, about such topics as 
natural numbers, fractions, negative numbers, arithmetical and geometrical 
progressions, permutations and combinations, length, area, volume, the metric 
jections, etc. ' 
eins sos orm Pen juri certain of the functions of Cuisenaire rods and 
can be used by the teacher to demonstrate certain relations. there any ped 
apparatus which allows the pupil to discover so many things? Yes = ole 
range of literature on this subject (Gattegno. 1963b ; Goutard, 1963; Trivett, 
1963; Lenger and Servais, 1956). : d v 
Without trying to sum up the value of this apparatus as a whole, we s al 
point out those structures which it illustrates and which the pupils discover 


for themselves as they handle the rods. 


The first thing that strikes anyone seeing these rods is their colours: ver- 
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milion, light green, carmine, yellow, dark green, black, brown, blue, orange 
and the small cube which is white. Identity of colour signifies equivalence; 
the rods can be divided into classes according to their colour. A variety of 
games is possible with the set of rods. By playing construction games with 
them the children learn that rods of the same colour can be superimposed on 
each other; they are of the same length. 

Separation by colours is identical with separation by length. The set of rods 
is made up in such a way that they can all be arranged in order of increasing 
length. The order is strict as long as rods of different colours are used. An order 
exists between the lengths (or colours) so that any rod can be substituted for 
any other rod of the same length. 

The order of lengths and colours is: 


1 white 6 dark green 
2 vermilion 7 black 

3 light green 8 brown 

4 carmine 9 blue 

5 yellow 10 orange 


One simple form of activity is to build ‘trains’ by putting the rods end to 
end, thus adding the lengths. Pupils learn that addition is associative and 
commutative without necessarily knowing the numerical value of the rods. 
This value depends on the unit length: if this is the length of the smallest rod, 
the measures of lengths go from one to ten; if the length of the light green rod 
is the unit, the lengths are fractions with denominator three, etc. This shows 
that the addition of natural numbers and fractions is associative and com- 
mutative. Multiplication of natural numbers is discovered from the iteration 
of the addition of rods of the same length. 

‘Tiling’ a flat surface with the same set of rods produces equivalent areas. 
By means of tiling, the rods produce surfaces. The multiplication of integers 
and fractions is thus connected with the areas of rectangles. This demonstrates 
that multiplication is distributive in relation to addition. To demonstrate 
blocks of the same volume, blocks composed of the same set of rods have to be 
found. The differences between two rods, taken in either order, serve as a 
lead-in to positive and negative numbers. 

From the foregoing, it should be clear that by using the rods in different 
ways — comparison, placing end to end, tiling, block-building, differences, 
iteration of addition or multiplication, etc. — various structures may be 
introduced and the pupil may gradually become acquainted with them through 
his contact with the apparatus. 

When the pupil has realized that the addition of two rods is commutative, 
regardless of the choice of rods, and that this property is not changed by 
substituting rods, he has grasped the psychological significance of the idea of 
variables. This example demonstrates that the commutative law exists inde- 


pendently of the numerical value of the terms of the addition: it precedes any 
measurement. 
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One of the reasons why Cuisenaire rods are so multivalent is that there are 
no subdivisions to restrict their use. Colour was the clearest way of making 
equivalent rods individually recognizable. One reason why Cuisenaire’s 
simple invention is so effective (see Wheeler, 1963) is that it arranges the rods 
in the easily recognizable colour scale described above. 


The intuitive learning of place value can obviously be helped by using coloured 
rods, but Dienes’s Multibase Arithmetic Blocks (MAB) (Dienes, 1964a, 1964b) 
are, by their structure, more directly suitable for making the rules of arith- 
metical operations to any base understandable. 

The MAB originally consisted of boxes representing base values 3, 4, 5, 6 
and 10. Subsequently the base 2, now so important, was added. Each box 
contains a series of blocks representing various powers of the base which we 
write in ascending order from right to left as in the notation of numbers using 


place value. For example, the box for the base 4 contains: 


a block of a flat of a long of a unit of 
4? cm? 4^ cm? 4cm ' 1cm? 


Signs inscribed on the blocks show their position in relation to the unit. 
Using this material, pupils learn : (a) to reduce any set of blocks to its equiva- 
lent decomposition in terms of powers of the base; (b) to add the numbers 
expressed in this form; (c) to subtract numbers, making natural use of the 
borrowing method ; (d) to multiply given numbers in one of the bases. 

The most interesting thing about this material is that it makes children 
realize that the underlying principle is the same whatever base is being used, 
so that the base ten is not given the special status which is allotted to it in 


traditional teaching. . 

The use of five or six different bases illustrates the mathematical variability 
principle stressed by Dienes, but research by Leith and Clark has shown that 
there is an optimum: it is better to study two bases than four or one (see 


section 4.4). . Y 
Dienes has developed apparatus for introducing children to the concepts of 


algebra constructively. A traditional apparatus for carrying out equations is 
the balance. Dienes replaces this with a simple balance beam with hooks at 


equal intervals from the fulcrum. Identical rings may be hung on different 


hooks. The children discover the law of moments experimentally (Dienes, 
1964a, p. 78) and hence it becomes possible to prove that multiplication is 
distributive over addition and to set problems of the first degree. To introduce 
the second degree, an interesting elementary adaptation is made of the geo- 


metrical method of proving the identity 


(a+b)? = a?-+2ab+b? 
es. The law is, however, arrived at inductively, 


by means of squares and rectangl i : 
t from juxtaposed identical small squares a 


by asking the pupil to construc! 
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larger square and then to examine how the second square can be made larger 
so that a succession of squares is obtained. 

To vary the practical work, the problem of forming large equilateral triangles 
from juxtaposed identical small equilateral triangles may be set. 

By forming rectangles beginning with a square and using rulers and small 
Squares, pupils learn factorizations such as 


K’+5k+6 = (k+2)(k+3), 


Pegs and pegboards may be used to present problems of this kind from a 
different angle. Pupils can be trained in this way to solve simple problems of 
the second degree. 

By means of the system of blocks representing successive powers of a base, 
pupils learn that to multiply two powers of the same base, the indices are 
added. They can later learn how to divide powers. In this way, they are making 
their first contact with logarithms. 


Logical materials 


Under this heading, we include structured materials for teaching Boolean 
algebra and introducing children to logic. 


Intersection, union and complementation between the elements of a set are 
operations in Boolean algebra. Venn diagrams (see section A.2) provide a 
very intuitive method of presenting Boolean algebra (section A.2.4), particu- 
larly if the outlines are drawn in colour. 

To enable young children, even at nursery-school age, to play with these 
diagrams, Dienes has put forward a logical game involving blocks with four 
attributes which can take the following values: 

(a) Colour: yellow, blue, red. 


(b) Shape: round, square, triangular, rectangular. 
(c) Thickness: thick, thin, 
(d) Size: big, small. 


soft plastic wire with, for example, a red tab is placed on a table or on the 
ground and inside it are placed red blocks and red blocks only. Rectangular 
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pieces only are placed inside a second hoop bearing the rectangular tab. The 
two hoops must overlap in such a way that the red rectangles can be placed in 
the area of overlap. In this way the children are making Venn diagrams with 
two or three attributes. They realize that complements of sets correspond to 
‘not’, intersections to ‘and’ and unions to ‘or’, and they observe that some 
sets can be described in two different, but logically equivalent, ways (see 
section A.2.2). 


Logical symbols are introduced for the names of sets (Dienes, 1964b). The 
simple attributes are designated by the following abbreviations: 


(a) Colour: y (yellow), b (blue), r (red). 


(b) Shape: ro (round), sq (square), tr (triangular), re (rectangular). 
(c) Thickness: tk (thick), in (thin). 
(d) Size: bg (big), sm (small). 


Reference will be made to the yellow set, the set of squares, etc. The negation 
of an attribute is denoted by placing the letter N in front of the abbreviation 
which stands for that attribute; thus Ny stands for not yellow and can be 
applied to the set of blocks which are not that colour. In the same way NNb 


means not not-blue — that is, blue. l 
To signify the conjunction of two attributes, the letter K is placed to the 


left of the two symbols indicating the attributes: 


K yro indicates ‘both yellow and round’. 

K y Nro indicates ‘both yellow and not-round’. 

K Nyro indicates ‘both not-yellow and round’. 

K bK retn indicates ‘both blue and thin rectangle’. 


These symbols also stand for the sets which are extensions of the attributes. 

Disjunction of two attributes is indicated by placing the letter A to the left 
of the two symbols, for example, A b sq (blue or square), Ab Nsq (blue or not- 
square), A Nb sq (not-blue or square), A tn K y sm thin or (yellow and small). 


AK btr Ny (blue and triangular) or not-yellow. . i 
One game consists of getting children to imagine names of sets and getting 


i them. 
ee e. we have: ‘If yellow, then square.’ 


When every yellow block ina set is square, ell 
This implication (see section A.1.10) is designated by writing the symbol of 
implication C to the left: C y sq. The equivalence of two attributes, b and tr 


for example, is shown as Eb tr, the letter E being the symbol for equivalence. 
E btr indicates that if a block is blue then it is triangular and that if a block is 
triangular then it is blue, that is, that there is a conjunction of implication 


(section A.1.8): 


K CbtrCtrb. 
The notation used in the above examples was devised by the Polish logician 
Lukasiewicz and has the advantage of not using brackets. 


Logical materials 


283 Games familiarizing children with the handling of symbols and giving them 


2.8.4 


practice in abstract thinking, and which help in teaching mathematical logic, 
have been introduced by the Accelerated Learning of Logic (ALL) project 
team working at Yale University under Allen (1963). The original series con- 
sisted of twenty-four games; this has been replaced by a new series of twenty- 
one games, played with thirty-six dice and a set of cards. The two basic ideas 
of the games are a definition of well-formed formulae and a definition of 
proof; hence the name of WFF 'N' PROOF games (well-formed formula and 
proof). The WFFs, written with the Lukasiewicz notation, are defined as 
follows: 
An expression is a WFF if and only if: 


(a) itis a p, q, r or s; or 
(b) it is formed of N followed immediately by exactly one WFF; or 


(c) itis the expression formed by C, A, K or E followed immediately by exactly 
two WFFs. 


Altogether thirteen ideas are introduced and used in the WFF "N' PROOF 
games; the definition ofa WFF as given above, the definition of a proof and 
eleven rules of inference covering the calculus of propositions. The twenty-one 
WFF "N' PROOF games vary greatly in their complexity; the first have been 
mastered by children ofsix whilst the last are interesting for professors of logic. 


A set of punched cards provides a concrete method of practising Boolean 
algebra. All the cards are the same size. Along one edge ofeach card, a sequence 
of n holes or slits, as the case may be, are punched. In the first position a hole 
or slit relates to property A; a hole in a card corresponds to ‘belongs to the 
set having the property A’, whilst the open slit corresponds to the negation, 
‘does not belong to the set having the property A’. When the cards are all 
together in a pack, the holes and slits representing property A are super- 
imposed. When a knitting needle is inserted through the holes and slits of A, 
the set of cards with holes Tepresenting the property A can be lifted out, leaving 
behind the set of cards with slits representing not-A and complementary to 
the former set. A second Property B and its negation not-B can be indicated 
respectively by a second hole and a second slit, and so on. To cover all possible 
combinations of Properties and their negation, 2 cards are needed for one 
Property, 2 x 2 for two Properties and 2" cards for n properties. 


Given a pack of Punched cards, how does one remove the sets of cards 
(section A.2.2) 


XUY, XoY, X\Y, XAY, 
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the complement of the union of two sets represented by two holes on one 
edge of the cards is the intersection of the complements represented by the 
two corresponding holes at the other edge. This illustrates De Morgan’s 
laws. 

An article by Fletcher (1963) gives examples of amusing logical puzzles to be 
solved with a pack of punched cards. 


Switches in electric circuits obey a Boolean algebra: the current passes or 
does not pass in accordance with whether a switch is closed or open. A switch 
A’ which is open when switch A is closed and vice versa is the negation of A. 
If two switches are wired in series they give an ‘and’ circuit ; if they are arranged 
in parallel they give an ‘inclusive or’ circuit. In the same way, various logical 
operations can be illustrated by simple electrical circuits which the pupils can 
discover and set up for themselves (Servais, 1956b; Giles, 1962). 

Adam has devised a circuit board which makes allowance for the duality of 
the operations, thus making it possible to represent logical operations on 
propositions and to compose them at will. Tagged flexible wire is used for the 
leads. The construction of a circuit board connecting a battery, sockets and 
lights is described in Fletcher (1964, pp- 155-6). Several examples of lessons 
given with this apparatus to pupils at different levels are also given. 

Simple, cheap electronic systems can be built to handle logical problems. 
Apparatus described by Flanagan and Molyneux (1965), uses ‘NOR units’ 
which can be connected to each other to express a problem. The Nor unit with 
its two inputs A and B functions like the negation of the inclusive or (sections 
A.1.6 and A.1.8): it gives a true output only when A and B are false, hence 
its name. Any logical operation can be carried out by combining these NOR 
units, and they are suitable for the construction of calculators (Birtwistle, 


1962). 


Calculating machines 


Calculating machines are becoming ever more numerous and powerful. There 


are thus good reasons for developing pupils’ calculating abilities by helping 


them toa better understanding of the logic of such operations and by acquaint- 
ing them with the means of ‘extending their possibilities. In this way an incentive 


is provided for the study and practice of calculation and the subject will be 
given more attention. 
The realization that one can add two numbers together simply by sliding one 
ordinary graduated ruler along the top of another comes as a revelation to 
young children. Going on from there the teacher can explain to them how 
small desk adding and multiplying machines work (Birtwistle, 1962, 1965). 
Primary schoolchildren enjoy working on office calculators (French, 1962, 
1964). 

In the conclusions to his report on 
primary and secondary schools, Kerr 


the introduction of desk calculators in 
(1963) remarks that, at the very least, 
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use of the machines was interesting and stimulating. It resulted in a clearer idea 
of numbers and of place value. 

Mathematics Teaching, 1965, no. 31, carried a supplement devoted to 
calculating machines, containing two reports of significant experiments. The 
report by Denniss refers to ‘Calculators with seven and eight year olds’. 

Pupils working with these machines improved their results by an average 
of 30 per cent in an arithmetic test whilst the control group showed a progress 
of 15 per cent. Hopkins used two calculating machines in a remedial class. She 
analysed the different attitudes of girls and boys. The general attitude towards 
arithmetic changed: fear was replaced by pleasure and confidence. The same 
issue contained an appraisal of desk calculators suitable for use in schools and 
a list of special prices to schools. 


The slide rule 


The slide rule has a long history, but sufficient use is still not made of it in 
secondary education. When it is used, it is generally used too late, after 
theoretical study of logarithms; this leaves the pupil little time to acquire 
sufficient practice in calculating with the rule. There are sound reasons for 
starting to use the slide rule as soon as possible ; as soon as pupils know the 
rule that whole-number powers of a number are multiplied by adding the 
indices. 

Fandreyer (1961) ingeniously suggests that the question be studied by 
beginning from the fact that where d(a) and d(b) are distances on the scale 
corresponding to two numbers a and b, the sum of the distances d(a)+4(b) 
has to be made to correspond to their product ab. The scale is then calibrated 
step by step on the basis of this functional relation. Cundy and Rollett (1961) 
also give a method of calibration, 

Circular slide rules have the advantage over straight ones that multiplica- 
tions can be carried out by moving the rule in one direction only. Calculators 
of this sort printed on card are marketed commercially (Birtwistle, 1962), but 
they can be made by sticking two logarithmic scales opposite each other, one 
on the side of a circular box and the other on its lid (Adam, 1958b). 


Construction of even a rudimentary calculating machine is an interesting 
activity. The binary system is the system best suited to such a machine. 

A childishly simple binary adder using scales was described in Mathematics 
Teaching, 1963, no. 24, Several other mechanical models were described in 
Mathematics Teaching, 1964, no. 26: ‘A pegboard computer’, Mastrantone; 
‘A simple mechanical model’, Haines; ‘A hydraulic model’, Reinstein. 

A booklet by Lemaitre (n.d.) describes a method of notation and computa- 
tion which enables operations to be carried out ‘mechanically’, This clever 
invention is worth trying out to lighten the effort of memory required even by 
written computation. 

To improve the elementary arithmetical knowledge of his pupils, which was 
in some cases very Poor, Clark (1964) built a very simple calculating device, 
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the movable part of which consisted of a disc with twenty holes arranged as on 
a telephone dial. Addition and subtraction can be carried out by turning the 
disc with the finger clockwise or anticlockwise by the number of holes re- 
quired; the answer appears in a little window. The results can be seen during 
the movement of the disc, while the operations are being carried out. Multipli- 
cations are obtained by repeated addition, divisions by repeated subtraction. 
This apparatus can be used by very young children. Here, the function of an 
elementary calculating machine is to establish a relationship between a 
practical activity, numbers and numerical symbols. 

Building an electric binary adder raises problems of logical organization 
which it is useful for pupils to understand. The justification for building such 
an apparatus, which performs operations that could quite easily be carried out 
without it, is that it exercises logical thinking. 

An article by Giles (1964) suggests a way of constructing a similar machine 
using eight identical elements corresponding to each of the figures and con- 
nected to each other. The rapid growth in the use of electronic computers 
makes it necessary to introduce pupils to this subject. A good method is to 
build with them a simple electronic computer. How to do this is suggested in 
an article by Meredith (1962). The author explains how the machine adds 
and how the component elements of a computer — input, logic, storage, 
control, output — are built. His article includes a diagram of the elementary 
circuit and a view of the apparatus indicating the component parts. All the 
pupils worked together to build the separate elements of the computer; each 
element was put into limited service as it was built, The teacher obtained 
material assistance and technical advice from several firms to whom he had 
outlined his project. 

Using nor units, Wilkinson (1965a) built 
with Transistorized Logical Elements) appara 
tus is capable of: 


a BEATLE (Binary Electronic Adder 
tus with his pupils. This appara- 


(a) counting in the binary system; 


(b) converting small numbers to binary; 


(c) storing a number, retrieving it and adding it to any number present ın 


one unit; 
(d) producing a number at random; 


(e) calculating a person’s reaction time; 


(f) producing musical notes of certain frequencies and showing their value. 


of diagrams, a view of the BEATLE and a 
bibliography. In conclusion, he emphasizes that the experience gained by his 
pupils in the construction of the apparatus gave them a clear idea of the uses 
of a transistor as an interrupter switch. Several pupils are now building their 


own circuits for other uses. 


The author provides a number 
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From the mathematical point of view, it is important to understand the logical 
sequence of operations performed by a calculating machine. For this purpose, 
it is useful to introduce pupils to flow charts, which make it possible to repre- 
sent the whole sequence of Operations to be carried out in order to solve a 
problem step by step. Children can learn to construct these diagrams on the 
basis of familiar situations such as the series of acts which a pupil performs in 
proceeding from home to school (Fletcher, 1964, p. 108; NCTM, 1963a). 

By analysing planned action, pupils realize that their plans have to include 
in whole or in part: 


(a) Putting down things that have to be done. 
(b) Noting initial data (input) and final results (output). 


(c) Questions involving decisions to be taken for subsequent operations. 
These data are noted in three Separate types of box: 


(a) Rectangular operations boxes. 


Add two to three 


(b) Rectangular data boxes with the top right-hand corner cut off. 
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(c) Decision boxes with straight horizontal sides and curved vertical sides. 


Is number A positive? 


These boxes mostly contain questions requiring the answer ‘yes’ or ‘no’. The 
choice of the next operation depends on the answer, which is indicated by the 


analysing operations involving many steps. The uses to which it might 
profitably be put in education include analysis of methods of calculation, 
solutions of equations, geometrical constructions, etc, (Fletcher, 1964; 
McDonald, 1965 ; Forsythe, 1964; Watson, 1965; Varsavsky, 1964). By getting 
Pupils to draw charts of familiar operations it is possible to find out which of 
them have a thorough knowledge of the operations. 
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The chief stages in the use ofa calculating machine are shown by McDonald 
(1965) in Flow Chart 2. 

Examination of this diagram shows the extent to which the application of 
flow charts to calculations carried out by ordinary methods can train pupils 
to approach such calculations in a critical and attentive attitude, which is so 
often lacking. Pupils with whom checking and assessment have become reflex 
actions will undoubtedly be more reliable in their calculations. . | 

To carry out the instructions of a flow chart, the calculating operation has 
simply to be divided among several pupils, each playing the part of one com- 
ponent in the machine (Fletcher, 1964, pp. 117-18). 


It would be useful if, in addition to a logical understanding of the operations 
carried out by a calculating machine, pupils could also be given an under- 
Standing of how the machine carries out these operations. For this purpose, 
Wilkinson (1965b) has designed a demonstration board consisting of ten NOR 
units and one or unit. In his article he explains how these elements may be set 
up to solve logical problems or make calculations. 


A further stage consists of getting pupils to write a program for a machine in 
code. Knitting patterns are a form of code familiar to girls (Fletcher, 1964, 
pp. 115, 117). . 

To familiarize young children with the essential parts of a calculating 
machine and with the way in which a program for the machine can be coded, 
Horton (1961) has devised what he christened the Hobladic (Horton's Black- 
board Digital Computer). He describes it as follows: 


The Computer in its simplest form is merely a blackboard, in one instance 3 by 4 feet, 
divided into five general sections: 


1. The accumulator 

2. The read-in section of memory 
3. The read-out section of memory 
4. The remainder of memory 

5. The arithmetic unit. 


The author uses a code in which each instruction is represented by a group 
of three letters and he gives examples of instruction cards and calculation 
programs. His method is very simple and is capable of being extended (Van 
Tassel, 1961). It has been devised in such a Way as to encourage pupils to carry 
out numerical calculations by manipulating the code, since they can choose a 
problem for themselves and Program it. They thus acquire an orderly approach 
to operations. 

Other teachers use real computer codes (Pierson, 1963; Whitacre, 1963: 


Sweet, 1963; Forsythe, 1964) and some of the programs drawn up in this way 
have actually been used. 


The training of calculating-machine Operators is not the immediate aim of the 
information given on these machines in secondary education. One aim is to 
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provide a motivational basis for the learning of mathematics. Using ses 
the pupils are doing applied mathematics within the framework o e Ex 
matics itself. Moreover, this applied mathematics is closely linked E 
physics of electrical circuits. Before using the machines, it is essential wx 
Clear idea of the logical organization of operations and hence to ana med 
by step the procedures to be used, to represent this process by means d 
and to understand the logical formulation of the various stages. A 
activities are of clear educational value. : 

Experience shows that these modern questions interest pupils en um 
are capable of grasping the elements of them. The problem is to find te: ud 
with sufficient knowledge of the subject and the means of putting ere 
into practice. The outline given above shows what can be done with avai 
resources. . M 

The following two texts, published in the USA by the National et ne 
Teachers of Mathematics, are of particular use to teachers: neni oie 
Conference on Computer-Oriented Mathematics and the Y a 2 ts 
(NCTM, 1963b) and Computer-Oriented Mathematics (NCTM, 1 ul di 
first analyses the problem raised by the introduction ofthe study ofca field 
machines in secondary schools and reports on some achievements int ae 
The second sets out the basic ideas and their application to prob de Ti 
secondary-school level. It also contains a bibliography. (See also Thom: 
Thomas, 1962; Lovis, 1964.) 


Textbooks 


Books form part, the most important part, of teaching material. As a a 
the modernization of mathematics teaching, books are appearing eee 
numbers that it is impossible to give a list of them. The Bibliography qe 
wide sample of textbooks. Below, we try to point out some of the fea E 
which distinguish the new textbooks from older works and which are 


: various 
greater or lesser extent to be found in the modern textbooks of the 
countries. 


School mathematics books are becoming more attractive, in contrast with Lol 
forbidding aspect of the traditional textbooks. Figures and diagrams ae val 
livened by the use of two or more colours. The style, instead of being gene 3 
and impersonal, adopts a more familiar and individualized tone, mee 
closer to the language of everyday conversation. Illustrations often inclu i 
humorous drawings which put the reader in a good mood and show than, 
although mathematics is a serious science, this is no reason for presenting ! 


: A à : e 
glumly. Documentation about the pioneers of mathematics brings home th 
point that mathematics was created by men. 


Textbooks are more stimulating and richer in i 
indicated by numerous graphs and diagrams. 


ideas. Dynamic relations are 
in 
presented clearly and concisely thanks to com 


Definitions and proofs can be 
prehensive modern symbolism. 
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Photographs illustrate the part played by mathematics in the arts, sciences 
and industry. 


Textbooks are written with greater rigour than they used to be. Even those 
written for beginners endeavour to bring out the rules of the mathematical 
game: axioms. Definitions have become more precise with the acquisition of 
the basic notions of sets. Proofs are stricter and reduced more nearly to 
essentials. Stripped of inessentials, they often have a more widespread validity 
than formerly. The elementary symbolism now used can convey clearer ideas. 


The structure of textbooks has been improved. They aim at presenting mathe- 
matics as an entity based on the idea of set structures. Research into effective 
methods of presentation made in connexion with programmed instruction is 
producing a better understanding of the psychological elements to be taken 
into account in gradually introducing and consolidating the ideas to be learnt 
and in firmly fixing them in pupils’ minds. 


Something still remains to be done to increase awareness of these resources 
and to exploit them to the full in presenting mathematics with a logical 
appearance, agreeable and open to the world of its actual and potential uses. 
With this aim in view, a new type of textbook is now being published : books 
and booklets written to be read by the pupils themselves. Pupils should be 
encouraged to read this sort of material, whether it is complementary to the 
course of study or not, since it trains them to understand a text for themselves 
and leads them on to further reading material of a broader nature. 

From this point of view, the example of the United States, the Soviet Union 
and Britain is worthy of emulation. In the United States, bibliographies of 
books specially intended for pupils’ reading have been published by the 
National Council of Teachers of Mathematics (Hardgrove, 1962; Schaaf, 
1962). Bibliographies can also be found in NCTM (1963c, 1963d). In Russia, 
collections such as Popular Lectures in Mathematics and The Mathematics 
Club Bookshelf are meant to be read by, among others, students in the upper 
classes of secondary schools. Several of the volumes already published have 
been translated into English. In England, two series of books for school- 
children have been published under the general title Contemporary School 
Mathematics. The first series can be read in the lower secondary school. 
Another collection by Johnson and Glenn can also be used to stimulate interest 


in mathematics (see Bibliography, *Series"). 


The mathematics laboratory 


Abstract subjects can be taught dogmatically in a bare room furnished only 
with desks and seats and containing no other teaching aid but a blackboard. 
Live mathematics teaching flourishes best in a classroom specially designed 
to encourage the use of the material now available. Obviously everything 
depends on the resources at the school's disposal. It is possible to give a new 


The mathematics laboratory 


look to teaching, even in unfavourable conditions, if the teacher possesses the 
necessary conviction and ingenuity. Conversely, the best equipment is useless 
unless it is properly used. In planning schools today, thought should be given 
to organizing laboratories for mathematics in the same way as they are 
organized for physics and the other natural sciences. Useful works have been 
published for classroom designers and suppliers of equipment (Bartnick, 1960; 
Jones, 1963). These references will give them ideas on classroom sizes, heating, 
ventilation, lighting and flooring, and advice on the composition and arrange- 
ment of blackboards, placards, book cupboards and shelves, display cabinets, 
storage cupboards, desks, work tables and chairs. The texts are accompanied 
by plans and photographs of models. 

In addition to the books and booklets already mentioned in this chapter, 
there are useful reference works on mathematical aids and equipment proper 
(Berger and Johnson, 1959; NCTM, 1945). 

The pupils’ mathematics library will include several types of work: repre- 
sentative textbooks, reference books, supplementary reading matter, booklets 
and periodicals written for the young. 

Countries where the difficulty of recruiting good teachers at all levels adds 
to the burden of those concerned with the promotion of education should 
look hopefully towards teaching aids and equipment. The ideal set of teaching 
aids would be that which helps most to turn pupils into students, that is, into 
young people who, for the most part, find their way to knowledge. 
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3 Treatment of the 
Axiomatic Method in Class 


Prepared by A. Z. Krygowska, Professor of Mathematics and Mathematical Education, 
Higher Teacher Training College, Cracow 


Opinions regarding the pupil’s introduction to the axiomatic method and its 
place in school mathematics as a whole are very conflicting. Some see it as 
the essential element in mathematical education at every level, and therefore 
consider initiation into the axiomatic method as an essential condition for 
modernizing mathematical education. But the teaching aspect of this propo- 
sition is not clear and its feasibility has not yet been adequately verified. Others 
consider that the secondary-school pupil is not capable of comprehending the 
axiomatic concept and does not need it. This negative opinion is often justified 
by reference to observations made during traditional teaching of deductive 
geometry. But this cannot be conclusive, since modern concepts of axioms and 
axiomatization are not the same as traditional concepts. That is also why the 
question of how to teach the axiomatic method must be treated from a modern 
standpoint; the results of experiments based on this new concept may differ 
from those of the traditional school. The question is therefore entirely open 
and requires objective research. 

When undertaking such research, we must distinguish two aspects of the 
axiomatic method: 


(a) The axiomatic method in action, as an instrument of mathematical thinking 
in the three phases of its activity: axiomatization (search for an adequate 
definition of a structure, which is also quite easy to handle), deduction (logical 
development of the theory of the structure thus defined), interpretation 
(application of this theory in fields containing the given structure). 


(b) The axiomatic method as the subject of metamathematical research (con- 
ditions of coherence and independence, scope of method, etc.). 


This distinction between the operative instrument of thinking and the subject 
of methodological analysis is necessary in order to avoid possible confusion. 

In educational research on the axiomatic method, we shall be solely con- 
cerned with the first aspect. The essential problem is to work out educational 
approaches to (a) the initiation of the pupil into the processes of active 
axiomatic thinking (axiomatization, deduction, interpretation) adapted to the 
level of his intelligence and the content of the curriculum; (b) the formation 
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in the pupil’s mind of a concept which, although not yet formalized, would 
nevertheless correspond in its essentials to the modern axiomatic concept. 

The preparation of an ‘axiomatic teaching method’, thus conceived, calls 
for experimental research on a large scale. In order to mark the direction of 
work in this field, we must: 


(a) Reveal the natural basis of the axiomatic method, that is, the underlying 
intuitions in which the educational approach always seeks its starting point. 


(b) Compare with the results of this analysis the traditional manner of 
presenting the ‘deductive method’ (in geometry) to the pupil, so that on the 
one hand we can obtain a better grasp of the postulates of the new teaching 
in this field, combined with a better understanding of the concepts involved, 
and so that on the other hand we can avoid from the outset teaching errors 
resulting from a misinterpretation of such concepts. 


(c) Prepare teaching projects which might be used as starting points for educa- 
tional experiments in class. 


Some points of this programme are outlined below. We shall concentrate 
on general methodology, and omit the detailed discussion of the various 
axioms already available for use in teaching. 


Intuitive meaning of axioms 


We shall take as our starting point the axiom conceived as the definition of a 
structure. The first question concerns the object thus defined. 
Contemporary mathematics defines the object of its research as the struc- 
ture underlying elementary set relations in all fields of the mathematician’s 
activity. 
The foremost problem toda 


Is it possible for secondary-school pupi! à 
in this sense? Is it necessary? These questions are new and important, because 


the emphasis in teaching is frequently placed on the deductive Phase and on 
the rigour of reasoning. Rigour is only one aspect of the axiomatic method, the 
natural aspect for someone who understands the object of mathematical 
research. We insist on this point, for the formalism of mathematical statements, 
while impressive, conceals the mechanism of mathematical thinking itself, and 
this is undesirable in the classroom. 
If the teacher considers the deductive links paramount and not the under- 
lying ideas, then what is natural for the mathematician becomes artificial for 
the pupil. Rigour becomes for him a strait-jacket imposed by the teacher. . 
There are psychological reasons to suggest that this situation can beavoided 
by introducing into teaching the axiomatic concept as the definition of a 
structure. Such an introduction is clear and free of the incomplete arguments 


which weaken the pupil's mathematical thinking. 


y for mathematics teaching is the following. 
Is to understand the axiomatic concept 
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This may be regarded as over-ambitious or even illusory, in view of the 
degree of abstraction ofthe concepts in question. 

Of course, if it were not possible for us to teach pupils the axiomatic method 
by starting from their intuitions, their personal experiences, their natural flow 
of thought, and the concepts already familiar to them, we should have to 
eliminate our programme from our educational considerations from the 
outset. Happily the intuitive aspects of the concept of structure are immediately 
apparent. Moreover, the axiomatic process, devoid of formalism, is revealed 
in its essence and its psychological genealogy as a natural process of human 
thinking which, even in its naive form, could not orient itself into reality nor 
transform that reality without an awareness of relations, without the two 
fundamental operations of schematization and extrapolation of real data, by 
means of which reality in its different aspects is reflected in thought, in the 
form of different structures. 

It is true that the path leading from this primitive, though universal, 
concept of structure to the formalized concepts of modern mathematics is very 
long and very complicated, and that these concepts were defined formally only 
after many centuries of scientific history, but it is also true that contemporary 
mathematics has brought into prominence an underlying concept of creative 
mathematical thinking. Mathematics has always been relational, whether we 
like it or not. The modern approach consists in realizing this and expressing 
it clearly and precisely from the methodological standpoint. 

This realization of the structural character of mathematics and its formal 
expression make it easier for the naive thinker to understand abstract concepts, 
which may appear paradoxical. Let us consider the attitude of naive thought 
to axioms: the axioms of group theory and of Peano’s natural integers, for 
instance. For the naive thinker there is an essential difference between these 
two situations, the first axiom being a true ‘definition’ determining the 
meaning of the term ‘group’, that is, expressing the necessary and sufficient 
conditions fora system ofa set and an operation to bea group, while the second 
axiom is understood as an expression of the conditions necessarily satisfied 
by the intuitive concept of the natural integers, but by no means sufficient. The 
isomorphic models of Peano’s axiom are treated by the naive thinker as 
concretely different, and he is, therefore, disinclined to accept the axiom in 
question as a ‘definition’ of this natural number, which has been familiar 
to him since childhood. The discussions of philosophers and even mathe- 
maticians prove that these difficulties are not confined to naive thought. Still 
considered from the standpoint of intuition the situation becomes quite 
different if Peano’s axiom is interpreted as the definition of the structure 
called ‘natural order’, this structure being understood as the essential structure 
of the set of these ‘natural numbers’ which have been known since childhood 
and used in practice. Peano’s axiom in this sense is for the naive thinker a 
‘true definition’ of the natural order, being nevertheless not a ‘true definition’ 
of the natural number. And despite the fact that, from the formal standpoint, a 
distinction is made between the natural numbers used in metamathematics 
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and those encountered in Peano’s axiomatic theory, it would not be possible 
to make this distinction in teaching. Happily this is not necessary in the light 
of the concept of structure. The same is true for geometry. 

It is a very important educational discovery of our time that it is often easier 
to find ways of transplanting ‘scientific concepts’ in school education by 
starting with the analysis of these concepts in their pure, logically perfect form 
than in this apparently more intuitive, but vague, form. The educational 
interest taken in their analysis derives from this impressive lesson of research 
on the foundations of mathematics ; work on the precise and formal organiza- 
tion ofa field of abstract ideas often reveals the primitive, natural germ of these 
ideas. This also applies to the modern concept of the axiomatic method which 
enables us to perceive its unsuspected sources in naive thinking itself. To 
demonstrate this, it is only necessary to have the courage to bring out the 
intuitive aspects of formalism. We say ‘courage’ because, from the standpoint 
of precise mathematical thinking, our considerations may be regarded as a 
misuse of scientific concepts, as an inadmissible pandering to the popular 
level. Traditional didactic thinking, on the other hand, may regard them as 
playing with abstractions in a somewhat irresponsible manner from the point 
of view of education. We have that courage and, in order to give a concrete 
illustration of our remarks regarding the natural sources of the axiomatic 
method, we shall now analyse an example of the reasoning of a child, chosen 
from among others collected as illustrations of ‘teaching the axiomatic 
method’. 

Paul (aged 63) wants to persuade his parents that he can go by himself from 
the station to his grandparents’ house without crossing the main street (for- 
bidden because of its heavy traffic). To prove his point Paul draws on a 
sheet of paper the network of lines and points representing the streets and 
places relevant to his argument (station, grandparents’ house, intersections 
of roads). In this way Paul constructs a graphic model of a certain topological 
structure: a model of the particular linear complex, without realizing its 
polyvalence and without extrapolating real data. During this construction 
Paul is concerned only with two relations acting in the finite set of points and 
roads: (a) ‘You can go from point x to point y by road m.' (b) ‘Point x is the 
intersection of road m and road n." He visibly neglects the other relations 
(distances, magnitudes, geometrical figures) of which he has acquired a 
practical knowledge during his daily personal experience. The diagram thus 
obtained concerns the system of these two relations which are not isolated, 
but represented in their mutual relationships. We observe the agreement 
between Paul and his father with regard to the initial data thus fixed in the 
chosen symbolism. " ge 

Paul tries to prove his argument using the same code. He tries this time to 
prove an argument regarding a particular topological structure. This demon- 
stration does not succeed. In admitting that the diagram does not have the 
property in question, Paul does not seek any further arguments. He is sure that 
his premise was false and observes that it is impossible to go from the station 
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to his grandparent’s house without crossing the main street. In this way he 
decodes the result of his search, made in a representation of reality, by pro- 
jecting it into the reality represented. 

Paul does not know scientific concepts and terms. He is not aware ofhaving 
isolated a particular structure from many others embedded in reality, nor of 
having defined that structure correctly by using the topological structure of 
his graphic diagram. 

Three extremely important phases in this process must be emphasized. 
The first is the fabrication of the diagram and the decision that the diagram 
is complete and that it expresses everything one wished to bring out. In this way 
one has finished presenting premises; from this point on the structure question 
has acquired a certain independence of the initial situation. The second phase 
is deduction — sui generis — which relates only to the structure thus defined, 
and therefore uses only the premises and the ‘rules of procedure’ corresponding 
to concrete operations in reality (movement of pencil — crossing the street). This 
phase leads to a ‘formal’ conclusion regarding the diagram. The third phase is 
theapplication of this conclusion and the strict acceptance of the consequences 
as regards the initial reality. Conversely, certain premises suggested to Paul 
and motivated by direct reading of the diagram are rejected (e.g. "This street 
is longer than that one’). Paul treats these propositions as nonsense, because 
he has constructed the model himself and is fully aware of what he wanted to 
retain and what he wanted to ignore. 

In the process we have just observed, we see the natural primitive form of 
axiomatization, deduction and interpretation in essence. There is obviously 
a vast distance between this primitive activity and the axiomatic method in 
action, between the operative concept of a structural correspondence in a 
child and a mathematician's concept of structure. But if we could successively 
transform this natural germ of the axiomatic process - still deeply rooted in 
the concrete — into a method of thinking and solving problems by gradually 
raising the level of abstraction of the diagram constructed and used, the 
teaching of the axiomatic method would find one of its natural bases in the 
naive methodology of the child himself. One of the absolutely necessary con- 
ditions of this transformation is the pupil's realization that mathematical 
Structures reflect systems of relations revealing themselves in reality in a 
manner not only schematizing, but if necessary extrapolating real data and 
that, thanks to this essential transmutation, they are polyvalent*. 

Paul is not aware that his diagram, or any diagram, can be interpreted 
differently, for in the situation of his little problem he does not need to take 
this into consideration. Neither does he need to extrapolate real data. On the 
contrary, exact compatibility of such data, concerning the structure in 
question, with his diagram is the absolutely necessary condition for the correct 
solution of his problem. The child usually finds himself in the same situation 
during hisinitiation into thearithmeticofnatural numbersand that is why there 


*Hereand subsequently the concept of polyvalence is interpreted in the primitive sense (isomorphic 
models of a structure are treated as different). 
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is no gulf between the child’s natural thinking and his mathematical activity 
(a balance which is unfortunately already disturbed during his study of 
fractions). On the contrary, the secondary-school pupil finds himself faced 
with complicated intersection structures (geometry, field of real numbers), 
the elementary components (basic structures) of which obviously have their 
origin in the concrete, but which have become mathematical structures as a 
result of the extrapolating schematization of real data. 

Failure to understand the character of this transformation often leads to a 
paradoxical situation in secondary mathematics teaching: on the one hand 
there is an inevitable confusion of abstract and concrete in the average pupil’s 
thinking when he is deducing, reasoning and demonstrating, and on the 
other hand there is a sterile separation of abstract and concrete when he has 
to apply his mathematical knowledge to solving practical problems. The 
average pupil's conception of mathematics thus becomes artificial: there is a 
deep gulf between his natural thinking and his organized activities in education. 

In analysing this situation, we see no new specific difficulties for initiation 
into the axiomatic method apart from those already existing in traditional 
teaching and which will also exist in the new teaching, because they derive 
from the complicated relation between abstract and concrete in mathematics. 
On the contrary, there are reasons for the assumption that the educational 
approach to this initiation might help to balance abstract and concrete in the 
pupil's thinking. We do not feel that the introduction of axiomatic thinking 
calls for teaching which is more detached from the pupil’s intuitions than 
traditional teaching, which is more sterile in its applications. We add one 
essential reservation: that the problem is not reduced to the construction of a 
fine axiom (which is obviously very important) and to the projection of this 
axiom from the ‘mathematical sky’ into the reality of school. 


Axiomatization: description and definition 


mathematician, like the pupil, encounters 
ulate a definition himself, and other situations 
a definition 


In his work the professional 


situations where he has to form e : 
where he has to apprehend the meaning of a concept from 


formulated by someone else. : . . 

This distinction must be taken into account in the analysis ofthe educational 
problem of initiation into the axiomatic method, for we can try to achieve 
this in two different ways: one which goes through the stage of axiomatization 


in class and the other which bypasses this stage and starts straight off with a 
ready-made axiom presented to the pupils. These two types of teaching 
method mobilize different activities of thought and reveal different difficulties 
and advantages. We shall discuss them separately. . T oe 

Let us start with a survey of the first type of situation, that is, situations in 
which we construct a definition in general and an axiom in particular. 
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What interests us from the educational standpoint is the interplay of two 
fundamental aspects of thinking arising in the process of definition: analysis, 
which is expressed in the establishment of a report, and synthesis, which leads 
to the construction of a project. These aspects play different roles in different 
situations; their mutual relation decides the nature of the definition, which is 
apprehended by the definer either as a ‘report definition’ or as a ‘project 
definition’. 

For instance, Cauchy has constructed the ‘report definition’ of the limit 
of a function, for he has formally legalized a concept which, having been used 
by mathematicians in an operative and creative manner, was nevertheless 
vague from the standpoint of logic. The analysis of Euclidean geometry made 
by Hilbert, leading to his system of axioms, has the same character. A pupil 
who, after apprehending a concept intuitively and operatively (drawing, model, 
concrete activity) seeks a definition, performs similar work. The special 
character of this process lies in the fact that the person who looks for a 
definition a posteriori expresses in that definition only part of his knowledge 
and intuitions regarding the object thus defined. He must therefore choose 
and isolate from the set of properties already apprehended a subset of pro- 
perties the conjunction of which is sufficient to imply all the others. This 
choice may be more or less free and the criteria for it may be different or 
even diametrically opposed (e.g. the ‘natural’ definitions in classical mathe- 
matics or the ‘genetic’ — constructive — definitions in teaching, or the ‘key 
theorems’ as definitions in Bourbaki’s work). The method of a posteriori 
definition is therefore not easy, and calls for a creative effort and a broad, deep 
knowledge of the elementary structures used for defining more complicated 
structures. 

Construction of an a priori definition involves other aspects of thinking and 
another type of creation. On the basis of the axioms of Euclidean geometry 
which are the result of establishing a report definition, new geometries have 
been proposed a priori, the non-Euclidean geometries. These were project 
definitions constructed by an operation on the given axioms : omission of one 
axiom, replacement of some axioms by others, etc. Classifications, generaliza- 
tions, particularizations, variations in conditions and different combinations of 
known structures leading to intersection structures may become starting 
points for project definitions in general and project axioms in particular. 

Rational educational organization of the interplay of these two aspects, 
which transform a description into a definition, a report of intuitions and 
Previous knowledge into a structure project, seems to us to be the essential 
prerequisite for this form of introduction to the axiomatic method. 

To illustrate this remark we shall consider two examples. We shall pass over 
the appraisal and criticism of these methods from many points of view (e.g 


concerning the choice of axioms). What we are solely interested in is two differ- 
ent situations in axiomatization: 


(a) The situation in which one separates a structure common to several non- 
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isomorphic models already well known: the construction of an a priori 
polyvalent structure. 


(b) The situation in which one tries to axiomatize only one field of prior 
knowledge which forms a theory as yet little elaborated, or which is little 
separated from reality in that it ison the border between concreteand abstract. 


Example: description of a structure common to several models 
Fromathesis, Methodology of mathematics teaching’, Higher Teacher Training College, 
Cracow 


Nine fifteen-year-old pupils are to study certain algebraic concepts: various 
sets and definition ofalgebraic operations. The teacher suggests some examples 
of lattices, one after the other. The pupils note impatiently that ‘it’s always the 
same thing’, whereas the objects, orders and operations are completely 
different in the examples considered. This provokes a group search for an 
answer which leads to the axiomatization of the lattice structure. In the 
course of this ‘schematic description’, the pupils suggest also including in the 
list of ‘common properties’ properties which are not common to all the 
examples considered as being ‘the same’: for example, distributivity of multi- 
plication over addition — a specific property of total order, But it is soon 
perceived that some of the examples analysed do not obey these rules. These 
suggestions are therefore rejected; proposals regarding properties which 
can be deduced immediately from those already recognized as ‘common 
properties’ are also rejected (commutativity of operations, law of absorption, 
for instance). Finally an axiomatic system — the intersection of two different 
axioms — is obtained for the structure of the lattices. The term ‘lattice’ is 
introduced. f b 

Thus, the description aiming at the construction of a diagram covering 
several models leads to the axiomatic definition as a result of (a) the symbolic 
description of the diagram, which facilitates deduction without going back 
to the initial models; (b) the conscious construction of a polyvalent diagram 
from the outset ; (c) the term fixing the synthesis ofanew mathematical object. 

Thereafter the distributive lattice is defined by adding the additional axiom 
to the axiomatic system already established. . . f 

Three types of exercise bring out the different ways of using the axiomatic 
system thus established and conceived as a definition : 


(a) Recognition of the lattice structure in particular cases. Question: Is this a 


lattice? 


(b) Deduction. Question : Do the 
to those ofarithmetical operations 


two lattice operations have similar properties 
2 We find and demonstrate certain analogies 
set we Users b.c, etc. 
and certain differences 

aa=a ata=4, a+ab=a etc. 
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(c) Interpretation of the results of the deduction in different models, which 
reveals to pupils in a naive but striking manner the economy of axiomatic 
thinking. 

For example, to the question, "What is 


LCM [b, HCF{LCM(a,b), LCM(a, c)}] ?" 


one pupil quickly gives with satisfaction the answer LCM (a, b), using the 
formula (a+b)(a+c)+b = a+b, previously obtained for the distributive 
lattice. 


The manner of solving these problems and the comments of pupils prove 
that they have understood the axiomatic system as the definition ofa structure, 
and deduction as the only natural way of seeking that structure. How could 
we study the lattice except by referring solely to its definition? 

One pupil asked the question, ‘Could we do all mathematics in the same 
way?’ This shows a true Bourbaki spirit. 


Example: gradual structuring of a field of intuitive knowledge by elementary 
structures determined a priori. 


We shall analyse the process of gradually structuring the intuitive geometrical 
knowledge of pupils aged from fourteen to fifteen (e.g. the first-year pupils in 
Polish secondary schools) relating to the structure of the metric plane. We 
begin by introducing pupils to the concepts: set, certain operations on sets, 
mapping ofa set into a set, order in a set, distance in a set (distance in gener al; 
distances on the surface ofa cube, a sphere; distance in a set of numbers, in à 
given set of pupils). 

We make use of the fact that as the pupils come from different schools, they 
therefore form a new group and work with a new teacher. TT 

The guiding idea of axiomatization which we can present to the pupil » 
as follows: at the start of our work in class, we must establish an intuitive 
understanding, which we shall subsequently use in geometrical terms and 
whose underlying ideas are not strange to us. We have already fixed a common 
Vocabulary: set, operations on sets, mapping of a set into a set, order in a set, 
distance in a set. We shall try to express as concisely as possible, using this 
vocabulary, the intuitive geometrical relations which we wish to bring out. 

In this way we proceed to the gradual structurization of the plane by means 
of set structures and topological structures intuitively grasped and previously 
determined. We aim always at mapping-relations: two points — distance, 
belonging; two points — short line; product of two sets; two straight lines 
(secants, parallels, direction); operations on distances ; three points — distance 
(condition of collinearity), order in the straight line — distance, etc. 

Here is an example of the process. The pupils bring out ‘natural order’ in the 
straight line (they have no idea of any order in the straight line other than 
the natural order), ‘characterizing’ it by the properties most frequently empha- 


Treatment of the Axiomatic Method in Class 


133 


sized : between two points there are many other points, each point is preceded 
and followed by many other points. 

In order to create the need to describe the structure of the metric line 
in a manner more appropriate to the axiom which it is desired to establish, 
the teacher can use the situation presented in Figure 31. 


^: the segment [bc] is projected 
A is projected in the direction 


Figure 31 A mapping of line A into line A 
in the direction bb’, but the rest of the line 
be’ (bb'/cc', aa‘ /bc'/b'c) 


We map the line A into the line A’, projecting the segment [be] in the en 
tion bb’ and projecting the rest of line A in the direction be ow fs E 
aa' //bc' //b'c). We thus impose on A’ the order treated as natural in A. The 

i two orders in question. 
ne A’ appears ‘unusual’, but owing to the method used 
it is ‘forced’ to have the same properties which have >> far been Considered 
as ‘characteristic’ for the natural order. The concepts, between’, successor’, 
‘predecessor’ on the straight line become relative. The structure described 
covers models we wish to eliminate; it is too polyvalent and the need for an 

iti ition becomes apparent. 
ee — still intuitive — is that the ‘unusual’ order has hà 
obtained by a mapping chosen ‘maliciously’ by the teacher, for part of the 
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straight line A was projected in one direction and the other part in another 
direction. When imposing the natural order of any straight line A on any 
straight line A’ by means of parallel projection, we should obtain the natural 
order in A’ and not an unusual order. We establish a new property of the 
natural order : the parallel projection of one straight line on another preserves 
the natural order. 

The second discovery is revealed during the search for the answer to the 
question, ‘What is unusual in the order defined in A'?' Point a’ precedes 
point b’, point b’ precedes point c’ and, despite this, the distance a’ c' is smaller 
than the distance a’ b'! This does not agree with the common aspect of natural 
order in the straight line, for if we imagine moving along the line in its natural 
order, after point a’ we must be ‘moving away’ from that point. How could 
we bring out this image using only our above vocabulary? We observe that 
point b is in its natural order between point a and point c if and only if a, band 
c are different, and ac = ab+ bc. 

Would this description be sufficient to distinguish the ‘unusual’ order from 
the natural order in A’? 

We observe that if a person understood geometrical concepts in this way, 
if he were in agreement with us regarding these two properties, he would be 
forced to admit that the order defined in A’ is not natural, since this order in A 
is not consistent with our two properties of natural order. 

We continue in the same manner; we add axioms as and when necessary to 
establish ‘common sense’ and avoid possible confusion, but always using only 
the structures determined by the vocabulary fixed at the outset. Proofs of 
intuitively obvious theorems or of those encountered in previous lessons, and 
definitions known but re-established are not superfluous. On the contrary, 
they are very important for they prove that ‘our description was good’, 
that it defines the relations in question in accordance with what we wished 
to show. 

On the other hand, ‘malicious’ examples suggest to us the need to add more 
axioms, for our description was ‘not good enough’ to avoid confusion in 
understanding the ‘common sense’ of the relations in question. Discoveries 
and proofs of new theorems, and also new definitions prove, on the other 
hand, that our knowledge of these relations was not and never will be complete: 

At a certain moment it is decided — at the suggestion of the teacher — to 
consider the description as complete: ‘We shall deal henceforward only 
with the diagram of this structure.’ The report of the basic propositions 
is established and the list is closed. This act of decision transforms the des- 
cription which has been established step by step into the definition of the 


metric structure of the plane which, from then on, will be the object of precise, 
deductive study. 


As we have mentioned, we shall pass over the discussion on the axioms 
established in the previous examples. In all these methods we are interested 
only in the educational programme which is common to them, that is, in 
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initiating pupils into the axiomatic method through guided axiomatization 
in class. 

We use the term ‘guided axiomatization’ to designate the following 
educational situation : (a) the teacher envisages an axiom chosen as the basis 
of instruction, (b) he organizes a problematical situation or he presents 
directly to his pupils a problem, which becomes the starting point for a series 
of situations favourable to the group elaboration of the axiom in question. 

The above processes have been guided by the pilot ideas clearly presented 
to the pupils: ‘to find the same thing in different situations’, ‘to describe the 
common sense of certain terms with a vocabulary defined beforehand’. 

In relation to these various ideas, the interplay of two aspects — report and 
project — intervening in the process of definition was organized differently. 
In section 3.2.1 we were presented with the typical process of abstraction 
where the two aspects — report and project — play important roles to the same 
extent (the report of different situations leading through analysis to the 
establishment of common characters and the new synthesis of these characters 
detached from their particular materializations, expressed in the project 
definition of a structure). The second example is only an attempted report of 
previous knowledge structured in a new way during this report. 

The modern spirit of these approaches is expressed in: 


(a) the pilot idea of the process: 


(b) the use of modern resources (elementary mathematical structures prefab- 
e and symbols of set theory); 


ricated for the assembly in question, languag 
scription defining a structure, 


(c) presentation of the axiom elaborated as a de 
metric structure of the plane); 


fixed by the adequate term (vector space, lattice, 


(d) change-over to deduction, finding its motivation in the structural character 


of the object of the search ; 

(e) bringing out a certain concept - still primitive — of the polyvalence of the 
structure envisaged (construction of the polyvalent structure by definition 
in the one case, conscious restriction of the polyvalence of the initial struc- 
tures by relating these structures to each other in the second situation). 


The approaches outlined above do not constitute an exhaustive list of 
possible forms of guided axiomatization. In presenting them as examples we 
merely wished to emphasize the diversity of the teaching methods which can 
be used, and to draw attention to the numerous situations lending themselves 
to the organization of various profoundly mathematical activities of youthful 
thought which arise during this process. Such attempts. concealed in the 
intimacy of the classroom, still await a clear-sighted educational analysis and 


an objective appraisal. 
Guided axiomatization in 

is narrowly channelled by the w: 

of situations conditioning the pu 


class is obviously not open free searching; it 
ay the problem is formulated and as a result 
pil's thinking in order to establish the axiom 
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predetermined by the teacher. Nevertheless the pupil here participates 
actively in the group search for a definition, trying to specify and formalize 
his intuitions which are not yet far from their concrete sources. 

A process requiring the same high degree of thinking activity, but in the 
opposite direction, is the preliminary realization of an object from a verbal 
or symbolic definition formulated by another person, and in particular 
from a ready-made axiom. We use the expression ‘preliminary realization’, 
for the comprehension of a structure is a process. During the deductive 
development of the axiom we gradually penetrate more and more deeply 
into the meaning of the structure defined. The preliminary clarification 
of the meaning of the definition in mathematics already requires not only 
a certain maturity of thought, but also technique in this process. Among the 
various approaches of this kind, the most primitive and spontaneous are 
searching for models, constructing particular examples belonging to a 
familiar field of knowledge and satisfying the defining conditions. This 
method is also used by the authors of even very advanced mathematical 
treatises, who often interpret the definitions formulated with logical rigour 
with examples specially chosen in order to facilitate the reader’s understanding 
of these definitions. Yet it is the formal definition which should present this 
meaning in the clearest and most absolute manner, any particularization 
always introducing superfluous elements and accidental characters and, 
therefore, masking what is essential. The reality is nevertheless different and 
it may be that the meaning of a formally perfect diagram can only be grasped 
by its concretization. It may also happen that such realization only occurs 
during deduction: in the light of properties formally established almost 
blindly, the concept in question is apprehended afterwards. 

The average pupil usually remains perplexed when faced with the text 
of a complicated definition. He does not know how to select the necessary 
operations for assembling representations belonging to fields that are familiar 
to him. Effective rational strategies for treating mathematical definition 
should, therefore, find their proper place in mathematics teaching at all levels. 
Learning how to decode the formal definition should be treated as an educa- 
tional problem of the same importance as learning how to define. From this 
point of view, too, we can organize the group work on the axiom presented to 
the pupils beforehand, provided that (a) the axiom in question is only a very 
simple composition of elementary structures, well-known to the pupils, and 
expressed in terms and symbols already frequently used, and (b) the pupils 
have available several different models of the defined structure which are 
familiar to them. To take a typical example of this, let us consider the concept 
of a group. (We are thinking of fifteen-year-old pupils who do not know the 
term ‘group’ but have a general notion of the operation and the properties 
of an operation.) 

The search in class for different models of this structure, constructed 
according to the programme presented in the axiomatic definition, gives an 
opportunity for instructive teaching approaches. Progressive corrections of 
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the examples proposed by pupils, which often satisfy only part of the condi- 
tions, and the search for the answer to the question, ‘Is this a group?’, is all 
just normal work aimed at the comprehension of the mathematical definition 
in general. But since the object thus defined is a polyvalent abstract structure, 
these approaches become an essential mechanism for initiation into the 
axiomatic method, establishing the correct relations between formalism and 
underlying intuitions. The numerous different non-isomorphic models of a 
given axiom, discovered in class, guarantee the necessary equilibrium by 
allowing thought to move in the void of formalism with a certain familiarity 
and by protecting thought against dangerous obstinacy due to intuitions from 
a particular model. We give life to the formal diagram, which nevertheless 
remains an abstract object whose properties can be established only by the 
deductive development of its definition. 

This need to give concrete life to normal emptiness is very strong among 
schoolchildren (and not only among them). 

As an experiment, in the context of diploma work at the Cracow Higher 
Teacher Training College, a group of students (intelligent sixteen year olds) 
were presented with a variant of Bachmann’s (1959)* axiom without any inter- 
pretation. They were merely told that the propositions in question concerned 
objects and operations of which nothing else was known. Could they deduce 
other information regarding these objects and operations? The students 
demonstrated some simple theorems, but disapproved of these ‘blind’ 
approaches, although the formal calculations according to the rules fixed 
a priori seemed easy to them. The geometric interpretation brought visible 
relief and in turn aroused interest in the formal treatment of the problem, 
for they had found satisfaction in the economy of the calculation, which ‘had 
sense’. Once equilibrium between the concrete and the formal had been re- 
established, the beauty of algebraic thinking was revealed naturally and 
impressively. Y 

Note that in order to initiate students into the axiomatic method it is 
not of the first importance - it is not even necessary — to begin by general 
explanations regarding the concept of axioms. It is possible to act axiomatic- 
ally without talking of axioms. The teacher would be very successful if he could 
bring his pupils to a level where they could describe the axiomatic process, 
like their mathematical practice, using the language which is familiar to them 
and realizing, like Monsieur Jourdain discovering he spoke prose, that they 
have quite naturally applied a scientific method’ important not only in 
mathematics, but — according to some researchers — especially in applied 
mathematics (Ljapunov, 1960). The necessary condition for this realization 
is, on the one hand, organization of education to passat each level through the 
stages of observation, mathematization, deduction and application, and onthe 
other, construction of adequate axioms conducive to such organization. 


* References for chapter 3 will be found on p. 150. 
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Preparatory stage 


We made a sudden jump from the spontaneous axiomatizing activity of 
little Paul to ‘guided axiomatization’ in class. What should occur in between? 

The tasks involved in teaching mathematics up to the age of fourteen are 
numerous and preparation for the axiomatic method is only one very special 
aspect and not the most important. But as regards the question considered 
here, this special aspect concerns us above all, for an attempt at more universal 
structurization must be preceded by restricted, limited and fragmentary 
Structures. Differentiated activities leading to the schematization and extra- 
polation of real experience, realization of the relations linking the properties 
of abstract objects thus obtained, local deductions, etc. can all be organized 
by stages in primary education and in the first classes of secondary schools 
without necessarily establishing a global construction from the outset. All the 
processes of which we have given examples when speaking of ‘guided axioma- 
tization’ and many similar ones may find their local realization therein: 
transporting a structure, discerning a structure from different situations, 
restricting a structure by crossing it with others, generalizing a definition or 
its transformation, aiming at the invariance of a particular structure (e.g. 
during the change-over from the plane to three-dimensional space), etc. Three 
conditions seem to be absolutely necessary for moving on to the higher level 
of systematic axiomatization: 


(a) The Preparatory stage must be organized from the outset so as to aim at 
modern structurization of concepts and operations gradually detached from 
reality. As soon as possible we must reach the stage of realizing, perhaps still 
naively and partially, the simplest elementary structures of set theory, algebra 
and topology, and of using these structures and the proper language in local 
structures (Dienes, 1963; Papy, 1963). 


(b) The second condition concerns the development of geometric concepts. 
The basic operation of schematization extrapolating real data should be 
grasped and applied consciously by the pupil. Examples of geometrical dia- 
grams constructed, sought and applied in order to solve practical problems 
can serve as introductory examples. The use of geometrical diagrams in order 
to give concrete shape to more abstract ideas (in solving certain arithmetical 
problems or as Venn diagrams, for example) would bring out the ‘two faces’ 
of the geometrical diagram: abstract for one reality and concrete for another. 


(c) The third condition concerns the local deductive organization of teaching 
material: immediate conclusions at the beginning ; equivalence of two defi- 
nitions ; then situations where the pupil cannot obtain additional data and is 
obliged to use a closed set of information to solve a problem ;situations where 
the Pupil is set the problem of establishing a property by referring only to 
restricted information, although he knows other data he might use; situations 
where the pupil imposes such restrictions himself; situations where the pupil 
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wishes to convince the class he has found a correct solution (e.g. a geometrical 
construction), etc. Teaching should make the pupil aware of these processes, 
which he often uses spontaneously. In the end the pupil should be brought to 
realize that we can reason deductively only on relations, that even if at the 
outset we formulated key data referring to particular objects, the conclusions 
concern any objects satisfying the premises expressed in such data. In solving 
one problem in this way, we always solve a whole class of problems; whether 
we wish to or not, we obtain a wider conclusion than the one we were trying 
to obtain, for although we aimed at objects, we acted on structures. This 
mechanism can be brought out at each step and each level, even in solving 
ordinary arithmetical problems. 


Axiomatic organization of the course 


Axiomatic organization of educational subjects as a whole after a certain 
secondary-school level is obviously necessary for the initiation of pupils 
into the axiomatic method. It is too soon to decide what this level should 
or can be, since the experiments continuing at present in various pilot schools 
admit different levels as starting points (for example, in the Belgian pilot 
classes axioms are being discussed with twelve year olds, see Papy, 1963; in 
the Cantonal Lycée at Lausanne the notion of axioms is introduced in the 
second cycle) and only after completing at least one series of these tests can 
their results be objectively appraised. 

Nevertheless it is possible to formulate so! 
axiomatic organization of secondary-schoo! 
on restricted but significant observations, on educational 
nature of the problem of teaching the axiomatic method. 

The axiomatic method cannot be taught in the void. We must have either 
material to axiomatize or material to interpret intuitively a given axiomatic 
definition. We must also have the tools needed for axiomatization and 
utilization of a previously established or given axiom. A 

The materjal to which we have referred is not only the world of experience, 
observation, intuition and concepts half detached from their concrete sources, 
but also fragments of mathematics already ‘locally organized” (according to 
the expression of Freudenthal, 1963), which are almost ripe in the pupil's 
minds for a more general synthesis. The tools we have mentioned are: the 
most elementary structures already familiar to the pupil, modern language. 


a certain intuitive orientation in basic logical concepts (definition, theorem, 
proof) elaborated during “local organizations’, and an absolutely necessary 
etc. That is why active initiation into the 


skill in elementary operations 
axiomatic method must not be started too soon. . 
n action. À method is 


Moreover, we are aiming at the axiomatic method i l 
always concerned with an activity. To believe that pupils can be taught the 
axiomatic method without having applied that method isa teacher’s illusion. 
To conclude the elementary mathematics course by revision of the material 


me guiding ideas regarding the 
| mathematics — ideas based 
] theory and on the 
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in the last class with a view to its later axiomatic organization would be to 
return to the nineteenth-century conception of axiomatization as the logical 
organization of a ready-made and almost dead discipline. We want to present 
the axiomatic method to pupils as the useful creative mechanism of thinking. 
That is why initiation into the axiomatic method should not be started too 
late. It is very important to find the best moment. Experience, which is still 
limited, suggests that the most favourable moment is about the age of fifteen, 
but we must wait for more significant results. 

The second question requiring analysis is the form of the axiomatic organiza- 
tion of educational subjects. What axioms should be used? How should they be 
arranged and how should they be introduced into what mutual relations? We 
take into consideration certain algebraic axioms (group, ring, field, vector 
space) and an axiomatic organization of the field of numbers, as well as 
geometry and probabilities. 

It would be premature to answer the questions referred to above; we 
await the complete elaboration of certain projects covering educational 
subjects as a whole. 

The problem of initiation into algebraic axioms — ‘true definitions’ for 
the naive thinker — is quite simple, as we have already emphasized. As the 
introduction of the axiom of the theory of probabilities is scheduled for the 
last class in the secondary school and preceded by the realization of other 
axioms, it will not perhaps cause particularly serious difficulties formally. 
We have emphasized the word ‘formally’, for we must have no illusions that 
the generalization of the classic definition of probability, even if accepted 
easily by pupils previously introduced to the elements of analysis, will lead 
directly to the comprehension of the structure thus defined, as pupils are 
acquainted only with simple primitive examples of sets and have only a rough 
notion of measurement. But even if it were not possible to penetrate more 
deeply into the theory, the construction of the axiom in question and the 
establishment of its most important consequences for statistical applications 
would be highly instructive. 

As we have only very limited information regarding experiments in this 
field, we have no basis for analysing this question more thoroughly, but it 
would be worthwhile to seek educational methods of introducing the axiom of 
probabilities naturally. On the one hand, as the Dubrovnik programme 
rightly notes, it is ‘an excellent opportunity for demonstrating how to construct 
an axiomatic theory’ (OECD 1961), and on the other hand it also provides a 
particularly favourable opportunity for the correct presentation of the rela- 
tions of theory and practice of the experimental method and the axiomatic 
method, the combination of which determines the omnipresence of mathe- 
matics in modern culture. 

Numbers and geometry also give rise to open questions, the first being 
as yet little discussed, while the second is the subject of heated debate. 

As regards the first question, there are not many partisans of the axiom 
of natural integers in secondary education. According to the most widespread 
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opinion, the most important operations on sets and on natural integers should 
be treated as basic elements, elaborated intuitively and organized locally 
(local deductions). The main discussion concerns the degree of precision of 
the successive constructions leading by stages to the concept of the field of 
real numbers. Movement from one stage to another should comprise (a) 
motivation for the enlargement of the known set of numbers, (b) definition 
and operations on new numbers and algebraic characterization of this struc- 
ture, which is simply the axiomatization of the structure, and (c) identification 
of the set used at present with the subset of the set defined, by means of the 
isomorphism established. 

Since this programme is to be carried out in primary schools and in the 
first cycle of secondary schools with pupils from twelve to fifteen years old, it is 
not possible to take the successive constructions further than the level of a 
still-intuitive outline organized purely deductively in certain fragments. We 
must not forget that we must not only make pupils realize the algebraic 
properties of operations and algebraic structures which are gradually enlarged, 
but also that they must acquire a necessary skill in elementary calculations. 

Different ways may be used to lead, to an outline of the concept of real 
numbers. Whatever the method used, the final synthesis expressed in an 
axiom of the field of real numbers appears necessary. This axiom might be 
formulated as one of the bases of second-cycle mathematics (the underlying 
idea of the proposed programme for the first class in Polish lycées). Using 
the language familiar to the pupils, the teacher would bring out the structure 
of the commutative, completely ordered and continuous field of real numbers, 
containing the subfield of rational numbers and the ring of integers. From 
this point on, operations on numbers should be strictly related to the axiom 
established as a report transformed in the definition of a structure. 


The axiomatic organization of geometry is still the centre of controversy 


(CIEM, 1963). On the one hand, we find very interesting propositions, but they 
tion or pass over it in silence (Freudenthal, 


are opposed to axiomatic presenta’ 

1963; Libois, 1963). On the other hand, many axiomatic systems of geometry 
have already been elaborated for use in secondary education. In this study we 
can do no more than mention the most typical ideas. 


Three types of solution are proposed : 


(a) Geometry as part of algebra. 
f the study of the field of real numbers. 


(c) Independent geometry. but not isolated from algebra nor from the study of 
the field of real numbers, and conceived as a particular intersection structure. 


(b) Geometry as part o 


ssion concerning all these systems is the concept 
hematics. What is beyond dispute is the set- 
ry mathematics teaching, accepted unreservedly 
differ in the interpretation of the term ‘unitary’ 
tion of mathematics for the fifteen-year-old age 


Fundamental to the discu 
of ‘unitary elementary mat 
theoretical basis of elementa 
in all modern theories. They 
with reference to the construct 
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group. We have seen that in the axioms of geometry two conceptions of this 
‘unification’ are reflected : the conception of a single algebraic current and the 
conception of two currents (algebra and topology in the form of Euclidean 
metric space), which derive independently from the set-theoretical basis, cross 
several times and finally merge in the study of the elements of analysis and of 
probabilities. 


Some problems in teaching the development of the axiomatic theory 


The axiomatic construction of the course calls for a very clear-sighted teaching 
approach if the method is to function. It is vital to understand the methodo- 
logical significance of (a) definition, (b) theorem and (c) proof. E 

In our experience, an understanding of the methodological role of definition 
is the key to an understanding of over-all construction, for correct deductive 
reasoning requires in the first place the disciplined use of definitions, including 
the axiom as basic definition. Lack of this discipline among pupils is revealed 
in various ways. For example, the difficulties and misunderstandings observed 
in traditional teaching of deductive geometry largely derive from the in- 
comprehension of the methodological significance of the definition, as the 
pupils do not refer to the characters expressed in the definition but to an 
intuitive over-all image going further than the letter of the defining text. Our 
research has proved that pupils do not use definitions very consciously. 

In reverting here to these questions which are familiar to every teacher, 
we wish to emphasize that the familiar but disciplined use of definition in 
the axiomatic organization of the course must be the subject of a particularly 
clear-sighted teaching approach. In his approach, the teacher must be cone 
cerned, for example, with the formal and intuitive interpretation of definition 
as equivalence; with analysis of the defining conditions and indication of the 
significance of each of these conditions separately in the light of counter- 
examples ; with continuous organization and re-organization of the concepts 
introduced, in respect of their classification and their mutual relationships 
which new theorems and definitions continually reveal; with the realization 
of the equivalence of definitions and effective use of that equivalence. 

All this requires a great deal of time, which is why we cannot press forward 
too quickly in the axiomatic theory, despite the modern construction which is 
Particularly favourable to the acceleration of the process and may give rise 
to dangerous illusions among teachers. . 

Similar remarks apply to theorems and their proofs. There must be time 
to go systematically and continuously into the very concept of proof on the 


one hand, and the establishment of a proof strategy on the other. The problem 
has two aspects : 


(a) Comprehension of the methodological significance of proof and com- 
prehension of the criterion of verification in the axiomatic theory are the 
sine qua non of initiation into the axiomatic method. 
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(b) Proof plays an extremely important part in the comprehension of defined 
concepts and theorem content. 


Many definitions are properly understood only when applied in reasoning. 
Many theorems are understood better — or even only - in the light of their 


proof. 


Problems of rigour 


In considering initiation into the axiomatic method, we cannot pass over 
the problem of rigour. Three aspects call for educational analysis : (a) precision 
in formulating definitions, theorems and proofs, that is, precision of language, 
(b) rigour in reasoning and (c) consequence in the axiomatic development of 
theory. We shall discuss each of these problems in turn. 

The justified and necessary reaction against the imprecise definitions 
and pseudo-proofs of traditional teaching brings with it the danger of going 
to the other extreme of being obsessed with formalism, fascinated by logical 
rigour and of identifying axiomatic thinking with formalist thinking. We some- 
times find beginners whose fear of letting imprecision creep into their teaching 
is a great danger. 


The average teacher, even with a modern outlook, cannot have the scientific 


perspective available to a research worker. He follows modern trends in a 
restricted and limited field and he may easily, unintentionally, reduce a creative 
methodological idea to a mass of details treated in an exaggerated manner. 
For all our educational approaches we should impose as à safeguard the 
principle that we must not be more ‘purist’ in our teaching than are the 
mathematicians in their customary routine practice. Though it may seem 
paradoxical, this principle leads to a moderate conception of rigour in the 
initiation of pupils into the axiomatic method. » 

What is required above all is precision in formulating the definitions and 
theorems, precision which can be understood and accepted consciously by the 
average pupil. That is why we must find means of expression which, while 
preserving the correct mathematical sense, are not lacking in echoes of the 
intuitive images and lively colours of ordinary language. Some laxity of 
language consciously accepted in class, some simplifying conventions nap 
duced openly, the use of diagrams and symbols often with the Be o 
‘road signs’, all these may lighten the manner ofexpression withoutabandoning 
its essential correctness — à procedure also to be found in the routine practices 


of mathematicians. 


The question is therefore, to evolve optimum precision of language in 


mathematics teaching. Modern language facilitates verbal description, for 
it is possible to use terms. which were unknown In traditional teaching, to 
designate structures briefly. This may be seen, for example, in the formulation 
of modern axioms. But modern language for use in teaching, evolved for the 
greatest educational benefit, is still in its infancy. Traditional language 1s a 
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historical fact resulting from evolution; a change in this language would be 
a new historical fact established by a coup. But this revolution cannot be 
achieved by directly transferring the language of mathematical treatises to 
school textbooks; it calls for a great deal of educational work based on con- 
crete experience. Here we must draw attention to the very interesting and 
very convincing suggestions which can be found on nearly every page of 
Papy's books. There we see a new language in vivo, elaborated in a creative 
manner, making simultaneous use of verbal, symbolic and non-verbal means 
of expression with remarkable inventiveness (Papy, 1963). 

All such approaches require time and it is, therefore, not possible to develop 
axiomatic theory in education rapidly. In teaching, such development consists 
not only of a statement of a fragment of the ready-made theory, but above all 
of initiation into the method of true intellectual activity. During this develop- 
ment it is necessary to create pauses for reflection on the distance travelled, 
or on local organizations within a global organization. For this purpose it 
might be necessary to dispense with a proof from time to time. Three situations 
may occur in the course based on the axiomatic principle: (a) ‘complete 
proof, (b) outline proofs and (c) open omission of proof with information 
given by the teacher. The first and second may contain proofs or outline 
proofs evolved by the pupils themselves, and proofs with which they are made 
acquainted through the exposition of a pupil or the teacher, or through 
reading. 

All these forms exist in the professional mathematician’s practice. It 
would be impossible for him to prove in detail all the theorems he uses and in 
addition to ‘learn’ all these proofs in the manner required of the pupil. He may 
know only an outline of the reasoning in question; he may also content himself 
with information provided. There are no grounds for applying a more rigorous 
system in teaching. We must accept the fact that some fragments of an axiom- 
atic theory can and should be presented to pupils in the form of information, 
that some proofs can be omitted or merely outlined, provided the situations 
are absolutely clear. Pupils must realize that we have dispensed with the 
presentation or search for the proof in question, but that the theorem requires 
à proof that has already been established by mathematicians; they must also 
realize when they have been given only an outline proof and must distinguish 
this outline from a ‘complete’ proof. 

Of course this postulate can be questioned, since non-formalized — even 
very subtle — reasoning is only an outline of a proof (that is why we put the 
word *complete' in inverted commas). But non-formalized proofs considered 
as ‘complete’ are used daily by mathematicians who aimat optimum precision. 
This optimum precision depends on many different aspects and is defined only 
approximately by common sense, a certain *honesty' and experience. The 
same situation occurs in School, where optimum precision cannot be defined 
absolutely beforehand. It is ‘honest’, for example, to leave some gaps in a 
proof that can be easily completed by the pupils themselves; it is not ‘honest’ 
to conceal serious gaps which cannot be completed in class, but it is ‘honest’ 
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to leave them, explaining frankly to the pupils the reasons for the omission. 
For some fragments of the course which are in the nature of information, we 
save time which is needed for learning the method. 


Confrontation: the traditional and modern conceptions of the axiomatic 
method in teaching 


According to our plan outlined at the beginning, we must consider both the 
difficulties observed in traditional teaching concerning the concept of axiom- 
atic theory and the sources of these difficulties. Some of these difficulties arise 
from the erroneous presentation of the ideas in question, and will not occur 
in the modern presentation. More radical difficulties will have to be taken into 
account in the modern conception. 

Attempts to initiate pupils into the axiomatic method in traditional teaching 
were and still are — concerned only with elementary geometry. This situation 
is not favourable to the correct development of the methodological ideas 
in pupils’ thinking for many reasons. The following four reasons seem to be 
particularly conclusive: 


(a) As the pupil is not acquainted with similar processes in other fields of 
school mathematics, he is convinced that deductive construction is necessarily 
connected with geometry, and that it is merely the ‘geometric method’. 


(b) Efforts are made to introduce the axiomatic concept with examples 
concerning a field which is not favourable to this exercise. The classical 
axioms of geometry are complicated and difficult to express simply, concisely 
and precisely, particularly since traditional teaching uses only very few symbols 
and does not make use of the simplifying language of sets. 


(c) These complicated axioms — the only ones in traditional teaching — concern 
a structure deeply rooted in the concrete and explored with a technique which 
is obviously necessary and has many educative values, but which is singularly 
likely to confuse intuitive and formal aspects (geometrical drawings and 
models). In this situation the methodology of geometry may appear to the 
average pupil as artificial and ambiguous. 


f the concept of axioms and the meaning of proof in 


(d) The presentation o 
t correct, as it introduces fundamental misunder- 


the axiomatic theory is no 
standings from the beginning. 

The existence of educational and mathematical confusion in the teaching 
of traditional geometry is seen in the obstinate search for teaching methods 
which might ‘convince’ the pupil of the ‘necessity’ for deductive verification 
of theorems. 

Even the space devoted to this question in methodological works proves 
that the situation is not natural, that deductive reasoning appears to the 
pupil as a process imposed from outside: ‘We do this in mathematics.’ 
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Analysis of the typical suggestions regarding motivation of the method reveals 
even deeper confusion. 

We shall not discuss these typical ‘prescriptions’ and ‘motivations’ in 
detail here, but shall merely make some general remarks regarding the three 
groups formulated most frequently. 

The first group — independently of the methodological and philosophical 
positions of their authors — endeavour to shake the pupil's confidence in his 
conceptions based on experience and observation in geometry and to show the 
'superiority of reasoning over experience’. This argument is an obvious 
subterfuge used to extricate the teacher from a very awkward situation. 
In this connexion we find, for instance, the ‘prescription of illusions’. The 
pupil is presented with a drawing provoking an optical illusion. He checks 
his observation by measurement, for example, and finds with surprise that the 
drawing has deceived him; hence the conclusion, ‘reasoning is superior to 
experience.’ This conclusion is an obvious subterfuge, for the pupil discovered 
his mistake by measuring and could not correct his optical illusion otherwise. 

Another striking example of this type of confusion is the ‘prescription of 
sophisms'. We draw, for instance, a scalene triangle ABC, the perpendicular 
bisector of AB and the bisector of Z ACB in such a way that their point of 
intersection is inside the triangle (distorted drawing), which makes it possible 
to ‘prove’ that the triangle is isosceles. We draw the ‘conclusion’ that the 
drawing has deceived us and that we must reason independently of the draw- 
ing. This ‘conclusion’ could be immediately questioned by a pupil capable of 
opposing the authority of his teacher, for it would be sufficient to draw the 
diagram accurately in order to avoid the confusion; the only natural con- 
clusion would therefore be that one must draw accurately. 

Another ‘prescription’ lays stress on the ‘weaknesses’ of experience: it 
would be impossible to verify the theorem in question on ‘all possible figures’, 
as measurement gives only approximate results, constructions are inaccurate, 
etc. Hence the conclusion, *Reasoning is superior to experience.’ This is 
another subterfuge. If the experimental method consisted in verifying all 
possible cases, if generalizations on the basis of approximate measurements 
could not be made, the experimental sciences would not exist. The argument 
we have just mentioned is evasive for it tries to get out of difficulty without 
bringing what is solely valid here: the object ofthe mathematical research, the 
abstract diagram, which cannot be studied experimentally because of its 
very character. 

The suggestions of the second group try to relate to the object of research. 
A strict distinction is made from the outset between the *thought figure' and 
the ‘drawn figure’ or the ‘object with the form of that figure’, or between the 
"thought operation' and the 'concrete operation' (drawing), and it is proposed 
to show from the outset the ‘thought’ figures and operations as proper 
objects of study. In this situation it is easier to establish in beginners a concept 
of verification ‘by reasoning’. But it would be illusory to identify this concept 
with the notion of proof in an axiomatic theory. For the average pupil, ‘to 
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prove’ means ‘to convince’ and to convince a reasonable person it is sufficient 
to show that what appeared non-evident is evident in the light of reasoning. 
To achieve this result it is sufficient to reduce the theorem to an intuitive 
premise; to reduce everything to axioms by force smacks of eccentricity. 

The ‘prescriptions’ and ‘motivations’ of the third group relate to this 
spontaneous interpretation of proof. In discussion with the pupils the social 
aspect, relativity of evidence, is emphasized. The teacher at first plays the 
part of the habitual opponent. The pupils gradually become involved in this 
intellectual battle. Some of them acquire a taste for it and soon become 
habitual disbelievers, finding difficulties where there are none. Gradually the 
pupil who is doing the proof and who has to defend himself begins a dialogue 
with himself, The debate with the others is transformed through this interioriza- 
tion into more and more precise reasoning. The pupils become accustomed 
to themethod. But we must not fall into further illusions : becomingaccustomed 
to a certain procedure and understanding the methodological significance 
of it are not the same thing, as may be seen absolutely clearly from the results 
of our research. The pupils — even in the higher classes — have two different 
concepts of ‘truth’ in geometry and two different concepts of ‘proof’: natural 
and scholastic (‘required by the programme’, as one fifteen year old put it). 
The traditional presentation of the method is not conducive to eliminating 
this duality. 

An analysis of textbooks and works on the methodolog 
mathematics teaching enables us to establish a classification ol 
frequent conceptions presented to pupils in connexion with the 
method’. Let us first of all consider the typical explanations. 


y of traditional 
f the most 
‘deductive 


(a) A priori evidence 

(i) Fundamental concepts — completely clear concepts, which we cannot 
define ; axioms — absolutely evident theorems, which we cannot prove. 

(ii) Primitive concepts — such simple concepts t 
axioms — such evident theorems that they require no proof. 


hat they require no definition ; 


(b) Evidence based on experience 
ecting certain objects existing in real space; 


Primitive concepts — concepts refl : i 
axioms — simple propositions based on observations which by continual 
repetition have become more strongly imprinted on themind than others. 


(c) Method and logical order 

explain the meaning of a concept without reference to 
ble to prove the theorem without basing 
one's reasoning on other theorems. In order to avoid the regressio ad infinitum 
we must accept certain concepts without definition as primitive concepts and 
certain theorems without proof as axioms. We are usually told that these 
fundamental concepts are established by free choice, but also by taking into 
consideration evidence based on experience or on intuitive representation. 


It is not possible to 
another concept. It is not possi 
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Less frequently we are told that the choice is determined by simplicity and 
convenience in the development of the theory. We may also be referred to the 
idea of pre-existing simplicity, even in recent textbooks. 


(d) Implicit definition 

(i) Axioms — propositions, accepted without proof, expressing characteristic 
properties of primitive concepts, of which we know nothing else. 

(ii) Axioms — the most important information, without which it would be 
impossible for us to use primitive concepts. 


The above explanations obviously reflect the various stages of development of 
the concept of the axiomatic method. Interpretation (a) reflects the idealistic 
conception of Proclos, interpretation (b) the realistic conception of Pasch. 
According to Proclos, axioms and postulates are clearer than the deduced 
theorems which are devoid of such clarity. Two thousand years after Proclos, 
Pasch writes of primitive concepts as follows: ‘die Kernbegriffe wurden 
nicht definiert, keine Erklärung ist imstande, dasjenige Mittel zu ersetzen, 
welches allein das Verständnis jener einfachen, auf andere nicht zurückführ- 
baren Begriffe erschliesst, nämlich den Hinweis auf geeignete Naturgegen- 
stände’ (Pasch and Dehn, 1926, p. 15). 

As regards axioms: ‘Kernsätze gründen sich auf Beobachtungen, die sich 
unaufhörlich wiederholt und sich fester eingeprägt haben als Beobachtungen 
anderer Art’ (p. 16). 

Regarding certitude: ‘Die Unanfechtbarkeit der Beweise, durch die 
Lehrsätze auf die Kernsätze zurückgeführt werden im Verein mit der Evidenz 
der Kernsatze selbst, die durch einfachen Erfahrungen verbürgt sein sollen, 
gibt der Mathematik den Charakter höchster Zuverlässigkeit, der man ihr 
zuzuschreiben pflegt’ (p. 92). 

These two conceptions were, and still are, reflected in traditional teaching 
and its language, where the term ‘evident’ is used in the sense of Proclos’ 
idealistic doctrine or of Pasch’s realistic doctrine, the confused concept of 
evidence being the source of many misunderstandings. For the pupil, most of 
the theorems proved are no less evident (sometimes they are more evident) than 
the axioms themselves. Axioms are no more directly suggested by experience 
than other theorems. In this situation the explanation of the meaning of the 
axiom based on evidence cannot be comprehensible. The question why we 
must prove evident theorems, why we must use in the reasoning only the 
properties expressed in the definitions, etc., cannot, therefore, be answered in 
a manner which would be regarded as reasonable by the average pupil. 

If we compare the pseudo-realistic conception, which is a popular version 
of Pasch’s programme, with the concept of the axiom conceived as the 
definition of a structure, we see that the modern conception is more conducive 
to the correct presentation to the pupils of the mutual relations of experience 
and abstract thinking in geometry. The pseudo-realistic explanation conceals 
the fact that if the axioms of geometry reflect our experience concerning real 
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space this is not a mechanical reflection occurring independently of the 
organizing activity of human thinking, stimulated by real problems which it 
has to solve at once. 

The modern conception of structure is closer to reality. If from the outset 
in the ‘inductive synthesis’ we could make the pupil conscious of this opera- 
tion of schematization extrapolating and transmuting real data into an 
abstract diagram, he would better understand the object of his study in 
geometry and the axiomatic method. 

Interpretation (c) endeavours to bring out the hypothetical and deductive 
character of geometry. But while this character can be easily grasped by 
the beginner locally, the same cannot be said of the over-all theory. Inter- 
pretation (d) refers to implicit definition, but this concept is not, and cannot 
be, achieved logically in teaching classical geometry. It is said that axioms are 
‘propositions, accepted without, proof expressing characteristic properties of 
primitive concepts, of which we know nothing else’, but we use from the outset 
drawings and models in a manner exceeding their symbolic role. The expres- 
sion, ‘of which we know nothing else’, is in contradiction with the procedure 
itself, which relates continually to observations, images or spatial intuitions. 

In mentioning the above four sources of difficulties in traditional deduc- 
tive geometry we realize that we have outlined only certain selected aspects 
of the problem. Nevertheless it seems to us that this superficial and fragmentary 
survey enables us to formulate conclusions which would perhaps be useful 
in the elaboration of the new teaching of the axiomatic method. 


(a) The axiomatic method should be introduced on the example of the simple, 
polyvalent axiom, having models familiar to the pupils. The roles of definition, 
theorem and proof in the general axiomatic construction might be brought out 


without confusion. 


esenting the axiom as the definition 


(b) It would be necessary to find ways of pr 
f the study conceived as the search 


of a structure which is the proper object o 
for a more and more detailed description of that structure, which possesses 
certain properties expressed in the theorems. The formal criterion of verifica- 
tion would be solely acceptable in this situation; the relation between the 
concrete, from which this structure was derived, and its abstract character 


could be presented clearly and correctly. 


(c) More complicated theories, or those more deeply rooted in the concrete, 
such as geometry, could be studied axiomatically thereafter, the pupils being 
previously initiated into the method by means ofa simpler example and already 
knowing some elementary structures necessary for the modern structurization 


of intuitively familiar fields. 
we are of the opinion that great care must be taken 


ensure equilibrium between the topological and 
description of classical space, and reasonings 


As regards geometry. 
from the teaching standpoint to 
algebraic structures used in the 


Confrontation 


based on algebraic calculations’ and ‘qualitative reasonings’ (Krygowska, 
1962, 1963). 
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Psychological and Educational 
Research Bearing on 
Mathematics Teaching 


Prepared by E. A. Peel, Professor of Educational Psychology, University of. Birmingham 


The field 


‘The days when a teacher of mathematics could shut his eyes to psychology, 
and dismiss it as well-meaning advice of which he had no need, or as opinion 
which he did not share, are gone.’ (Fletcher, 1964, p. 2.)* This is heartening 
reading but let us educational psychologists not over-state the significance of 
educational and psychological research for the study of mathematics teaching, 
learning and understanding. As Cronbach observed, the teacher ‘developing 
anew curriculum expects the psychologist to know when a child can be taught 
certain subject matter or how one can best present some idea.’ Cronbach then 
warned that this ‘trust in psychology is a source of embarrassment, for we not 
only lack the answers to most of these questions but we find that such questions 
are incapable of being given a general answer” (Rosenbloom, 1964, p. 19). 

However, this does not mean that we are unable to offer some helpful 
comment to the teacher of mathematics, particularly when psychology is 
concerned with human learning and thinking, and educational research is 
directed towards problems in mathematics and nearly allied fields. But we 
must remind ourselves that research in educational psychology is relatively 
recent, whereas, although the craft of education may not be the oldest in the 
world, it is near to being so. Furthermore, the educational psychologist cannot 
work effectively without the mathematician. As in the developing technique 
of programmed instruction, progress is best made by a team composed ofthe 
specialist teacher and the educational psychologist. 

In this chapter the discussion will be primarily concerned with intellectual 
and cognitive aspects of the learning of mathematics. Even where the topic of 
motivation is touched upon it will be in terms ofthe concept of curiosity which 
itself relates very closely to the tendency to form hypotheses and to explore 
intellectually. 

One can analyse intellectual and cognitive activity in a systematic way by 
considering differences in two dimensions: differences between individuals at a 
given age or time, and differences in the same individuals between different 


times, as in learning, development and thinking. 


+ References for chapter 4 will be found on p. 171. 
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Differences between individuals at a given time lead us to study mathe- 
matical ability by the use of mental and scholastic tests. 

Although these differences are important, studies along the time dimension, 
whether of short duration as in thinking, problem solving, concept formation, 
or of longer periods as in learning, intellectual development and curricular 
problems, are much more significant for the teacher of mathematics. 

This rationale of two kinds of difference — between different individual 
pupils at a given time, and between the same pupils, or an equivalent sample, 
at different times — provides a systematic framework which leads to research 
in the following five major fields: 


(a) Intellectual ability and individual differences in mathematical aptitude and 
attainment. 

Examples: What is the mean and range of mathematical performance at 
particular ages? Are there mental factors at certain ages which can be asso- 
ciated or identified with mathematical abilities? 


(b) Experimental study of the growth of thinking, particularly with reference 
to number, spatial relations, geometry, classification, the development of 
mathematical concepts and operations and the nature of mathematical 
experience. 

Examples : How do the mathematical ideas of children develop? How does 
their visual and haptic (touch, kinaesthetic, motor) perception of geometrical 
forms mature? How do they build up arithmetical operations? 


(c) The nature of concepts, productive thinking and problem solving. 

Examples: Are there psychologically different ways of solving problems? 
What is the sequence of mental operations in forming a concept? What are 
the qualities of productive thought in mathematics? 


(d) Mathematics learning with reference to methods, programmed learning, 
learning sets (learning to learn) and the spread of learning. 

Examples: What are the conditions for learning mathematics? How can 
mathematical tasks be broken up to improve learning of mathematical ideas? 
Can we teach thinking? 


(e) Curricular studies aimed at revising and improving the mathematics 
curriculum. 

Examples: What should be introduced? How should the new mathematics 
be taught? 


Intellectual ability with special reference to mathematics 


Studies of general and mathematical abilities do not have the most to offer 
teachers of mathematics, but historically such research was the first to develop 
a clear attack on mathematical problems and it has attracted many teachers 
ofmathematics, who were also interested in educational psychology, influenced 
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by the Galtonian tradition. These include Jenkins (1939), Lee (1955), Saad 
(1957) and Wrigley (1958). 

The method consists first of carrying out a job analysis of mathematical 
activity which leads to the construction of a battery of psychological and 
educational reference tests which are given alongside tests of mathematics to 
a group of pupils. The matrix of correlation coefficients between all tests is 
analysed by standard techniques of correlational analysis to yield mental 
‘factors’ which account for the original data and have to be interpreted in 
terms of the test material used. Reviews of studies of mathematical ability are 
given by Vernon (1950. pp. 38-42. 46-8. 116- 18)and Wrigley (1958). In general 
there appears to be a hierarchy of mental abilities headed by general intelli- 
gence followed next by a division into two basic group abilities: those con- 
sidered the basis of the comprehension of words, connected prose, number 
and other symbolic systems, usually described as verbal-educational; and 
those conducive to visualizing and thinking spatially in two and three dimen- 
sions and also in problems of movement, often labelled spatial-kinaesthetic. 
These two basic group abilities may be further subdivided into more specialized 
intellectual powers and so on. 


general intelligence 
| 


1 2 
verbal-educational spatial-kinaesthetic 


[ | 1 
word symbolic number spatial motor 


fluency 


Where does mathematical ability lie in this hierarchy? The answer is not 
easy to give. 

The findings and theories offered are n 
mathematical ability. We do not on the w. 
that general intellectual ability is important (a trite observation to make to 
any experienced teacher) and there is a group factor we might call mathe- 
matical ability. Attempts to analyse this in greater detail reveal number, verbal, 
spatial, thinking elements intricately mixed up with material content elements. 

Many of the factorial researches to date have produced a rather confused 
picture because thinking categories have been mixed up with content cate- 


gories (arithmetic, algebra, geometry. trigonometry, mechanics, etc.) and also 


with attainment measures. If we are to investigate whether the hierarchy of 


factors suggested by Burt (1949) and implied in Piaget’s (1953) theory of 
intellectual development do hold for mathematics, we might restrict the 
analysis to arithmetic, algebra and geometry separately, as was done in 1956 
by Kline, who investigated ability in algebra. He used eighteen algebra tests, 
including tests of fractions, quadratics, factoring, radicals, exponents, sym- 

d twenty reference tests of a psychological and 


bolizing and word problems, an 
educational kind. He found four marked factors. These he called verbal 


ot at all conclusive on the nature of 
hole obtain a clear-cut picture, save 
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comprehension, deductive reasoning, algebraic manipulative skill and number 
ability. 

Even when psychological reference test material derived from Piaget's 
researches (see section 4.2) is incorporated into factor analyses of mathe- 
matical ability (Evans, 1965), its sensitivity seems to be obscured by the 
correlational methods used. 

The attempt to analyse mathematical ability in terms of mental factors is a 
worthwhile exercise in psychology, but what is its value to the teacher of 
mathematics? It suggests that understanding and progress in mathematics is 
related to these more or less innate propensities. But the teacher should 
neither accept too readily these findings nor lean too heavily on the assump- 
tion underlying the thinking which promotes these studies. Over emphasis of 
mental abilities may lead to a relative neglect of the changes possible from 
good teaching. 

The other side of the study of individual differences in mathematics provides 
evidence of the mean performance and the range of performance of groups of 
pupils in various branches of mathematics learning and understanding. Saad 
(1957, 1960) revealed a greater extent of errors and misunderstanding in the 
arithmetic, algebra and geometry taught in middle grammar-school forms than 
most teachers would expect. Storer (1956) found similar results when he 
investigated the errors made by middle grammar-school pupils in algebraic 
fractions, and demonstrated that they are more extensive than normally 
assumed by educationists. Many of the errors suggested wrong transfer and 
generalization on the basis of false analogy and incomplete structuring. Land 
(1963) revealed a similar weakness in the mathematics attainments of school 
leavers and in 1956 the Educational Testing Service, Princeton, observed that 
‘many students who are apparently capable of doing well in mathematics 
courses fail to do so.” 


Studies of the growth of pupils’ thinking 


There is no doubt that educational and psychological research into the growth 
of pupils’ thinking, much of it carried out and inspired at Geneva under the 
direction of Piaget, Inhelder and their co-workers, has the greatest significance 
for teaching mathematics. This applies both to the studies of children’s general 
intellectual development and logical development, and also to the more specific 
studies of the growth of number and mathematical concepts. There have been 
several major publications describing the method, results and underlying 
thinking in this field, but of particular interest to the teaching of mathematics 
are Piaget (1950), Piaget (1952), Piaget and Inhelder (1956), Inhelder and 
Piaget (1958), Piaget, Inhelder and Szeminska (1960) and Piaget and Inhelder 
(1964). A study of the test situations utilized by the Geneva workers and the 
reactions of the children which abound in these publications might well be 
studied by all teachers of mathematics interested in the contributions that 
psychology might make to their subject. 
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In the study ofchildren’s concepts of number Piaget (1952) first investigates 
the way in which they arrive at the invariance of wholes and conservation of 
quality, and then the problem of one-to-one correspondence leading to 
cardinal and ordinal meanings of number is very carefully probed; finally 
he studies the way in which children combine classes and numbers additively 
and multiplicatively. The study of the relationship between class and number 
is peculiarly appropriate nowadays when the teaching of sets in primary and 
secondary schools is becoming increasingly widespread. 

The study of the child’s conception of space (Piaget and Inhelder, 1956) 
brings out an important sequence in the growth of his spatial ideas which link 
very closely with basic structures recognized by mathematicians, one of these 
being topological structure. In their book on the growth of the child’s 
spatial concepts, the authors show that topological space is first appreciated 
and that projective and Euclidian space only appears later. The authors make 
use both of haptic* and visual perception and their results have been con- 
firmed by other workers outside Geneva. 

The monograph on the growth of the child’s conception of geometry 
(Piaget, Inhelder and Szeminska, 1960) attempts to do for geometrical ele- 
ments — angles, lines, etc. — what is done in the earlier book for number. 

The Growth of Logical Thinking (Inhelder and Piaget, 1958) marks a first 
serious attack on the nature of intellectual growth during adolescence and, 
although it is primarily concerned with thinking in the field of science, much 
of the material does relate to thinking in mathematics, particularly in its 
emphasis on the importance of structure. - 

Lastly, of great interest to primary teachers is the more recent publication, 
The Early Growth of Logic in the Child (Piaget and Inhelder, 1964). Here the 
investigators are concerned with how the child comes to classify and order 
within the class, and in many ways its findings are very similar to those ob- 
tained by Vygotsky (1962). The capacity to group and order the environment 
in a logical way is something which the child acquires only slowly in the first 
few years and he demonstrates his difficulties both in arriving at criteria for 
grouping and also in recognizing the structural properties these criteria 


possess. A ; 
In England, Lovell (1961) carefully repeated many of the earlier experiments 


on children's concepts of number, material, space and time, and substantially 


confirmed the broad findings of the Geneva school. | N 
These books offer the reader most valuable information about the empirical 


side and the sensitive probing which has been carried out at Geneva into 
thinking related to mathematics, but the books are so numerous and extensive 
that it is not always easy to geta clear-cut picture of the hypotheses being tested 


and the theoretical conclusions emerging from the work. . | 
There is one further publication, Logic and Psychology (Piaget, 1953), which 
sets out clearly for the more sophisticated reader most of the main features of 


*Haptic perception refers to the recognition of shapes by touch and manipulation only, without 


the aid of vision. 
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Piaget's system, but this is not a monograph for those inexpert in his mathe- 
matical logic. Piaget gave a first-hand account of his system at two symposia 
held at Cornell and Berkeley, and fortunately the reports of these symposia 
have been published as Piaget Rediscovered (Ripple and Rockcastle, 1964). 

Piaget’s four personal papers in the symposia include one on development 
and learning, which sets out the essence of his entire system, and another on 
development of mental imagery. which appears to be particularly significant 
for mathematics since he sees mental imagery as being integrally related to the 
nature of knowing. Two aspects of knowing are differentiated : the figurative 
and the operative. The figurative deals essentially with fixed states and the 
operative with transformations leading from one state to another. The 
operations involve transformations which are part of a total structure. The 
third paper, on mother structures and the notions of number, is of central 
interest to the mathematics teacher. Piaget points out that studying the 
development of knowledge in children resolves problems inherent in under- 
standing human knowledge, particularly scientific and mathematical know- 
ledge. He reminds his readers that the three mother structures of mathematics 
distinguished by the Bourbaki group - algebraic structures, relations of order 
and topological structures — have their counterparts in the evolution of 
children’s thinking. In his fourth paper he is concerned with the relations 
between the notions of time and speed in children. 

Turning back to his first paper on development and learning, I want to 
summarize what he has to say on the nature of experience. His formulation of 
this problem is the clearest that has yet been made and unequivocally pinpoints 
the central problem in the teaching of mathematics. Experience is of two kinds: 
first, physical, whereby the child learns and constructs the actions and opera- 
tions by which he organizes his environment. These range from simple counting 
to grouping, classifying, subdividing, composing and the like, and form the 
conceptual and operational basis of his interpretation and control of his 
physical environment. But this is not all there is to experience, The actions and 
operations by which the child organizes his environment have their own 
properties. This is called the logico-mathematical aspect of experience and is 
illustrated by the case of the child who learns that counting a set of objects 
leads to the same result whether he counts from front to back, back to front, 
or whatever the configuration in which the objects are arranged. Similarly, 
the logico-mathematical experience underlying the physical act of grouping 
and classifying is what we know as the algebra of sets. Yet again we have the 
difference between the perceptually based concept of the circle and the mathe- 
matical properties and theorems which define a circle. Saad (1960) investigated 
the mathematical understanding of grammar-school pupils from fourteen to 
sixteen years old and found many instances of describing by a spatial picture 
instead of by mathematical properties. 

Keats’s (1955) ingenious experiment to show how far concrete reasoning 
had to precede formal thought also illustrates the distinction between the act 
of carrying out a concrete operation and the formal properties of such an act. 


Psychological and Educational Research Bearing on Mathematics Teaching 


157 


Thus he had problems like 
8-7+7=D? 
which could be solved concretely, by the process oftaking 7 from 8and adding 
7, and problems like 
A-B+B=D? 


which can only be solved by recourse to the principles of inversion and 
reciprocity. Of course a child may solve 8—7+7 formally by reference to these 
principles, but 4— B-- B and A oB x B, where o is an operation and x is its 
inverse, cannot be solved concretely. 

Similarly he had concrete inequalities such as: 


(a) Harry runs faster than Jim. 
Harry runs slower than Sam. 
Now underline the correct answers: 
Jim runs faster than Harry. (right, wrong, can't say) 
Sam runs faster than Jim. (right, wrong, can't say) 


(b) L,H and E are boys. 
o means taller than, faster than, darker than; 
x is its opposite. 
LoH 
LxE 
Now underline the correct answers: 
H o L (right, wrong, can't say) 
ExH (right, wrong, can't say). 


Whether Keats's pupils solved the ‘concrete’ problems in numerals, actual 
names and concrete operations by a concrete process or a formal one is 
immaterial to the point being made here. This is that the actual operation of 
adding, subtracting and comparing have properties which include those of 
inversion and reciprocity. 

In essence mathematics concerns the properties ofthe operations by which 
the individual orders, organizes and investigates his environment. These 
properties constitute logical and mathematical structure. 

The distinction between physical and logico-mathematical experiences, 
differentiating between actions and operations on the one hand, and their 
properties, logical and mathematical on the other, seems to lie at the root of 
the precepts advocated by several contemporary experimenters in the teaching 
of mathematics, although in fact they may not use the same names to describe 


the distinction. 
Thus Skemp (1961) ma 
of children’s number awa 


de an attempt to extend what Piaget did for the study 
reness to their mathematical thinking. Skemp begins 
by assuming that concept and operation are the basic ingredients of mathe- 
matical thought and then distinguishes between concept formation and the use 
of operation on the one side (physical experience?) and their manipulation 
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reflectively on the other (a knowledge of the properties of the concepts and 
operations?). This latter he called reflective activity and regarded it as the 
essential feature of mathematical learning and thinking. He then devised tests 
of concept formation and in the case of operations with those of combining 
and reversing. The test material consisted of shapes, patterns and two-dimen- 
sional geometrical figures and his pupils ranged from fourteen to fifteen years 
of age. He correlated the scores in the different tests with performance by the 
pupils on a GCE mathematics test. His hypothesis postulated that reflective 
activity is as essential for mathematics as classifying activity is for arithmetic. 
The results showed a clearly more significant correlation between mathematics 
and the reflective scores than between mathematics and the scores on the 
formation and use of concepts. 

The parallel between this thinking and that exemplified in the instance 
quoted from Keats seems apparent. One may debate as to how far Skemp’s 
test for reflective activity, which in the case of concepts involved merely finding 
double-attribute concepts, as for example in identifying the property of 
triangles with curved sides from an array of figures with three, four or five 
sides, some of which had curved and some straight sides, is in fact different 
from that used for simple classification, wher a one-attribute concept was 
used, as in curvilinearity as against rectilinearity. 

Both writers show that the earlier concrete, physical experience must be 
developed before one can move on to the second experience, that of logico- 
mathematics, which is concerned with the properties of the criteria of the first 
experience. The point is that, unless there is experience in existence, any 
attempt to describe its properties is going to be rather arid and fruitless. 

The work of Dienes is also based on this principle, as is shown clearly in his 
monograph, Concept Formation and Personality (Dienes, 1959). Here he 
attempted to determine the psycho-dynamics of the process of concept forma- 
tion and to discover in what ways the ability to form abstract concepts con- 
nected with other aspects of the personality. He worked with ten-year-old 
children and devised two ingenious tasks from which he was able to trace and 
score how the children formed mathematical concepts (using apparatus). The 
first task involved arriving at concepts of: elements of a group, product of 
elements, identical and different elements, and transformation of one identity 
to another. The second involved the ‘inequality of integers’ in a binary choice 
system. 

His major hypothesis is that concept formation by different individuals 
depends on their powers of insight. Insight is used in the sense described by 
the Gestalt psychologists and refers to the discovery of essential structures aS 
set out by Wertheimer in 1945: 


(a) the speed with which successive insights tend to be made; 
(b) the emotional intensity of the insights; 


(c) the number of separate insights, or the existence of or lack of connexions 
between different insights. 
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Figure 32 The area ofa parallelogram is found by relating it to the 
area of a rectangle 


What Wertheimer meant by structure is well thought out in the following ` 
instance. 

After children learned to find the area of a parallelogram, beginning with 
the rectangle (Figure 32), Wertheimer discovered that ‘it does happen that, 
having found or having been shown how to get the area of the parallelogram, 
children who are asked to find the area of the trapezoid, or of any of the 
following figures, are not at all helpless, but after some deliberation, some- 
times with a little help, produce fine, genuine solutions of the kind that follow.’ 


LI / 


Figure 33 Trapezoids whose areas are to be found 


In all the cases illustrated in Figure 33 it is possible to solve the problem by 
changing the figures sensibly (A-responses) or to apply the learnt operations, 
or some of them, blindly and unsuccessfully (B-responses). 

A-responses are shown in Figure 34. The subjects change the figures into 
rectangles by shifting the triangles. They will not give B-responses (Figure 35). 

Dienes was also able to separate formal analytical from constructive judge- 
ments. Girls were found to be more constructive, boys more analytical. 

This material requiring intellectual action was correlated with various 
personality assessments in order to attempt to answer the second part of the 
task undertaken in the research. The connexion between intellectual activity 
and emotional drive was found to be more intimate in the case of boys. 

Not the least value of the research is the insight Dienes provides for us 
about the pupil's capacity to understand novel ideas — and the path he opened 
up for modelling, teaching and testing these concepts. What Dienes appears 
to be doing here, and in his later applications to the actual teaching of mathe- 
matics (Dienes, 1960; Land, 1963, pp. 49-57), is to model the properties of the 
actions and operations as well as to build up these actions, operations and con- 
cepts in a concrete way. Thus he not only forms the concepts and operations 
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Figure 34 A-responses: the shapes are altered to produce rectangles of 
equal area, by adding and taking away triangles of equal area 
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Figure 35 B-responses: the blind and unsuccessful application 
of a learnt rule 


concretely but also models their logico-mathematical properties in various 
Ways so as to arrive at true mathematical experience. Others have brought out 
these same differences between physical experience and logico-mathematical 
experience in other fields of thinking and also in studies of more advanced 
mathematics. 

In American circles the work of Bruner (1961) (see also Morrisett and 
Vinsonhaler, 1965, and NSSE, 1964, ch. 13) lies nearest to the thinking of 
Piaget and his colleagues, and of Dienes. Bruner is essentially concerned with 
improving the quality of the mathematical thinking of pupils and, like the 
other developmentalists, insists that mathematical processes should be dis- 
covered through concrete experience in the earlier stages of learning Wong 


en is making similar attacks on the problems of mathematics teaching in 
alaya. 


A ie (1960, pp. 72-4) compared the ways in which a group of young 
ado 


escents aged from eleven to thirteen years learnt and operated a new 
number system (to base six) with the methods used by adults. The results 
Support the findings of Keats and Skemp. Many of the schoolchildren were 
able to apply the new number System successfully merely ‘by first translating 
into the decimal system, obtaining the answer in this system and then re- 
translating by means of the key which they extended to meet their require- 
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ments’. Many adults, on the other hand, are able to ‘think’ in the new system, 
being able to generalize the essential relationships, and then combine them 
and reverse them (reflectively as Skemp would say), showing a grasp of the 
logico-mathematical properties of the relative steps. Peel’s (1960, p. 100) code 
experiment demonstrated a similar difference between children in the age 
range from nine to thirteen years and seventeen or eighteen year olds. 

In all these researches the change-over from concrete to logico-mathematical 
experience seems to take place during the period between eleven and fourteen 
years ofage, the exact age of the transition depending partly upon the difficulty 
of the concept : eleven or twelve for spatial material, thirteen for symbolic and 
verbal, and even older for such ideas as momentum, limits and infinity. 

There have not been many studies of the growth of thinking in coordinate 
geometry and calculus, but a useful exception is the research by Reynolds 
(1961). He prepared questionnaires on some items in coordinate geometry, 
algebraic formulae, equations and identities, limits and infinity to be answered 
by pupils in first, third, fifth and sixth forms of five schools. The aim was to 
discover the way in which the children’s concepts of these topics developed. 

At different stages, restricted or vague ideas are revealed on the conception 
of the distance of a point from a line, the basic ideas of coordinates and axes, 
the significance of the graph of an equation, and on variables. In formulae 
there is great difficulty in expressing ideas in symbols, a limited idea of area 
and perimeter, and confusion on the features distinguishing equations, identi- 
ties and formulae. The younger children show some general appreciation of 
large finite numbers and of non-ending processes, but in the latter there were 
contradictions and impasses. The older children have broader ideas on limits, 
infinity and comparisons of infinite quantities, but it is only in the sixth form 
that non-ending processes are constructed to deal with 


From the analysis of the results, different emphases and approaches are 
given for teaching coordinate geometry and formulae. They are based on the 
provision of a variety of experience in a concept. before formal work, and on 
linking closely the growth in symbols with the growth in ideas. It is intended 
that the understanding of concepts shall be present before skilled manipulation 
be done. A plea is made for the specific teaching of ideas in limits and infinity, 
and suggestions for their teaching are given. All the topics dealt with are 


brought together in an approach to the calculus. 


Concept formation, productive thinking and problem solving 


The difficulties inherent in forming mathematical concepts find their parallel 


in other subjects and in the simplified experiments carried out in psychological 


laboratories. 
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The three aspects of a concept, its extension, its intensive property and its 
name or symbol, present problems in learning mathematics. 

The act of classifying lies at the basis of concept formation. Thus the 
grouping together of coins, counters and discs of all kinds constitutes the 
extensive aspect of a concept, and the explicit formulation of the property 
common to all the objects in this class makes up its intensive aspect. As Saad 
(1960) has shown, this latter can range widely in secondary-school children 
from the property of being ‘round’ to the articulate geometrical formulation 
of ‘a path in a plane which is always the same distance from a fixed point in 
the same plane’. A 

It is quite common to find, even with adults, that people may discover the 
extensive part of a concept before they are able to formulate the rule or 
intensive property which characterizes the extension. This may be demon- 
strated by the Vygotsky (1962) block test, which consists of twenty-two blocks 
varying in colour, shape, height and size, there being five colours, six shapes, 
two heights and two sizes. On the bottom of each block, not seen by the 
subject, are printed one of four nonsense syllables ‘lag’, ‘bik’, ‘mur’, ‘cev’, these 
being apportioned as follows: 


‘lag’ on all tall large figures, 
‘bik’ on all flat large figures, 
‘mur’ on all tall small figures, 
‘cev’ on all flat small figures. 


The game consists of the experimenter turning up a block and asking the 
subject to put together all those blocks he thinks will have the same ‘name’. 
When he has done this the experimenter then turns up one of his wrong 
choices and asks him to try again. Then he turns up another ‘wrong’ choice 
and so on. 

The upturned blocks remain with their names showing. Eventually the 
subject should finish up with four piles classified by the twofold categories 
listed. 

A common result of the experiment is to find that the person tested has been 
able to form the four groups but is not immediately able to say what is the 
exact basis of the grouping. 

The test reveals in young children that the power to classify logically does 
not come into being ready made. It is preceded by grouping first in heaps, the 
basis of whose selection is highly subjective and even representational, and 
then into complexes, based on concrete and factual criteria, as by using co 
in spite of the different names, and by making half-objects. The criteri. 
action for logical classification only appears later. 

There is a rough parallel between the extensive and intensive aspects of a 
concept and the ideas of generalization and abstraction. When we talk about 
generalization, whether in science, mathematics or in the humanities, we are 
in fact thinking of the widening of the extensive part of the concept to include 
new cases etc. This may in turn have an effect on the intensive aspect or rule. 


lour 
a of 
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In one sense this rule has been abstracted and hence we may think of the 
intensive element as being equivalent to abstraction. But abstraction is used 
in other senses by the mathematician. One such meaning is as follows: 
generalization carries with it the idea of logical inclusion (of sets within sets 
etc.), whereas abstraction implies the logical membership relation. Yet again 
many people use the two terms of generalization and abstraction as being 
interchangeable. 

The third element of a concept, its name or symbol, produces many deep- 
seated problems in the learning of mathematics. Dienes reminds us firmly of 
the tendency in the young learner to detach the symbol too readily from what 
it symbolizes and the subsequent tendency to concentrate too much on 
symbol manipulation. Teachers and textbooks in mathematics very often 
contribute to this same process of separation of the symbol from the concept 
it symbolizes. It should be noted that the choice of a symbol is often quite 
arbitrary and that this also makes for separation. 

Concepts have been described as the organizers of experience. They are 
first formed and then they are utilized to guide explanation, inquiry, productive 
thinking and problem solving in situations which arise independently of those 
leading to the formation of the concepts. The formation and utilization of 
concepts are not always clearly separable, but in the main, in explanatory 
thinking, productive thinking and problem solving, it is the use of concepts 
which is most important. 

Keeping the distinction in mind between formation and use, let us now turn 
to study creative thinking and problem solving. In his discussion of productive 
thinking, Peel (1960, ch. 7) describes and evaluates the research carried out by 
Wertheimer, by Duncker (1945) and by Luchins (1942). 

Wertheimer used exclusively mathematical problems such as finding the 
areas of geometrical figures and summing progressions, and in teaching these 


made full use of the ideas generated by the pupils whom he prompted and 


probed in order to discover the way in which they arrived at mathematical 
structures significant to them. As a result he made the idea of structure an 
essential part of his exploration of thinking. Thinking consists of ‘envisaging, 
realizing structural features and structural requirements; proceeding in 
accordance with and determined by these requirements; thereby changing the 
situation in the direction of structural improvements, which involves: that 
gaps, trouble regions, disturbances, superficialities, etc., be viewed and dealt 
with structurally’. 

Similar research intended to test the relative efficiency of the analytical 
and intuitive approaches to problem solving were reported from Florence by 
Marzi (1962). This work stems from the experiments of Bartlett (1958). The 
constructive-intuitive method leaves jumps, whereas the analytical one 
‘makes use of disjunctions, conjunctions, associations and successive efforts 
as the necessary “steps” towards the same and only solution of the problem’. 
The results enabled the investigators to discuss the following points: 
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How is previous knowledge used? 

The importance of conventional procedures. 

Thedetection ofa mistake does notautomatically imply that it will be corrected. 
The importance of the concepts of ‘key-move’. (See the note (p. 159) on 
Wertheimer’s trapezoid problem. There the key move was the recognition of 
the addition and subtraction of equal areas.) 

How are intuitive ‘jumps’ made possible? 

Where does the analytical process lead? 


Duncker’s (1945) well-known research on problem solving revealed two 
extremes in problem solvers: those who used mechanical methods and those 
who reached a solution organically. In the first, a less pertinent type of 
heuristic is used than in the second, where the end point guides the solver to 
rephrase the problem successively in an ‘organic’ way. By the first type of 
heuristic the pupil places the problem ina ‘field’ of possible theorems and tries 
these out in a too general and relatively purposeless way. Peel (1960, pp- 
158-65) gives several examples from science and mathematics illustrating the 
differences between organic and mechanical solutions. In an organic solution 
the thinker begins from the original problem and successively restates it by 
asking what it means and what is necessary. Each successive restatement is 
more precise in terms of the data available and takes the thinker to a final 
solution. Mechanical solutions, on the other hand, begin by asking what is 
given and then by casting about for theorems which might apply (Duncker, 
1945, p. 45). 

It is often difficult to distinguish between organic and mechanical thinking, 
since both usually lead to the same result. But it is possible sometimes to set 
up a problem in which mechanical thinking leads to a wrong solution. 

Here is an instance from arithmetic (Peel, 1960, pp. 163-4): 


I go for a car ride travelling one hour at 40 m.p.h. and for the next hour at 30 m.p.h. 
What is my average speed over the journey? 


Usually we get the mere working 


304-4 
> CATT 


real meaning of speed 
total distance divided by total time. 


However, if we change 


solution gives a wrong ansı 
I go for a car ride travelli 
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40+30 _ 
+2 = 


35 mph. 


which is wrong! 
The organic solution would go something like this: 


2 
My time outwards is = = 3 hours. 


T 
My time homewards is = 4 hours. 


My average speed over the whole journey means the same thing as 


My total mileage _ 240 2 
= — = 345 mph. 
My total time 7 TR 


The problem of the effect of familiarity-unfamiliarity on problem solving 
was taken up afresh by Hindam (1960) by extending the concept of familiarity 
far beyond its usually accepted meaning (Sutherland, 1941) relating to vocabu- 
lary and content, to include ‘method, steps. sequence of elements, relevance of 
materials, use of "key" words, use of diagrams and so on’. Tests of significance 
showed marked differences in favour of familiar material. Examples used by 
Hindam include the following: 


Familiar Unfamiliar 

When birds migrate they fly at a faster In the triangle ABC the ratio of the 
speed than in ordinary flight. The ratio sides AB, BC is 6/5. If AB = 30 inches, 
of the migration speed to the ordinary find BC. 

speed of a swallow is about 6/5. If the 

migration speed is 30 m.p.h., find the 

ordinary speed. 


A cake was cut into four pieces. A Tiger Lillet cocktail is made from 


Mother had 4, Patricia }, John had half — four ingredients: 
as much as his mother and father had 4 Van der Hum, 4 dry vermouth, half as 


the rest. How much did father have? much maraschino as Van der Hum and 
the rest is Lillet. How much is Lillet? 


The role of familiarity was investigated further by giving pupils problems 
in certain specific fields such as money and travel. One group of children was 
prepared by a talk on money, currency and exchange followed by exercises. 
It performed significantly better in a money-problem test than a control group 
which had had exercises only (Peel, 1960, pp. 166-8). 

At this point the distinction between problems and exercises needs to be 
made (Peel, 1960, pp. 169-70). It is a distinction not always clear to the young 
teacher. A problem arises in a situation when the person having to respond 
has no ready-made response available. On the other hand, exercises are set to 
promote and test a habitual response it is desired to reinforce. The trouble is 


that the ‘mechanical’ way of attempting to solve problems tends to make them 
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degenerate into mere exercises. This tendency is particularly encouraged ifthe 
series of problems is too narrowly devised. They lose their quality as problems 
and become a series of exercises. The thinker becomes ‘set’ in his way of 
thinking and mode ofresponse. Luchins investigated this problem by indueing 
a ‘set’ in arithmetic problems involving the transfer of liquid between water 
jars of different capacity. He then interposed problems which could be solved 
more satisfactorily by other routines and found that the ‘set’ prevented this 
alternative thinking. As Peel (1960) writes: 


In problem solving the pupil needs to be free from ‘set’ to consider the problem in its 
own terms. Exercises in textbooks may, unless they are varied, induce restrictive sets 
which will prohibit the organic thinking so desirable in genuine productive thinking. 
On the other hand, the thinker cannot proceed from nothing. Some learned or 
previously experienced facilitation must form part of problem solving. The teacher's 
task is to maintain the equilibrium between problems and exercises (pp. 170-71). 


We need to extend this type of inquiry to the experimental study of develop- 
ment in problem solving and mathematical thinking at the later adolescent 
level in the branches of algebra and geometry, relating this to theories of 
concept formation and apprehension. At present it seems as if Piaget's concepts 
of operation and operational structures give a better insight into the way of 
mathematical higher-level thinking than the ‘organic’ explanation of the 
Gestalt school. The latter does not appear to be sensitive enough. We therefore 
need more analyses along Piagetian lines of such situations in mathematics as 
utilized by Wertheimer and Duncker. 

Related recommendations have been recently advocated by Crutchfield and 
Covington (1963) as a result of their attempts to teach problem solving. Using 
programmed-learning techniques they presented thirteen lessons in which 


aspects of thinking, problem solving and crime detection were involved. In 
their own words: 


Inasmuch as our aim was to train for a generalized problem-solving skill, the problems 
did not pertain to specific curricular content, but dealt rather with a variety of 
mysteries and puzzling occurrences, such as the theft of a statue from a museum, and 
à case of strange goings-on in a deserted house. 


Each lesson posed a single mystery problem which the child was to solve. The lesson 


was constructed so that each child, by being given successively more clues and informa- 
tion, was finally led to discover the 


solution for himself. At various points in the story 
the child was required to restate the problem in his own words, formulate his own 
questions, and generate ideas to explain the mystery. Immediate feedback was given 
to his responses in the form of examples of other ideas or questions that he might have 
thought of in the given situatio; 


n. These examples were primarily ones which fifth- 
graders would find novel and uncommon, and which would open new lines of investi- 
gation or new ways of viewing the problem. 


It was assumed that presenting numerous examples of this type would tend to 


broaden the child’s limits of acceptance as to what constitutes important questions 
and fruitful ideas. 


Each lesson was part ofa continuous theme and required forty-five minutes. 
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The children were then given the Duncker X-ray problem* with other prob- 
lems, and it was found that of ninety-eight children taking the auto-instruc- 
tional programme, 35 per cent solved the X-ray problem, whereas, among a 
matched control of ninety-seven children not so instructed, only 13 per cent 
were able to solve the problem. 

Among the general properties of thinking worked into the programme by 
Crutchfield and Covington were the following: 


(a) the necessity of identifying and defining the problem appropriately; 

(b) the importance of asking questions and of taking time for reflection rather 
than leaping to conclusions: 

(c) looking closely at details, looking for discrepancies ; 

(d) the necessity of generating many ideas; 

(e) the necessity of looking everywhere for clues: 

(f) not being afraid to come up with silly ideas. 


Learning mathematics 


Whereas the research discussed in sections 4.2 and 4.3 on the development of 
children’s mathematical thinking is comfortingly close to what the mathe- 
matician or teacher of mathematics experiences, this new field is bewilderingly 
diverse, stemming not froma few simple basic observations about the structure 
of thought but from the minute and varied unit of behaviour we symbolize as 
the stimulus-response. 

Any situation, as for example in the exercise : ‘Simplify a+4a—2b+D’, acts 
as a stimulus to which the learner responds by providing the answer. The 
whole happening may be regarded as a unit of behaviour. More is involved, 
however, than just the stimulus S and the response R. Intervening is the 
previous learning, experience, attitudes, insights, mental structure, schemata, 


etc. So we have 


insight 

S attitudes R. 
learning 
structure 


This research starts from a study of behaviour, of the analysis of the be- 


haviour observable when a person learns a piece of mathematics or solves a 
problem. Such an approach to the teaching of mathematics expresses a deep- 
seated philosophy in American psychological circles, that everything is 
teachable provided we can make a satisfactory breakdown of the units and 
grade the stages appropriately. Furthermore it is not restricted to simple 
response learning. The ideas are extended to concept formation (see p. 163) to 
cient intensity will destroy cancerous tissue, but also healthy tissue 
ge for the destruction by radiation of an inoperable stomach tumour 
ch surrounds it? 


*Given X-rays which at suffü 
as well, how would you arran; à 
without destroying the healthy tissue whi 
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cover all aspects of mathematical learning and thinking. = € ete. 
activity can be gathered by glancing at the 1964 Yearbook o n c 
Society for the Study of Education entitled Theories of Learning and Ins 
964). + 

m in behavioural analysis has found its most explicit and ^ sam 
form in the large amount of work carried out on programmed learning. E 
are in fact more programmes in mathematics than in any other a: * 
(NCPL, 1965). Furthermore, most of these programmes are eis ae 
origin. Detailed current accounts ofthe progress made in programme n is 
tion in mathematics are available in Glaser (1965) and the chapter = te 
Evans on ‘Programming in mathematics and logic’ gives the interested pei 

ll that he needs in this field. i 
i je is beyond the scope of this outline of educational and pu 
research relevant to the teaching of mathematics to go into detail eg pi 
grammed learning, and the reader is referred to a short standard text by de e 
Peel and Curr (1964) for descriptive and critical comment on this moi 2 
learning. What may be said, however, is that good programmed —— : 
constructive learning. The programmer endeavours to put the learner E 
problem-solving situation. 'Some instruction in the defining of terms E 
conventions may be necessary but apart from this the frames should N: 
constructive thinking by calling for problem-solving responses.’ Mathema 3 
lends itself to this idea of progress by constructive thinking on the part of t Fi 
learner. It is logically coherentand a programmecan be very delicately planned. 


TERME " t 
Sequencing items, size of steps, mode of response, etc. Perhaps the greates' 


tructing a programme and at = 
4 : : "s : im the 
same time observing the best experimental conditions brings home to him t 


ordinary piece of mathematics 


long been known that learning 
about more than th 


Psychological and Educational Research Bearing on Mathematics Teaching 


169 


the steps required to solve a simple algebraic equation in one unknown, 
working right back from the final step to the beginnings ofthe process, asking 
the question, ‘What would the individual have to know in order to be able to 
perform the new task, being given only instructions? 

Thus at some stage in solving linear equations he would have to collect 
terms, he would have to add similars, he would have to transpose, etc. 

Gagné built up a programme in which each of the sets in the hierarchy 
leading to final solution was taught and he then asked himself the question 
how farlearninga lower-order set made for improved learning ofa higher-order 
one. He found in fact that his hypotheses were confirmed, that the lower 
supporting set was required to be mastered before the next one could be 
achieved. As a piece of psychological thinking and experimentation, the work 
of Gagné and his associates is a noteworthy advance, but experienced mathe- 
matics teachers may feel that this analysis is one that they carry out in any 
case and is an essential part of the process which requires little demonstrating. 

An important question on learning sets is how deep or broad the learning 
should be. Leith and Clark investigated the learning of differently based 
number systems. They took three experimental groups. Group A learned in 
four systems to bases five, seven, eight and nine, group B in two systems only 
to bases seven and eight, and group C took learning only in the base eight 
system. Group A took each of the four programmes once, group B took each 
of its two programmes twice and group C took its base-eight programme four 
times, thus giving in all the same amount of learning for each group. They 
were tested on their ability to add and subtract in a base-six number system. 
The research workers found that group B was slightly better than group A, 
and group C was significantly lower than both. 

The problem of learning by discovery has been highlighted by the be- 
havioural approach to learning, and in America one finds two clearly defined 
groups of protagonists and antagonists. Thus Beberman (University of Illinois 
Committee on School Mathematics) and Kersch and Bruner are strongly in 
favour of discovery methods, whereas Ausubel and Suppes hold the opposite 
point of view, which depends more upon statement and instruction by the 
teacher and application by the pupil. $ . , 

One difficulty is that it is hard to say what discovery is, and what it achieves. 
Kersch claims that it leads to better understanding, that it enables the learner 
better to extend his learning for discovering new principles and applications 
and, thirdly, that it promotes interest. . | . 

Experiment might help to resolve the question and the over-all picture is 
that an intermediate method, called guided discovery, seems to lead to opti- 
mum results. Thus Gagné and Brown (1961), in teaching conceptual learning, 
devised three types of learning programme where (a) the rule was stated first 
and then a linear programme brought about identification and application of 
the rule, (b) the rule had to be discovered by the learner from instances and 
(c) a programme of guided discovery was used in which instances were worked 
with guidance for particular cases and the learner extended the rule to other 
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cases. Guided discovery was found to be best, followed by discovery and 
followed lastly by rule and example. Similar results have been obtained by 
other workers in the field of elementary mathematics. 

Suppes, a leading teacher of mathematics, is also one of the most convinced 
behaviourists. He has published several papers and monographs setting out the 
possibilities of the behaviourist model for mathematical learning and the 
foundation of mathematical concepts (Morrisett and Vinsonhaler, 1965) but 
his instances of mathematics learning are very simple. (The work is fully 
described in various technical reports nos. 80-90 issued between 1964 and 
1966 by the Institute of Mathematical Studies in the Social Sciences, Stanford 
University.) 

He has also pioneered the teaching of mathematical logic and set concepts 
to younger children. His results indicate that symbolic logic, if not too 
abstractly presented, is not too abstruse for elementary-school children of the 
age range from ten to twelve and that this age might represent the most 
propitious time for introducing formal and propositional logic. His experiment 
on teaching the concept of sets has led him to conclude that the notions of 
set and set operations are more easily comprehended than those of number. 


Curricular studies 


Various studies of the curriculum and suggestions for bringing it up to date 
reflect the findings of educational psychology and educational research to 
some extent. These studies are strictly not research investigations since there 
is no proper control, but none the less the ideas and content and methods of 
teaching are tried out in the school setting and the modifications made to the 
various curricula spring from this classroom experience. Of British writing, 
Fletcher (1964) shows the strongest influence of psychological studies in 
children’s thinking, particularly of those stemming from Piaget. This book, 
written by a group of leading mathematics teachers, states that they are 


concerned ‘with new mathematics, new ways with old mathematics, contem- 


porary applications of the subject, and the psychology of teaching it’ (p. 2). 
They begin by pointin 


g out that mathematics does not start from the 
finished theorem, it starts from situations, and this is their first condition. 
There must be a period of discovery, creation, even discarding and accepting. 
Next follows the phase of abstraction, starting with the concrete situation, 
recognizing corresponding structur 
lems presented by the other, The 


On the other hand, New Approaches to Mathematics Teaching (Land, 1963) 
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is written by a group of people who are primarily educationists, at the same 
time most of them being mathematicians. The book is scarcely concerned 
with details of mathematical curricula, but more with putting the points of 
view and research findings ofthe group of authors who include Skemp, Dienes, 
Land and Wrigley. Many of the psychological ideas have already been dis- 
cussed in sections 4.2 and 4.3 and the point of mentioning this book at this 
stage is to show how close the thinking of educational psychologists and 
mathematicians is on the need fora reform both of the mathematics curriculum 
and methods of teaching it. 


Summary 


Five fields of psychological and educational research and thinking have been 
outlined by reference to the more outstanding work. 

Of the first four fields discussed, the contribution from those working on 
problems of the growth of thinking is by far the most significant. Studies of 
concept formation, productive thinking and problem solving have the next 
most to offer. A fusion of these two approaches would seem to hold most 
promise for future research. Learning research based on variants of the 
stimulus-response paradigm is beginning to attack school mathematics 
learning problems, but has yet far to go to be of substantial help in the class- 
room situation. The long-established tradition of research into mental abilities 
seems to offer the least, especially if the mathematician is expecting help in 
specific problems. 

The last field of curriculum study is one in which professional mathema- 
ticians have played the major role, even when they have been concerned with 
the need for child-centred approaches. They confirm the need for taking 
account of what is known about the growth of pupil’s thinking. 
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ordinal number. Lastly there is the section on the additive and multiplicative 
composition of number. Its experiments are most often repeated in educational 
research and the broad features of the theory have never been seriously 
questioned. The recent La genese des structures logiques elementaires by Piaget 
and Inhelder might well be read in conjunction with parts 1 and 3 of this 
reference. 

PIAGET, J. (1953), Logic and Psychology, Manchester University Press. 

A small book containing lectures delivered by Piaget at Manchester University, 
and is one of the briefest accounts of his views about the essential important 
phases in the child's intellectual development. It also sets out very clearly the 
main points of his epistimology and relates it to his psychology of childhood. 

PIAGET, J., and INHELDER, B. (1956), The Child's Conception of Space, Routledge 


& Kegan Paul. 


This well-known monograph traces the genesis of the child's conception of 


space from its topological beginnings, through the development of projective 
constructs (shadows, sections and perspective), to the emergence of the child's 
grasp of Euclidean space. The book is based on experimental studies throughout. 
It begins with some tests of visual perception and then goes on to drawing tests. 
The later sections utilize more complex lay-outs such as model villages. It is in all 
a very penetrating study. 

PIAGET, J., and INHELDER, B. (1964), The Early 


Routledge & Kegan Paul. f 
The authors conduct a long series of experiments on the development of the 


child’s power to classify material and to order it within the class. The work is of 


interest to the teacher concerned with the beginnings of mathematics, —— 
PIAGET, J., INHELDER, B., and SZEMINSKA, A. (1960), The Child's Conception of 


Geometry, Routledge & Kegan Paul. 4 | EO. 
Here the members of the Geneva school subject the genesis of the child s 
curves and solids) to the same kind of 


geometrical concepts (lengths, angles, ; 
analysis which characterized the earlier study of number (Piaget, 1952) and shows 
a similar emergence of the conservation of geometrical constructs. It follows 


naturally upon the study of the child's spatial concepts (Piaget and Inhalder, 
1956). The technique is experimental, combined with detailed analysis of verbatim 


reports of the children's reactions and constructions. 


Growth of Logic in the Child, 
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REYNOLDS, J. (1961). ‘The development of certain mathematical concepts in 
grammar-school children between the ages of 11 and 18 years’, unpublished 
M.Ed. thesis, University of Nottingham. a 

This research follows the methods of Saad but applies them to study teu’ 
understanding of certain particular concepts in mathematics, including limits an 
infinity. Among other findings he reports that the abstract notion of a non-ending 
Sequence or of indefinite continuity seems to be present in the first-form children, 
but the development of ideas relating to infinity is neither consistent nor 
systematic. 

RIPPLE, R. E., and ROCKCASTLE, V. H. (eds.) (1964), Piaget Rediscovered, 
School of Education, Cornell University. X 

A report of the conferences at Cornell and Berkeley supported by the Nationa 
Science Foundation and the US Office of Education. The conference was 

concerned with cognitive studies and curriculum development. Part 1 is made R 
of the four papers presented by Piaget. They form the most succinct account o! 
the basis of the Geneva thinking and experimentation. Part 2 is made up of 
papers by educational psychologists on cognition and learning in relation to 
schoolwork and includes articles by Ripple, Cronbach, Smedslund, Wholwill, 
Peel, Suchman and Easley. All these papers have some significance for 
mathematics teachers. Part 3 consists of a series of curriculum project reports 
which includes a paper by Kilpatrick on cognitive theory and the SMSG project, 
in which mathematical structure plays the key role. Their compatibility between 
mathematical structure and Piaget’s theory is noted. Easley writes about the 
Illinois Mathematical Project. 

ROSENBLOOM, P, C. (ed.) (1964), Modern Viewpoints in the Curriculum, 
McGraw-Hill. h 

Cronbach writes as an educational psychologist on the nature of learning 
(pp. 19-35). Apart from his clear summary of what curriculum planners may 
expect of educational psychology, there is a short evaluation of the new 


mathematics programmes by Moise of Harvard which is of interest to 
mathematicians. 


Saab, L. G. (1957), 


“Understanding in mathematics’, Ph.D. thesis, University of 
Birmingham. 


This contains a factorial analysis of mathematical ability, as well as an analysis 

of understanding of mathematical concepts and principles. 

SAAD, L. G. (1960), Understanding in Mather 
Education Monograph, Oliver & Boyd. 

(See also Saad, 1957.) Saad prepared tests of concepts and principles inherent ; 

in secondary-school arithmetic, algebra and geometry and analysed the responses 
by frequencies of correct and incorrect answers, and also gave a detailed account 
and discussion of different kinds of misunderstandings. The research revealed 
many weaknesses in middle-secondary-school mathematical understanding. These 
misunderstandings can be accounted for by Piaget or Gestalt theory (see Peel, 
1960). 

SKEMP, R. R. (1961), ‘Reflective i 
Educational Psychology, vol. 31, 


matics, Birmingham University 


ntelligence and mathematics’, British Journal of 
pp. 45-55. E 
The beginning of an attempt to carry out an analysis of algebraic concepts and 
operations in order to do for algebra what Piaget did for the study of children's 
number concepts. Skemp Suggests that his test of ‘reflective activity’ correlates 
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more highly than ‘conception formation’ and ‘use of operation” with mathematics 
marks. 

STORER, W. O. (1956), ‘An analysis of errors appearing in a test on algebraic 
fractions’, Mathematical Gazette, vol. 4, no. 331, February. 

An account of a study of secondary-school algebra, in the middle forms, and 
contains a break-down of the errors in mathematical thinking and computation. 
They can also be interpreted in terms of Gestalt theory. 

SUTHERLAND, J. (1941), ‘Aspects of problem solving’, British Journal of 
Educational Psychology, vol. 11/12. 

One of the earlier studies on the effects of familiarity of vocabulary for 
efficiency in solving problems. It demonstrates clearly the advantages of 
background familiarity. 

VERNON, P. E. (1950), The Structure of Human Abilities, Methuen. 

A comprehensive account of the pattern of human mental powers gathered 
both from the American and British schools of factorial analysis. The evidence for 
general intellectual ability, more specialized group abilities, primary mental 
abilities, school and vocational abilities and attainments is discussed. It is a good 
assembly and commentary upon the main experimental evidence available and is 
written succinctly and clearly. 

Vycorsky, L. S. (1962), Thought and Language, MIT Press. 

Wong, R. H. K. (1965), ‘The new approach in mathematics teaching’, Bulletin of 
the Faculty of Education, University of Malaya, vol. 1. 

WRIGLEY, J. (1958), ‘The factorial nature of ability in elementary mathematics’, 
British Journal of Educational Psychology, vol. 28, pp. 61-78. 

Two parts of this paper are of interest, the summary of previous work, and the 
results of the author’s own experimental study and the factorial analysis of the 
results. These confirm previous findings that general ability and group abilities 
make up mathematical capacity. 
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A Selection of Syllabuses 


In this period of extensive educational reform the planning of school pro- 
grammes in mathematics should be based on recent advances in scientific 
knowledge about child development in particular and about the process of 
human learning in general. If carried out on this basis, experiments with the 
construction of modern mathematics syllabuses can do much to aid the 
reform of mathematical education. Such experiments should cover a wide 
range of mathematical topics so as to contribute to an objective selection of 
those most appropriate to a given age group in a particular type of school, 
and to their distribution within syllabuses. 

The examples of new syllabuses which follow represent a sample from 
different countries of different social and educational structures. They are 
examples of courses designed for secondary education: the age group from 
twelve to eighteen years. Figure 36 shows the age correlation of different 
grades in the different national syllabuses presented in this chapter. Some are 
experimental in nature, others have a wider application. Certain syllabuses are 
formulated in general terms, others provide further details and teaching 
instructions ; some appear more restrictive for the teacher, others give greater 
freedom. Despite these differences, the emphasis in each syllabus is on the 
early introduction of the basic mathematical concepts. 

This common core of basic concepts was the object of several recommenda- 


tions of the Unesco symposium in Budapest. 


be taught to all children at the beginning 


The basic concepts of mathematics should 
e basis on which further lines of develop- 


of their course. This common core will be thi 
ment and specific complementary studies are built up. 

t is possible to use the language, elementary 
e concepts of relation and functions at the age 
is that they facilitate 


Many experiments have shown that i 


concepts and operations of sets, and th 
of twelve (or even earlier), One reason for using these concepts 


the later study of elements of topology and analysis. 

Experiments have also shown that it is both possible and desirable to introduce, as 
early as the age of twelve, the concepts necessary for the proper presentation of the 
structure of vector spaces (equivalence, translations, vectors, the concept of group, .. ji 
This would permit the study and use of vector spaces from the age of fifteen. 
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Investigation was urged into the ways and methods of presentation of certain 
topics in the context of modern mathematics. 

Ultimately the operational value of a syllabus is closely related to the 
competence and training of the teachers responsible for using it in the class- 
room. The role of pre-service and in-service teacher training in support of the 
reform of mathematical education is the subject of chapter 7. 


Belgium 


General secondary education comprises six years of schooling in two cycles: 
lower secondary, from sixth grade to fourth grade (pupils from twelve to 
fifteen years), and upper secondary, from third grade to first grade (pupils from 
fifteen to eighteen years). The lower secondary school (école moyenne) 
comprises the three years of the first cycle. In these schools, mathematics is 
taught in four weekly periods of fifty minutes each during the thirty weeks of 


the school year. 

The new programmes for lower secondary schools were prepared by the 
Centre Belge de la pédagogie de la mathématique and adopted on an experi- 
mental basis in the State schools and in certain State-supported schools. The 
programme for the sixth grade went into general use in 1968. 


Sixth grade (twelve and thirteen years old) 

(a) Sets 

(i) Sets. Examples ; elements of a set; Venn diagrams; the empty set; the set 
with one element. Names and objects; equalities. The symbols =, €, @; the 
notation E = (x | P(x)} and variants of it. 


(ii) Parts of a set. Parts or subsets of a set. Inclusion, symbols < and >. The 
set of subsets of particular sets. 


(iii) The algebra of sets. Intersection, union, difference (optional: symmetric 
difference). Commutativity, associativity of U and n. Distributivity of each of 
U and n over the other. (Some contra-examples, such as the non-associativity 


of and u taken together.) 


(iv) Partition. Examples of partitions ofa set; definition. 


(b) Relations and graphs 

(v) Relations and graphs. Illustrations of relations; graph of a relation; the 
relation, the set of couples; relation from the set A to the set B; the product 
A x B; the reciprocal of a relation; the image of a set by a relation. Relative 


properties of x, ^ and vu. 
(vi) Properties of certain relations. Reflexivity; symmetry; transitivity; 


asymmetry. 
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(vii) The composition of relations. Examples; associativity of compositions; 
the reciprocal of a composition. 


(viii) Functions. Functions; mapping: bijection; composition of ——À 
transformations and permutations of a set (optional: injection, surjection). 


(ix) Equivalence. Examples; equivalence and partition. 


(x) Order. Examples; definitions; total order. The symbols €, >, < and >. 


(c) Natural numbers. Integers 


(xi) Natural numbers. Idempotent sets; elementary ideas of the cardinal 
number of a set. Finite and infinite sets. Cardinals of finite sets. Problems 
connected with the cardinal of the union, intersection and product of x 
couple of sets. Discovery of the definition of addition and inte ig 8 

natural numbers using set operations. Clarification and multiplication of the 
elementary properties of addition and multiplication from set operations. 


(xii) Systems of numeration. Binary and denary numbers. 


i i ical 
(xiii) Elementary study of Z, +... Elementary properties. Equations. Numeri 
and literal exercises. 


(d) Geometry 


(xiv) Plane; point; straight line. The plane, an infinite set of points. The 
straight line, proper subsets of the plane. Set of straight lines in a plane. 
Incidence properties using Venn diagrams. Parallelism; the symbol /. The 
direction of a straight line, the partition of a plane. 


(xv) Parallels and perpendiculars. Straight lines and perpendicular directions, 
the symbol L. Relations between | and |. 


(xvi) Directed straight lines. The two reciprocal total orders of the or 
line. Orientation of straight lines. Open and closed half-lines. Open, close 


and half-open (open-closed) segments. Discovery of the definition of convex 
sets. 


(xvii) Parallel projections. Examples and definition. Image ofa part ofa plane 
by a projection. Parallel projection of a straight line A onto a straight line B 
and its reciprocal. The parallel projection ofa directed straight line on another 
directed straight line, both intersecting and not ; special case: the projection 
of a directed straight line onto a parallel line; parallel directed straight line of 
similar and opposite sense. 

(xviii) Equipollence and translation. E 
equivalence. Projection of e 
Midpoint of a segment ; pari 
cross-equipollences. Trans 


quipollent couples. Equipollence is an 
quipollent couples; the little theorem of Thales. 
allelogram theorems. Properties of equipollences: 
lations or vectors. Examples of translations: 
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images of parts of the plane by a translation ; images of straight lines, half-lines, 
segments, couples of points by a translation. 


Fifth grade (thirteen and fourteen years old) 
(i) The group of translations or vectors. Composition of translations. Com- 
mutative group of translations of the plane. Notations of vector spaces. First 
principles of vector calculus. 


(ii) The group H°, +. New representation of group of translations or group of 
vectors. Subgroups of IT, +. Sum of parts of II°, +. Algebra in II°, +; 
equations ; problems. 


(iii) The totally ordered group D°, +, <. Every straight line D? containing 0 
is a subgroup of II, +. Study of the order group D°, +, <. Sum of segments; 
first ideas of the approximation of a sum. 


(iv) Summary of the idea of a group. Idea of a group from examples already 
seen; new examples, particularly the cyclic group. Calculus of any group. 
Addition and multiplication ; notations. Integral coefficients and exponents. 
Equations in a group. 

(v) Real numbers. Graduation of a line; Axiom of Archimedes. Binary and 
decimal subgraduations. Terminating and non-terminating binary (‘bicimal’) 
and decimal numbers. Axiom of continuity; first appearance of concept of 
real number. 


(vi) Theorem of Thales. General form of the theorem. Ratio of parallel vectors. 


(vii) Enlargements (and shrinkings). Images of parts of the plane by an en- 
largement. Ratio of an enlargement. Enlargements of non-zero ratio preserve 
linearity, incidence, parallelism, midpoint, ratio of parallel vectors, the set of 
segments. Composition of enlargements with the same centre; the commuta- 
tive group. Group of enlargements and translations (alternatively called the 


group of dilatations). 


(viii) Addition of real numbers. The ordered additive group of real numbers. 
Equations and inequations ; approximation ; absolute value. 


(ix) Multiplication of real numbers. For enlargements of rational ratio and the 
same centre: the ratio of the product of two enlargements equal to the product 
of the ratios, Definition of multiplication of real numbers by the generaliza- 
tion of the preceding property. The associativity and commutativity of non- 
zero real numbers. Equations in Ro. 


(x) Multiplication of vectors by a real number. Mixed associativity. Double 
distributivity. Linear combinations and projection. 


(xi) The real ordered field Ro, +, -, <. The structure of the ordered field. 
Calculation in the field. Notable products. Problems. 
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(xii) Fractions. Fractions with real terms. Rules and exercises for calculating 
with fractions. The field of rational numbers. 


(xiii) Linear equations with one unknown in the real field. Problems. 
(xiv) Inequations. Approximations: first elements of a calculus of errors. 


(xv) Plane vector space. Vectorial calculation. Linear vector equation. Bases 
and coordinates. Problems. 


(xvi) Central symmetries. Images of a part of the plane by a central symmetry. 
Centres of symmetry of parts of the plane. Compound of two or more central 
symmetries. Group of central symmetries and translations. 


(xvii) Parallel symmetries and orthogonal symmetries. Images of parts of the 


plane; in particular, straight lines. Preserved properties, Axes of symmetry of 
parts of the plane. 


Fourth grade (fourteen and fifteen years old) 


(i) The relation ‘divide’ in Z and the set of natural numbers. Prime divisors 
and primary factors of a number. Subsets and subgroups of Z, +. All the 


subgroups of Z, + are cyclic. HCF and LCM of a subset of Z. Bezout’s 
relation. 


(ii) Linear equations. Vector. parametric and Cartesian equations. 


(iii) Functions R over R and polynomial functions. Examples. Cartesian repre- 


sentation. Addition and multiplication of functions. Ring of mappings of 
R upon R. 


(iv) Algebra of real polynomials in one indeterminate. Algebra of polynomials. 
Division by x— a. Division with a remainder. Simple exercises of factorization. 


(v) Square root of a real positive number. Square roots and approximate 
square roots. 


(vi) Systems of linear equations of one, two and three unknowns. Gauss’s 
method. Problems. 


(vii) Systems of linear eq 


uations and inequations of one and two unknowns. 
Solution of simple systei 


ms. Problem ; geometric interpretation. 


(viii) Group of displacements and group of isometries of the plane. Orthogonal 
symmetries; translations, rotations and turns as composed by them. Com- 
pound of an orthogonal symmetry and a translation parallel to the axis of 


symmetry. Commutative group of rotations about a given centre. Group of 
displacements, group of isometries. 


(ix) Distance. Distance: circles ; open and closed discs. 


(x) The group of angles. Angle (directed) of a rotation: angle (directed) of a 
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couple of half-lines; angle (not directed) of a pair of half-lines. Calculations 
with angles. 


(xi) Cosine and scalar product. Cosine of an angle ; cosine determines an angle. 
Scalar product and its invariance in isometries. Pythagoras’ theorem. Elemen- 
tary trigonometrical formulae. 


(xii) Triangular inequality. The Cauchy-Schwartz inequality. Triangular 
inequality. Convexity of a disc. Intersection of a straight line and a disc or a 
circle. Approximation in the plane. 


(xiii) The relation of congruence and the relation of isometry. The set of con- 
gruent parts of the plane. The set of isometries of the plane. When are two 
couples of points congruent (or isometric)? The same problems for two 
triplets of points. 


(xiv) The group of similitudes of the planes and the subgroup of direct similitudes. 


(xv) Area and the measure of area. Areas of simple parts of the plane. Cal- 
culation of areas using vectors and trigonometry. 


Denmark 


The new mathematics programme in the Danish gymnasium 


The authorized curriculum in mathematics pertaining to the mathematics- 
physics line in the Danish gymnasium (grades 10-12, the age group from 
sixteen to eighteen years) is outlined in section 5.2.2. 

After seven years of elementary school, many of the Danish pupils are 
transferred to the three-year realskole. Two or three years later, a small 
selection (at present about 6 per cent of all children) is admitted to the three- 
year gymnasium. About half the pupils enrol in the mathematics-physics 
section, In this section there are six lessons per week in mathematics and 
physics throughout the three years; the rest of the time is devoted to geography, 
biology, foreign languages and the humanities. 

Traditionally, the Danish teacher has considerable freedom in arranging 
his courses. Consequently, the authorized curricula are merely lists of topics. 
Usually they are accompanied by official recommendations and comments 
by school authorities, examples of which are given in section 5.2.3. 


The subject list in mathematics for the mathematics-physics section of the 
Danish gymnasium. 

(a) General concepts from set theory and algebra. Set, subset, complement, 
union, intersection. Equivalence relation, ordering relation. Mapping of a 
set into and onto another (the concept of function), one-to-one mapping, 
inverse mapping (inverse function). Denumerability. Binary composition; 
group, ring, field. 


Denmark 


(b) Numbers. The natural numbers. Axiom of induction. Primes. Greatest 
common divisor, Euclid’s algorithm. The ring of integers, equivalence classes 
modulo an integer. The field of rationals. its denumerability. The field of real 
numbers, its continuity, upper and lower bound. non-denumerability, infinite 
decimal fractions. Absolute value. The field of complex numbers. 


(c) Combinatories. Combinations and permutations, binomial formula. The 
concept of a finite probability distribution. Examples of determination of 
probabilities by means of combinatories. 


(d) Equations and inequalities. Equations and inequalities of first and second 
degree with one unknown. Equations and inequalities of first degree with two 
unknowns. Simple examples of other equations. Second-order equation and the 
binomial equation in the complex field. 


(e) Plane geometry. The rectangular coordinate system. Change of co- 
ordinates. Vectors and their coordinates, Vector algebra, including scalar 
„Product. Analytic representations of a line. Area of a triangle and parallelo- 
gram. Definition and analytic representation of parabola, ellipse, hyperbola. 
Mapping of the plane onto itself; parallel displacement, rotation, reflection, 
multiplication and composition of these mappings; orthogonal affinity. 


(f) Solid geometry. The rectangular coordinate system. Vectors and their 98 
ordinates. Vector algebra, including scalar product. Parametric representation 
of a line. Analytic representation of the plane. Distance and angle. Equation 
of the sphere, spherical coordinates, spherical distance between two points 
(the cosine relation). Polyhedra, Euler's theorem, the regular polyhedra. 
Volume of a prism, pyramid, right circular cylinder and cone, sphere. Surface 
area of right circular cylinder and cone, sphere; area of spherical triangle. 
Congruence and symmetry. 


(g) Elementary functions. The linear function of one variable. The linear func- 
tion of two variables. Polynomials in one variable, including their factorization, 
greatest number of roots, determination of rational roots in polynomials with 
integral coefficients. Rational functions of one variable. Logarithmic functions, 
logarithmic scale, use of slide rule and logarithm tables. Exponential functions, 
Power functions. The trigonometric functions, addition formulae, logarithmic 
formulae; application of trigonometric functions to oscillations and to 
computation of unknown sides and angles in a triangle. The linear function 
of one complex variable and its geometrical interpretation. 


(h) Calculus. The concept of limit. Continuity and differentiability of a real 
function of one real variable; continuity and differentiability of a vector 
function of one real variable (tangent vector). Differentiation rules. Taylor's 
formula (approximating polynomials) differentials. The definite integral 
as a limit of sums. The indefinite integral. Integration rules, including inte- 
gration by parts and integration by substitution. 
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(i) Applications of the calculus. Determination of the range of a function and 
intervals of monotonicity. Simple examples of determination of asymptotic 
properties of functions. Drawing of graphs of given functions, and drawing of 
curves determined by a simple parametric representation. Velocity vector, 
speed, acceleration vector. Determination of areas and volumes by integration. 
Examples of applications of the calculus in probability theory. Examples of 
applications of the calculus to numerical problems and to problems in physics 
and other subjects. Examples of simple differential equations. 


(j) A subject chosen by the teacher. 


Comments on the subject list 

General remarks. The subject list does not indicate a chronological arrange- 
ment of the material. It is left to the teacher to decide what he finds appropriate 
from a pedagogical and systematic point of view. Also, correlation with the 
instruction in physics and other subjects has to be taken into consideration. 

The teachers are recommended occasionally to comment on the origin of 
important notions and their historical development. 

When dealing with examples, say from physics, the teacher is supposed to 
show the student that the use of mathematics is in accordance with definitions 
and theorems, even if the language of physics appears shorter than is customary 
in mathematics. 


(a) General concepts from set theory and algebra, Set theory is primarily 
thought to be employed as a means of clarifying the fundamental concepts 
and reasonings, and as a basis for a precise and up-to-date mathematical mode 
of expression. The set-theoretical concepts should be defined at moments 
when the discussion of other subjects makes this natural. General set- 
theoretical concepts should be illustrated by varied examples, both new ones 
and examples from material taught in grades 8-9. 

The elements of logic are not mentioned in the list, but it is recommended 
that set-theoretical considerations be used to illustrate some of the basic 
logical rules. If this is done, in connexion with equations and inequalities for 
example, the pupils will gain a better understanding as well as manipulative 
skill. 

A function should be defined in the general form, as a mapping from one 
set into another. The use of this notion ofa function throughout in the teaching 
of the various topics in the mathematics curriculum will have a great unifying 
power. 

An extended course in abstract algebra is not intended. The fundamental 
concepts, rule of composition, group, ring and field shall form the basis for 
a description of the algebraic structure of the number system. Through 
examples from different fields of mathematics, the algebraic concepts can 
illuminate the connexion between subjects which otherwise seem wide apart. 


(b) Numbers. The students should realize the fundamental role played by the 
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axiom of induction; in particular, its application to proof by induction should 
be made clear. 

Concerning prime numbers, only the theorem that the set of prime numbers 
is infinite, and the theorem about unique factorization in primes are required. 

A precise description of the algebraic structure, ordering and continuity 
of the system of real numbers should be given, but no construction of the 
system of real numbers from the system of rational numbers should be 
included. 

The students should acquire skill in working with absolute values. In 
exercises, absolute value should appear in equations, inequalities and in 
connexion with functions. 


(c) Combinatories. The students will have to become acquainted with the 
general concept of a finite probability field. The treatment should not be 
restricted to fields where all points have the same probability. It is here a 
question of presentation of a simple mathematical model and the application 
of the terminology attached to this model. 


(d) Equations and inequalities. Some types of equations of which only examples 
should be given are: a system of three linear equations with three unknowns; 
a system of two equations with two unknowns, one equation of first degree, 
the other of second degree; equations in which the unknown appears under a 
Square root; exponential equations and trigonometrical equations with one 
unknown. The examples of these kinds of equations should be simple. 


(e) Plane geometry. Change in coordinates must comprise parallel displacement 
and rotation of the coordinate system. In analytic geometry, the vector 
concept should play a central part. The expression, ‘analytic representation of 
a line’, refers to coordinate — as well as vector — equations, parametric repre- 
sentation and normalized equations. 

The treatment of conics can be restricted to derivation of the equations of 
the parabola, ellipse and hyperbola based on a geometric definition of these 
curves. Special properties of conic sections (theorems about tangents etc.) 
can be dealt with in exercises, 

As indicated in the list of subjects, the mappings in question (parallel 
displacements, rotations, etc.) are meant to be considered as mappings of the 
entire plane onto itself and not as mappings only of single figures. However, 
an account should be given of how characteristics of the figures, the sizes 
of distances, angles and areas, for example, are transformed under the map- 
pings (invariant and non-invariant characteristics); especially the fact that a 
circle is mapped onto an ellipse by an orthogonal affinity should be demon- 


strated. In this connexion, the parametric representation of the ellipse can be 
mentioned. 


(f) Solid geometry. Fundamental theorems about parallelism and orthogonality 
of lines and planes are presented (without Proofs) to an extent necessary for the 
introduction of orthogonal Coordinates and the treatment of polyhedra. 


190 A Selection of Syllabuses 


191 


The analytic representations of planes must include coordinate — as well as 
vector — equations and also normalized equations. 

Exercises in applications of spherical coordinates should include problems 
concerning geographic and astronomic subjects. 

Regular polyhedra should be considered in detail only in the cases of the 
tetrahedron, the cube and the octahedron. 


(g) Elementary functions. In connexion with linear functions of two variables 
and their level lines, one can treat problems about maxima and minima of 
such functions restricted to domains determined by linear inequalities (linear 
programming). 

Besides the function-theoretical description of polynomials, it must be 
demonstrated that the set of polynomials forms a ring, and the analogy between 
integers and polynomials should be stressed. 

Practice in the use of the slide rule should concentrate on its principle and 
elementary applications. Not too much time should be spent on technical 
points of the use of the slide rule. 

Presentation of the application of trigonometric functions should include 
the fact that a linear combination of pure oscillations with the same period 
is a pure oscillation. 


(h) Calculus. During the last thirty years, the treatment of calculus in the Danish 
gymnasium has reached a high level. Not only manipulative skill but a careful 
introduction of basic notions and rigorous proofs were aimed at. 

It is implicitly recommended that rigorous considerations should not be 
over-emphasized. 

In connexion with the concept of limit, standard theorems about limits of 
sums and products, etc. should be mentioned. Proofs can be confined to only 
one or two of these theorems. 

The selection of proofs of the basic theorems on continuous functions is 
left to the teacher’s discretion. 

The students should be given the opportunity to carry out approximate 
computations of the values of certain functions on the basis of Taylor’s 


formula. 


(i) Applications of the calculus. Calculations of volume by integration should 
comprise computation of the volume of rotational solids and pyramids. 

The use of frequency functions as a basis for determination of finite proba- 
bility fields is understood to be based on a postulate which states that in every 
particular case there exists a function with the property that the probability 
distribution corresponding to an arbitrary finite division of the set of real 
numbers in subintervals can be determined by integration of this function 
over the subintervals. Thus, the presentation can be kept inside the frame of the 
theory of finite probability fields, and the problems will actually be exercises 
in integration, formulated in the language of probability theory. 


Denmark 
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The treatment of simple differential equations may be limited to the mention 
of the equations 


dy dy E 
—=f( = =a(y) #0. 
ax /() and ag; BU 
Simple calculations of moments of inertia and centres of gravity can be 
included as examples of applications of infinitesimal calculus to physics. 


(j) A subject chosen by the teacher. Content, extent and mode of treating the 
optional subject should be adapted in such a way that the students are not 
faced with more difficult problems here than those arising from the other 
mathematics lessons. 

Some examples of the fields from which the optional subjects may be taken 
are history of mathematics, number theory, matrices and determinants, 
theory of groups, set theory, Boolean algebra, differential equations, series, 
Probability theory, statistics, theory of games, topology, projective geometry. d 
theory of conics, non-Euclidian geometry, geometry of high dimensions, 
geometrical constructions, descriptive geometry. 

The optional subject may also be chosen in connexion with the corres- 
ponding part of the physics course. As examples of suitable subjects, proba- 
bility theory and kinetic theory of gases, differential equations and oscillatory 
circuits may be mentioned. Finally, the optional subject may be organized in 
connexion with subjects other than physics, for example, probability theory 
and heredity. x 

The existence of an optional subject in the mathematics curriculum is new 
in Denmark. A couple of months in grades 11 or 12 will be devoted to the 
optional subject. Of course, both modern and classical subjects will be 
chosen, but it is expected that many teachers will choose the theory of proba- 
bility as their teaching subject. In the list of non-optional subjects, probability 
does occur, but only on a very modest scale. Of course the teacher is free to 
choose between an axiomatic and a non-axiomatic treatment of probability. 
but certainly an axiomatic treatment will be used by some teachers. (This will 
probably be easier to carry through if the treatment is restricted to discrete 
sample spaces.) In this case, the pupils will get a very useful impression of a 
simple axiom system and an example of a mathematical model. 


Federal Republic of Germany 


Example of a general programme for the teaching of mathematics. Association 
for the Advancement of Science and Mathematics Instruction 


Modern developments in mathematics have brought out certain unifying 


s. Mathematics is concerned with patterns 
and the structures which may be defined 
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on them, with the links between structures by relations and functions, mappings 
and transformations. The patterns themselves appear as models of abstract 
structures which are described by means of appropriate systems of axioms and 
logical sequences. This conception of scientific mathematics calls for the 
adaptation of the school mathematics curriculum. 

To teach mathematics it is important to think of the basic objects as sets, to 
apply given structures to them, to understand the building of mathematics 
as a mental construction of patterns beginning with the simplest, and to 
develop skill in the use of the tools of logic. It is best to begin with data based 
on intuitive knowledge, progressing by the analysis of the data, by limited 
ideas of order, by induction, idealization and abstraction. This will avoid the 
mistakes which may arise from too great an emphasis on deduction in the 
early stages. 

Besides the emphasis on the structural treatment of mathematics, we must 
not neglect the algorithmic point of view, the importance of which, for applied 
mathematics, is steadily increasing as computers become larger and more 
powerful. The importance of the algorithmic treatment is not limited to their 
numerical solution, as it also leads to a fuller understanding of the principles 
involved. With the help of simple examples, the underlying principle may be 
discussed, leading to greater skill in solving problems. 


Objects. Mathematical objects may be: numbers, points; pairs, triples, n-tuples 
of numbers or points; straight lines, planes, geometrical figures; vectors, 
matrices ; relations, functions, mappings (single valued), sequences as functions 
on the set of natural numbers; sets of objects etc. 


Sets. Examples of sets are: number sets, for example, natural numbers N, 
integers Z, rational numbers Q, real numbers R, complex numbers C; point 
sets, for example straight lines, planes, curves; sets of ordered number pairs 
(pair sets, functions), of n-tuples in product sets, of vectors in vector spaces, of 
subsets of a set, etc. 


Structures. Structures are recognized very early (and later on classified by 
systems of axioms’ on sets, for the elements of which certain qualities, opera- 
tions and relations are defined: for example, algebraic structures (semi- 
groups, groups, rings, fields, vector spaces), structures of order (simply 


ordered, well ordered) and topological structures. 


Mappings (functions). From the most general standpoint mappings are 
unique coordinations by which each element of a set A (domain, original set) 
is coordinated with exactly one element of a set B (range, image set); they are 
special relations from A to B. Mappings are often connected with certain 
structures defined on A and B, for example, the monotone functions of the 
real analysis with structures of order, the continuous functions with the 
topological structure of the set R. Mappings of algebraic structures are called 
homomorphic ones or homomorphisms if they preserve the original structure ; 
in the case of one-to-one mappings they are called isomorphisms. In geometry 
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the translations, reflections, rotations and generally the congruence mappings 
are the characteristic mappings (automorphisms) of the Euclidean plane which 
Preserve the original structures. By analogy, the mappings of similarity, 
affinity, projectivity, etc. are the automorphisms of other corresponding 
geometries. 


Logical notions. Adequate logical and linguistic insight into mathematical 
patterns and the relations between them lead to the following notions, 
amongst others: object and its symbol or name; proposition (statement) and 
its truth value (true, false); variable (place holder, empty place), term, propo- 
sitional function; equation, inequality; basic set (domain ), solution set; 
fulfilment of propositional functions (compliable, non-compliable, general 
validity); relations and operations within the logic of propositions, for 
example, ‘negation’ ^, ‘and’ — conjunction A^, ‘or’ — disjunction v, ‘if..., 
then...” =, ‘equivalent’ <>; notions of deduction, conclusion and equivalence; 
quantifiers (‘for every x’ — Vx, ‘for at least one x’ — 3x); axioms for the descrip- 
tion of the properties of structured patterns, patterns as models of systems of 
axioms, relations with the notions of deduction and conclusion. 


The following arrangement of the mathematical topics is based on systematic 
treatment. It does not mean any methodical or didactic order; it intends no 
co-ordination of single classes or forms, and it does not indicate the separation 
of geometry, algebra and analysis in the classroom. 


Programme for the lower forms (fifth, sixth and seventh school years) 


General aim of instruction. The initial aims are competence in arithmetic, 
knowledge of simple applications of arithmetic in various situations, and 
familiarity with basic constructions in geometry. 

Besides these pragmatic aims, teaching in the lower forms should introduce 
important mathematical ideas, By applying the simple notions and symbols of 
the theory of sets and of the logic of propositions (statements), the principal 
qualities of the structured set N of the natural numbers — and in relation to 
these, the qualities of the integers and of the rational numbers — should be 
elaborated (for instance, structure of order, simple algebraic structures). That 
is why the teacher should always have in mind the main ideas of the structures 
mentioned in the previous section and make them effective in the arrangement 
and presentation of the material. The first basic geometric ideas should be 
developed from intuitive experimentation with special geometric figures 
including their mappings. This should be deepened by ‘local ordering’ 


(Freudenthal) of the concrete geometrical facts (i.e. connecting and classifying 
the elaborated geometrical statements). 


(a) Algebra and arithmetic. 
on N (the relations =<, 
symbols (e.g. e, &, c, c )R 
Operations on N (+, — 


(i) The set N of natural integers. Equality and order 
<). Simple notations of the theory of sets and their 
epresentation of the natural integers on an axis. The 
»^ t) and the appertaining rules of arithmetic (com- 
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mutativity, associativity, distributivity). The number 0. Mental arithmetic. 
Letters as place-holders (variables) for elements of N. Simple equations and 
inequalities of the form 


a+x£b (abeN:b> a), 
a.x=b (abeN; alb). 


Subset P of prime numbers, prime factors; notation with powers. Rules of 
divisibility; greatest common divisor; least common multiple. Decimal 
and binary system. 


(ii) Equations of the form a.x = b (a, be N). Enlargement of N to the ordered 
set @* of positive rational numbers (fractional numbers or fractions), Frac- 
tional calculus (additional leading idea: the multiplicative group in Q*). 
Equations and inequalities as in subsection (i), but a,b e Q*. Decimal fractions 
and their use. Decimal notation of linear, square and solid measure, as well as of 
monetary matters. Preparation of the concept of function. 


(iii) Calculating with proportions and some applications (e.g. rule of three, 
interest account). Rounding off numbers. Tables and slide rule as auxiliaries 
in arithmetical problems. Equations of the form x+b = c and a.x+b=c 
(a, b, ce Q*). Enlargement of N and Q* to the ordered set Z of integers and 
to the ordered set @ of rational numbers respectively (additional leading idea: 
Z as ordered ring; Q as ordered field). Simple equations and inequalities, 
transformation of terms, sets of solutions). Graphic representation as addition- 
al preparation for the notion of function. Simple questions of the theory of 
combinatories with aid of set diagrams, tree diagrams and graphs. 


(b) Geometry. (i) Models and nets of cuboid and cube. Rectangle, square. 
Experimental introduction of basic objects (point, couple of points, line 
segment, ray, straight line, plane) and basic concepts (rectangular, parallel, 
equidistant, distance). Linear, area and solid measure. Estimating and 
measuring. Geometric representation of numbers (e.g. by vectors on a straight 
line). 

(ii) Cylinder and circle. Knowledge of compasses and ruler. Experimental 
cyclometry. Angle, measure of the angle, direction of rotation, Experimental 
introduction into mappings (reflections on straight lines and points; trans- 
lations and rotations; enlargement). Symmetry. Composition of mappings 
(preparation for the concept of groups) in the sense of the first phrase under 
‘Geometry’ in section 5.3.2. 

(ii) Quadrilaterals and their symmetries. Plane and spatial lattices. Transla- 
tions represented by vectors. Congruent mappings (leading idea: properties 
of groups). Basic geometrical constructions. Triangle. Deduction of the 
theorems of congruence in the sense of motion geometry. Simple constructions 
of triangles. Nets of simple solids. 
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Programme for the middle grades (eighth, ninth and tenth school years) 


General aim of instruction. The initial aim of the instruction at this level is to 
make the students familiar with the following subjects: use of algebraic 
terms: solution of equations; comprehension and Tepresentation of ee 
mappings; applications of numerical methods: intuitive and e enm. 
treatment of geometric figures; understanding of some relations d 
geometry and reality, between geometry and algebra (e.g. linear pee Dr 
vectors); elementary methods of mathematical definition and proof. 2 
pupils should develop insight into the deductive structure of geometry, he 
to mathematize concrete situations. This faculty can well be trained we A 
by inductive methods and then by gradual abstraction which leads to a 
notions of structural mathematics. These notions represent the fundamenta 
categories of mathematization. à 

In this connexion we need to develop the algebraic properties of the different 
number sets, using gradually but expressively such notions as set, E 
operation, group, ring, field, order, isomorphism, in concrete examp u 
Applying the principle of permanence as a structural leading idea (ie. na à 
sion of given number sets without alteration of certain structural princip EN 
the gradual development of the number sets should include some er 
properties of the real number set R (irrationality). The transformatio! 
and equivalence of algebraic terms, including their dependence on the basic 
range, should be treated on a broad basis in accordance with the equivalence 
principle for substitutions in algebraic expression. " 

One of the most important tasks in the middle grades is the exact definition 
of the function and the notions connected with it (e.g. the notion of a variable). 
We begin with sets of ordered Pairs and with the idea of coordination of sets, 
using the terminology of mapping in a general way. In geometry we move 
towards a deductive system, in the sense of a pre-axiomatic order of intuitive 
geometrical facts, and reduce this to a closed system of basic geometric notions 
and principles. Here, too, the concepts of coordination (i.e. mapping, trans- 
formation) and the transformation group, the treatment of which partly leads 
to a vectorial approach, have proved to be very productive. The connexion 
between geometry and numbers, and the approach to the notion of limit (eg. 
incommensurability and irrationality; nests of intervals in connexion with 
roots, calculation of circles, infinite geometric series) are of essential im- 
portance for the mathematical instruction in the middle grades. 

With regard to logic we have to train the abilities of exact reasoning and 
speaking. The formation of statements in the ‘if..., then...’ form, the distinc- 
tion of necessary and sufficient conditions, an understanding of the deductive 
proof (being at the same time a preparation for the insight into the axiomatic 
method) and of the negation of ‘and’ and ‘or’ connexions, all belong to this 
stage. Essential logical auxiliary topics in the middle grades are statements 
and forms of statements (propositional functions) with ‘place holders’ (vari- 
ables), functions and names of functions, interpretation and evaluation of the 
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solution set of forms of statements (propositional functions; equations and 
inequalities) by substitution, the consequential relation between forms of 
statements as a basis for computing with equations. The analogy between 
logical connexions and those of set theory should be elaborated, that is, the 
analogy between the ‘and’ connexion and the notion of intersection ; the ‘or’ 
connexion and the union of sets; negation and the complement of a set; the 
logical conclusion and the subset notion; logical equivalence and the equality 
of sets. 


(a) Algebra and arithmetic. (i) Comprehensive elaboration of the concept of 
sets and simple relations and operations of sets (C, €, A, V u, x). Building 
up the basic sets N, Z and Q (leading idea: axioms of an ordered field). 
Algebraic terms with place holders, equations and inequalities as propositional 
functions. Dependence upon the (finite or infinite) basic domain, exercises 
in substitution (also as preparation for the theory of functions). Equivalence 
of algebraic terms in the sense of equality with respect to substitutions, and of 
transformations with the aid of the axioms of fields (transformation rules). 
Linear equations and inequalities (variables as place holders); transformation 
rules; resolutions and set of solutions. Compatibility, incompatibility, with 
the basic domain. Building up an elementary theory of functions; the function 
as a one-to-one correspondence or mapping of one finite or infinite set onto 
another. Domain of a function, range of a function, set of pairs, functional 
equation, graph, arrow diagram, scale, table. The linear function and the 
function of reciprocal proportionality. Discussion of terms such as |x| and 
[x]. Sets of solutions of systems of two linear equations. Resolving methods 
and their applications, also by use of graphs, vectors, determinants", 


matrices*. 


(ii) Outlook to systems with more than two linear equations (see also linear 
combination of vectors* under the heading ‘Geometry and linear algebra’ 
in section 5.3.3). Systems of linear inequalities with two variables. Representa- 
tion by sets of points in Cartesian coordinates. Sets of solutions (also as 
intersection and union of sets of points); applications to simple problems of 
linear planning*. The pure quadratic equation x? = g and its insolubility in 
Q ifg is not a perfect square. The concept of an irrational number. The set R 
of real numbers and their characterization by nested rational intervals. 
Elaboration of structural properties for the sets of numbers N, Z, Q and R, 
with explicit use of the concepts of order, group, ring, field, isomorphism. 
The quadratic function x > ax?+bx+c in the real domain and its zero 
points (set of solutions of an equation). The root function x > x, as inverse 
of x > x? (x > 0). 

(iii) Enlargement of the theory of functions by introduction of new terms: 
power function x — x" with integral and rational exponents. Roots as 


*Topics marked with an asterisk are recommended for the middle grades leading to the mathe- 
matical and scientific branch of the gymnasium. The topics not so marked represent the minimum 


for all gymnasia. 
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powers. Calculating with powers under the necessary a | 
negative bases. Exponential and logarithmic functions. Calcu epo d 3 
logarithms, slide rules and tables. Arithmetic sequences and Ket de 
higher order*, as functions defined on N. Principle of de m 5 ee 
infinite geometric sequences and series. First introduction to the co 


i jal 
limits. Applications (e.g. periodic decimal fractions, problems of commerci 
arithmetic). 


(b) Geometry. (i) Development of plane Euclidean geometry from eos 
of mapping, later on also by use of the concept of uox cuu 
an adequate deductive system; if possible, separation of a vem pi 
(straightness; parallelism, order) and metric concepts ee 1 e ir 
distance, angle*). Methods of deduction (proof). Exercises wit & a 
constructions; straight lines and angles with circles. Systematic in 
of affine and congruent mappings (leading idea : group). Investigation o vibly 
relationships based on the problem of straightness; parallelism pei 
including similarity*, see subsection (ii)) and on the congruence me ET 
developed from its equivalence properties with aid of c emper 
equidistance. Symmetry of figures from the point of view of group Be | 
(systematics of quadilaterals), additive group of vectors, etc. Solid geo! pis 
(parallelism and orthogonalism, translations, rotations, reflections). 


; iection* 
and cuboid representation by oblique images, as well as by parallel projecti 
to front and ground plans. 


(ii) Similarity geometry (possibly already in subsection (i)). Enlargement he 
affine mapping in plane and space. Continuation of vector algebra meg 
sition of vectors and scalars, linear dependence). Ray theorems. The group Be 
similar mappings. Area of Straight-sided figures, Reducing areas; senem 
area-preserving affine mappings. Rules of Pythagoras. The problem of er 
tions between geometry and numbers: incommensurability. Area and eer 
on the basis of common Content postulates*. Surface and volume of cube, 


the 
cuboid and parallelepipeds. Theorems of chords, secants and tangents of 
Circle, as well as of the area of the circle. 


(iii) Cyclometry and introduction t 
nometry, if possible in connexion w 
functions, sine, cosine and tangent, 
any real argument. Simple relation 
symmetry. Sine theorem and co: 
(prism, Pyramid, cylinder, cone, s 
oblique parallel Projection* 


© the concept of limits. Building up sue 
ith vectors: definition of the trigonometr! 
at the unit circle, immediately defined = 
S between these functions. Periodicity an 
Sine theorem; applications. ed 
phere). Representation in orthogonal an 
(with exception of cone and sphere). 


Programme Jor the upper grades 
General aim of instruction, 
especially, generalized byi 
Later on this insight mu 


(eleventh, twelfth and thirteenth school m 
The concept of number must be consolidated and. 


nsight into the topological closure of real peer 
st be deepened by the introduction of the field o! 
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complex numbers, being the smallest upper-field of real numbers. The theory 
of functions will be intensified through analysis developing the concepts of 
neighbourhood, accumulation point, point of convergence, limit, continuity, 
differentiability, etc.; these notions lead to an understanding of basic prob- 
lems in infinitesimal calculus and its most important applications. The idea 
of vector space in geometry and linear algebra effects a synopsis and uniform 
mastery of different mathematical topics according to basic principles of order 
and to a precise mathematical language. Geometry further on deals with 
groups of transformations, especially the affine one, possibly the projective 
ones as well. 

Beyond that, mathematical education in the upper grades should contribute 
to an understanding of the axiomatic way of thinking and deal with problems 
of basic mathematical research, at least in a special topic to be chosen by the 
teacher. The mutual interaction between pure and applied mathematics should 
be shown as often as possible. The ‘mathematization’ of given situations, 
in physics, sociology or biology, for example, should be represented by means 
of selected characteristic examples. 

Mathematics in the upper grades should occasionally deal with philosophical, 
cognitive and socio-historical problems of a basic nature. 

A deeper insight into these problems should be developed in the final year 
by giving the teacher a great amount of freedom with regard to the subject 
matter, methods and didactics; for this purpose, section 5.3.4 presents a list 
of optional topics. 


(a) Algebra and calculus. (i) Real sequences as functions on the set of natural 
integers. The idea of neighbourhood. Properties of sequences: monotony, 
boundary, cluster point, divergence, convergence, Weierstrass’s theorem of 
bounded monotone sequences. Limits. Convergence point, calculating with 
limits, Nested intervals. Limits of functions. Continuity and disconuity (e.g. 
x > |x|, x > [x] and their compositions with simple conventional functions). 
The derivative and the problem of the tangent. The concept of differentiability 
of functions. Rules of derivation (sum and product). The rational integral 
functions (zero points in the real domain, symmetry properties, derivatives, 
primitives). Polynomials and first insight into the field of complex numbers. 
Trigonometric functions, sine and cosine (addition theorem, derivative, 
primitives). Physical applications (velocity, acceleration, oscillations"). 
Recommended: Rolle's theorem, mean-value theorem. Examinations with aid 
of the derivatives: Newton's approximation theorem*. Relative maxima and 
minima. Point of inflection (necessary and sufficient conditions). Discussion of 
curves, also with the aid of intuitive auxiliaries of motion geometry; practical 
applications of maxima and minima. 


(ii) Continuation of the differential calculus; differential and differential 


sk are provided for the mathematical and scientific branch of the 


*Topics marked with an asteri 
he eleventh school year. The subjects not so marked represent the 


gymnasium, which starts with t 
minimum course for any type of gymnasium. 
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quotient. Rules of derivation (quotient, chain rule). Rational fractional = 
tions and their derivatives. Applications and discussion of curves. ES 
functions, including derivatives and primitives. Inverse functions and the rule 
for the derivatives of inverse functions*. Exponential and logarithmic es 
tions including derivatives*. Primitives of exponential functions* ; un 
functions as primitives*. Introduction to integral calculus: for n 
through the problem of area calculation. Riemann sums and integra e 
of piecewise monotone and bounded continuous functions. Primitives en 
integral function. Definite and indefinite integrals. The first two = s 
theorems of integral calculus. Basic integrals. Applications to compu! 
areas, volumes* and physical problems* (e.g. *work'). 


(iii) Algebraic equations. The field of complex numbers*. Extension of Ed 
tesimal calculus* by a deepened study of at least two topics mentione: = 
section 5.3.4(a), Probability theory; fundamental concepts based = zs 
theory. Calculating with probabilities. Stochastic models*. Some pro nt 
of statistics* (e.g. normal distributions, samples). One example of the stri 
axiomatic treatment of a mathematical discipline (see section 5.3.4(c)). 


(b) Geometry and linear algebra. (i) Linear combination of vectors (see en 

“systems of linear equations’ in subsections 5.3.2(a) i and ii). One-, two- de 

three-dimensional vector Spaces. Relations between point spaces and bari 

Spaces. Coordinate systems. Formulation of the metric in R? and R? wit 

aid of vectors and coordinates. . iioii 
Scalar product and vector product (as far as not mentioned in subsec 1 P 

5.3.2(b) iii). Analytic geometry of lines, planes, circles and spheres* in vecto 


à ; t : ints of 
and coordinate représentation, separating the affine and metric points 
view. 


m p H i i 
(iii) Continued development of analytic Beometry in at least one of the os 
mentioned in section 5.3.4(b). Geometry on the sphere, mainly asa model zin 
non-Euclidean geometry. One geometrica] example of the strictly axioma 


. Ses . . t 
treatment of a mathematical discipline (see section 5.3.4(c)), as far as no 
treated in subsection (a) iii. 


Optional topics 


The sections mentioned below may be understood as an addition to, and à 
deepening of, the obligatory topics above, 
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(ii) Power series, inclusive of residual examination. 

(iii) Physical applications (e.g. centre of gravity, moment of inertia). 

(iv) Simple differential equations. 

(v) Curves in parametric forms. 

(vi) Questions of differential geometry (rectification, lateral area, osculating 
curve, curvature, space curves). 

(vii) Euler’s theorem and hyperbolic functions. 

(viii) Fundamental theorem of algebra. 

(ix) Theory of games. Mathematical treatment of problems of sociology. 

(x) Elementary theory of numbers. 

(b) Geometry*. (i) The general equation of the second degree and classification 
of conics. 

(ii) Problems of solid geometry. 

(iii) Plane projective mappings (invariants, subgroups, etc.). 

(iv) Cyclotomic equation including the resulting problems of constructions. 
(v) Conformal mappings. 

(vi) Symmetry groups. Congruent mappings of geometrical figures onto 
themselves. 

(vii) Intuitive topology. 

(c) Axiomatic questions. (i) Characterization of the field of real numbers by 
basic properties. 

(i) The field of complex numbers. 

(iii) Group, ring, field. 

(iv) Axiomatic building of geometry; for example, by reflection geometry 
(Bachmann) or equipollence (Papy). 

(v) Finite geometries. 

(vi) Non-Euclidean geometry. 

(vii) Boolean algebra and applications (e.g. logic and logic machines). 

(viii) Theory of probability (axiomatic treatment). 


Japan 


The programme of high-school mathematics. 

In Japan the curricula for courses of study are laid down by the State. Mathe- 
matics for upper secondary schools (kötögakkö-zennichisei) consists of five 
sections: mathematics 1, mathematics 2A, mathematics 2B, mathematics 3 
and applied mathematics. Mathematics 1 is a compulsory subject for all tenth- 
grade students, with a choice of one from mathematics 2A, mathematics 2B 
and applied mathematics. Those who have completed mathematics 2B are 
usually advised to take mathematics 3 next. The syllabuses for mathematics 
1, mathematics 2B and mathematics 3 are given below. These courses have 
been in use since 1962 and will be revised in 1973. 


Japan 
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Mathematics 1 (fifteen and sixteen years old) 


Š a ion. 
(a) Polynomials, fractions, quadratic roots. Fundamental laws of EN 4 
Division of a polynomial by a polynomial, Viéte's theorem. Fractions 
their calculation. Quadratic roots. 


iss P A FREIEN: inar 
(b) Equations and inequalities. Quadratic equations, discriminant. wen |, 
numbers. Simultaneous equations (both linear; one linear and one quadr: d 


3 : ] P tic 
Inequalities, fundamental properties. Solution of linear and quadra! 
inequalities. 


" r t ines: their 
(c) Figures and their equations. Coordinates. Equations of straight lines; the 
application. Equations of circles. 


(d) Functions and their graphs. Quadratic functions and their graphs. Tr n 
metric functions and their graphs. Exponential functions and logarit 
functions. Logarithmic calculation. 


3 H em. 
(e) Figures in space. Fundamental elements in space and the relation of th 


5 s à ; ere. 
Three perpendiculars theorem. Coordinates in space, equation of a sph 
Elements of descriptive geometry. 


= P P E 'ems. 
(f) Mathematics as a deductive system. Axioms, definitions and theori 


is 
Direct proof and indirect proof. (Introduce the elements of set theory.) (Thi 
topic may be treated either geometrically or by algebra.) 


Mathematics 2B (sixteen an 
(a) Elements of combinatori 
induction. Binomial theorei 


d seventeen years old) ical 
es. Permutation and combination. Mathematic: 
m. Relate to elements of set theory.) 

(b) Sequences and Series. Arith 


: " ite geo- 
metic and geometric sequence. Infinite g 
metric series; convergency. 


P 5 " " z iti e. 
(c) Trigonometric "functions, application to complex numbers. Addition formula! 
Trigonometric identities, 
(d) Coordinates and 


figures. Elements of conics; ellipse, hyperbola, parabola. 
Transformation of 


coordinates. Polar coordinates, parameters. 


(e) Differential calculus of integral functions. Differential coefficients, differ- 
entiation. Derivatives, applications. 


(f) Integral calculus of integral functions, Indefinite integrals, definite integrals. 
Integration, applications, 


Mathematics 3 (seventeen and eighteen years old) 


(a) General properties of functions. Limit. 


» continuity, differentiability. Theorem 
of the mean. Convex and concave. 


(b) Differentiation of elementary functions, Differentiation. of algebraic 
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functions. Trigonometric, exponential and logarithmic functions. Applica- 
tions. Approximate functions (first and second degrees). 


(c) Integration. Integration by substitution, integration by parts. Some 
examples of indefinite integration. Definite integrals. Applications. 

(d) Probability. Definition, theorem of addition and multiplication. Binomial 
distribution. 

(e) Statistics. Descriptive statistics, mean and deviation. Statistical probility, 
law of large numbers. Elements of normal distribution. Elements of test 
theory. 


Sweden 


The gymnasium reallinje syllabus (scientific and technical stream) 


ns of forty minutes each during the three years. 


There are five weekly lesso! 
ut 15-20 per cent of 


The students are from sixteen to eighteen years old. Abo 
all students in this age group are expected to follow this syllabus. 


First year 


(a) Elementary set theory. Set, subset, uni 
concepts are intended to be used in many 


on, intersection, complement. These 
different contexts in the sequel. 

(b) The concept of a function. Range, domain, Set concepts to be used. 

rules for addition and multiplication ; 


(c) The rational numbers. The basic 
t properties of the sets of natural, whole 


absolute value. Revision of the differen 


and rational numbers. 


(d) Linear equations, inequalities and systems of equations. The presentation 


is clarified by the use of set concepts. 


(e) Real numbers. Their continuity property. 


(f) Square roots; the second-degree equation. A short course. 


(g) Powers with real exponents. An axiomatic introduction is suggested. 


and relative errors; calculations. with 


h) Approximate values. Absolute 
ee on. Of use in physics and other subjects 


approximate values; linear interpolati 
requiring mathematics. 
‘Addition, multiplication with scalars; coordinates.) 


(i) Vectors in the plane. ( 1 
f parallel directed line segments of equal length. 


A vector is defined as a set 0 
The basic rules. 


(j) The orthogonal coordinate system. 


(k) The linear function. Including the usual treatment of the equation of the 


straight line. 
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(I) Logarithms. Little time is allowed for numerical calculations, which are 
meant to be done by slide rule. 


(m) The slide rule. The construction of the slide rule. Used in calculations 
from the very beginning of the course. 


(n) Trigonometric functions. 
(0) Computers. A short introduction. 
(p) Derivatives. An intuitive introduction for physics. 


A 2 " vd 
(q) Descriptive statistics, Graphical illustrations; mean, median, standa) 
deviation ; the summation symbol; use of calculating machines. 


Second year 
(a) Scalar product of vectors. Defined by using trigonometry. 
(b) The triangle theorems. Sine and cosine theorems. Easy problems. 


^ d 7 nt 
(c) Rational functions. The factor theorem; discussions of signs. Treatme 
of what is needed for the calculus. 


(d) Limits. The basic ideas about an £—Ó treatment. The use of neighbourhoods 
is recommended. 


i i i i i of. 
(e) Continuit y. The properties of continuous functions are given without pro 
SE 


— Š Roo ional 
(F) Derivatives. Derivative of sum, product and quotient; derivative of ration 
and trigonometric functions differential. 


(g) Composite functions, Definitions, continuity and derivative. 


Hee T € PRS is 
(h) Derivative monotonicity; maxima and minima. The mean-value theorem 
used and practical applications given. 


(i) Higher derivatives. Convexity. A short course. 


(j) Integrals. Relation between inte 
of rational and trigonometrical func 
The mean-value theorem is used. 


(k) The logarithmic 
the integral 


gral and primitive function; En. 
tions; areas. Definition using set concepts. 


function. Natural logarithms; derivative. Definition using 


(m) Exponential functions. Derivative. Defined via the logarithmic function. 
ET IL 


(n) Power functions. Derivatives; conics, 
EL 
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Third year 
(a) Complex numbers. Calculation; de Moivre and Euler formulae. 


(b) Differential equations. Linear equations with constant coefficients of first 
and second order. 


(c) Methods of integration. Partial integration and integration with substi- 
tution. Only simple problems treated. 


(d) Approximation with polynomials. Maclaurin formula. No infinite expansions. 


(e) Vector functions. Derivative; curves in parametric form. 


(f) Vectors in space. Orthogonal coordinate system. Extension from two to 


three dimensions. Equations of line, plane and sphere. 


(g) Volumes and areas. Calculations of volumes with integrals. Area of curved 


surfaces (sphere, cone and cylinder). 


(h) Sequences and series. Convergence and divergence; the geometric series. 
A short course. 


(i) Combinatories. The principle of 
theorem, proof by induction. Set concepts will be used. 

(j) Theory of probability. The classical concept of probability; finite sample 
spaces; mean, variance and standard deviation; infinite sample spaces; the 
binomial and normal distribution; instances of statistical inference including 
confidence intervals. This course applies much of what is learnt earlier. 


multiplication; permutations; the binomial 


In the new Swedish gymnasium, special effort is made to teach the students 
to work more and more by themselves. In the last two years, there will only 
be one homework per week in each subject. l ; 

In at least two subjects, the teaching will be arranged in the following way. 
The students will receive an assignment for two 10 four weeks at a time. During 
this period, some of the lessons will be devoted to preparation, while the rest 
of the lessons will be voluntary. The student will then work on his own with 
the theory, and solve problems, asking the teacher for aid if necessary. 


Union of Soviet Socialist Republics 


Proposed new syllabus of ‘mathematics 
grades, divided into three cycles of three, five and two 


Soviet schools have ten d 3 
second and third cycles are given below. 


years. The proposed syllabus for the 
(The latter proposal is provisional.) . 4 

Children enter schools after the completion of their seventh year, thus 
they have an average age of about eight over grade 1, about eleven over 
grade 4, etc. 


The number of weeks during à school year is thirty-three, each with six 


Union of Soviet Socialist Republics 


5.6.1 


5.6.2 
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forty-five minute periods for mathematics (at least in grades 4 to Rar. 
amounts to 198 periods in a year. The syllabus gives the suggested or s 
topics (except for some which are spread over the school year or are taug 
connexion with certain other topics). 

Details are given below of the topics in grade 4. In the other grades only be 
main topics are listed with some indications here and there of what they E 
From the second term of grade 5 algebra and geometry appear as sepa 


SURG ing to 
subjects and the six weekly periods are distributed between them according 
the following plan: 


Grade 5 Grade 6 Grade 7 Grade 8 : 
Term2 Term! Term2 Term! Term2 Term] Term 
3 
Algebra 4 4 4 4 3 4 
3 
Geometry 2 2 2 2 3 2 


P ; three 
The topic ‘natural numbers' for example, is taught during wea 
months of the school year (September, October, November) misi mar 
After grade 8 the proposed distribution of the topics for the grade: 


Rn: er of 
given. (The number in parentheses after a topic indicates the numbi 
periods allocated to that topic.) 


Grade 4 (average age over the school year about eleven) 


3 ^ erals. 
(a) Natural numbers (74). Decimal system of numeration. Roman poen 
The number ray. Operations (‘the four rules’) with natural numbers. Eq 
equation. Weights and measures, 


Ae] " er line. 
(b) Integers (40). Positive and negative numbers; zero. The re = 
Distance of two points on the number line. Diagrams in usual d on db 
(preview for Cartesian Coordinates). Operations with integers. Evalua 


? è E > ties of 
numerical expressions, Solution of equations based on the proper! 
equalities. 


" H jon. 
(c) Decimal fractions (60). Fractions. The extension of the decimal notatio! 


2 t 5 5 3 es. 
Operations with decimal fractions. Measuring lengths, areas, volum! 
Approximations, rounding. 


(d) Fundamental concepts of geometry 
Grade 5 


(24 spread over the school year). 


(a) Algebra. Algebraic formulae 
Coordinates; linear functions, si 
knowns (30). Polynomials (40). 


; introduction of powers G0). Denis 
multaneous linear functions with two 48) 
Divisibility of numbers and polynomials (48). 
(b) Geometry. Axial Symmetry (20). Triangles (30). 
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Grade 6 


(a) Algebra. Rational numbers and algebraic expressions (80). Functions and 
variables; inverse proportionality (22). Practical calculations (30). 


(b) Geometry. Parallel lines; central symmetry (26). Quadrilaterals; displace- 
ment. 


Grade 7 

(a) Algebra. Simultaneous linear equations, systematic treatment (50). Slide 
rule (20, distributed in connexion with other topics). Real numbers; powers 
and roots; Pythagoras’ theorem, quadratic equations (45). 


(b) Geometry. The eircle; rotation (40). Inscribed and circumscribed polygons 
(13). Areas of polygons (30). 


Grade 8 
(a) Algebra. Quadratic functions, equations, inequalities (50) (the concept 
eloped through grades 4-8). Simultaneous equations, 


of inequality is dev 
(20). Functions and graphs, with applica- 


extension for non-linear equations 
tions (30). Recapitulation (15). 
(b) Geometry. Similarity (45). Trigonometrical functions, for angles 0-180* 
only (25). Recapitulation (13). 


Provisional list of topics for higher grades (9 and 10) 


(a) Algebra and elementary functions. Power functions (10). Number sequences 


(16). Functions and their graphs; the derivative (40). Vectors (6). Trigono- 


metric functions (60). Exponential and logarithmic functions (30). The integral 
(15). Probability and statistics (25). The extension of the number concept (10). 


Recapitulation (19). 


(b) Geometry. The meth c 
geometry (40). Polyhedra (19). Solids generati 
Solution of problems: recapitulation (25). 


od of coordinates (26). Fundamental ideas of solid 
ed by rotation (25). Volumes (30). 


Provisional list of topics for higher grades of schools specializing in mathematics 


(a) Algebra and elementary functions. Linear and quadratic functions and 
inequalities (20). Elements of linear algebra (14). Powers with rational expo- 
nents (26). Exponential and logarithmic functions Q0). Complex numbers (20). 
Polynomials; algebraic equations (30). Sets and logic; combinatories (16). 
Probability and statistics (26). Number sequences, limits (20). The general 
concept of functions, limits of functions, continuity (20). The derivative and its 
applications (59). The integral (40). Differential equations (14). Series of 
numbers and of functions: approximations of functions (25). Applications to 
physical processes (20). Vectors (10). Trigonometrical functions (56). Solution 


of problems; recapitulation (30). 
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i blems about triangles (15). 
(b) Geometry. The method of coordinates (47). Prol t 
Fundamental ideas of solid geometry (40). Polyhedra (24). Solids pun 
by rotation (20). Lengths, areas, volumes (30). Solution of problems; recapitu 
tion (25). 


United Kingdom 


Syllabus of the School Mathematics Project: preliminary remarks 


‘O-level is an abbreviation for ‘ordinary level’ and refers to — m 
usually taken after the fifth year of secondary school (which begins at d 
that is, at about the age of sixteen. Another examination called ps 
(advanced level) is usually taken two years later by pupils continuing ei 
studies. The syllabuses on which teaching is based during the five yeats m 
ceding, or the two following, O-level examinations are completely er ie 
competence of the various schools and teachers. In England, no Such = 
as a ‘national syllabus’ or ‘state syllabus’ exists. The syllabuses for gr : 
ations are not uniform either, but their range is much more restricted ; t d 
are all variants of two or three syllabuses. The one presented here may 


ü iS used 
Tegarded as an example of a modern mathematics examination syllabus 
in England at present. 


The syllabus for O-level examination 


Arithmetic problems involving the important units of weight, measure m 
money. (Quantities will not be expressed in more than two units.) gro > 
decimals, ratio, percentage. Numbers: prime, composite, rational and E 
tional; simple Sequences and their generalization. Approximations and, = 
mates, significant figures, decimal places, limits of accuracy. Scales ve fi 
other than denary. (The number a to base b will be expressed as ap, wit! a 
always in denary.) Expression of numbers in the form a x 10", where 7 is 
Positive or negative integer and 1 < a < 10. The use of the slide rule. T 
Length, area and volume; mensuration of common plane and solid Ha 
eircles, sphere; parallelogram, triangle, trapezium; prism (including cylinder): 
pyramid (including cone). , b- 
Angle. Graphs of sine and cosine functions; applications to simple Loca 
lems. Tangent function of acute angle. Solution of triangles by reduction is 
right-angled triangles, the use of Pythagoras’ theorem; simple applicatio: 
to three-dimensional problems. 
The n 
ull and universal sets. Venn dia 
problems. Relations between the 


m T " T i- 
Conditional and identical equations; rearrangement of formulae: inequal 
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ties and their manipulation. The solution of simple and simultaneous linear 
equations and inequalities in not more than two unknowns. Solution sets in 
various universal sets, for example integers, rational and real numbers. 
Applications of inequalities; the use of graphs in linear programming. Fac- 
torization of ax+bx, a? —b?, a? +2ab+b?. The fact that 


xy=0 + x=00ry= 0. 


Simple manipulation of algebraic fractions. 

Rectangular Cartesian coordinates in two and three dimensions. The 
equation of the straight line in two dimensions and the plane in three dimen- 
sions (involving not more than two variables). Polar coordinates in two 
dimensions. 

Informational matrices of any shape, their addition and multiplication 
where appropriate. Position vectors of points as 2x 1 or 3x 1 matrices. The 
idea of linear transformations in two dimensions and their matrix expressions ; 
the combination, by premultiplying the position vectors by square matrices, 
of the transformations of reflection in the lines x = 0, y = 0, x = +y, and 
rotation through multiples of 90°. The unit matrices. The formation of the 
inverse of non-singular 2 x 2 matrices. Application of matrices to the solution 
of simultaneous linear equations in two unknowns. 

Proportion of variables related by simple power laws, y oc x", wheren = —2, 
—1, 1, 2, 3, and y oc „/x. The forms of the corresponding graphs, and also 
of y = ax+b and y = a“. Knowledge of such terms as linear, inverse square, 
exponential. 

Gradient of graphs by drawing, estimation of area under graphs, by square 
counting or trapezium rule (other methods may be employed but no greater 
accuracy is required). Applications to easy kinematics, involving distance- 
time and speed-time curves; the idea of rate of change. 

Interior and exterior angle sums of polygons, criteria for parallelism. 
The operations on Euclidean space of reflection, rotation, translation and 
their combinations, and the operation of enlargement. The ideas of shearing 
and stretching. 

Similarity and congruence. Symmetry with respect to reflection in lines and 
points, and rotation. Applications of similarity including areas and volumes 
of similar figures, scales and simple map problems. The transformations 
connecting directly or oppositely congruent figures. 

Loci in two or three dimensions, considered as sets of points. The circle, 
including the property that the angle at the centre is twice the angle at the 
circumference on the same arc, and tangents (but not the alternate segment 


property). 

The ability to dr: 
(candidates will not be req 
elevations). Nets of solids. Th 
between two planes. 

The earth considered as a spher‘ 


aw, read and understand simple plans and elevations 
uired to produce technically correct plans and 
e angles between a straight line and a plane, and 


e; latitude and longitude. great and small 


United Kingdom 


3.72 


circles, nautical miles, distances along parallels of latitude and along meridians. 

Simple probability ; problems involving the intuitive application of the Ae 
and product laws may be set. but general statements of the laws will not be 
required. . 

Graphical representation of numerical data by bar chart, d 
frequency polygon and cumulative-frequency polygon, pie chart. Caleulatio 
of the mean (including the mean of grouped data). (The change-of-origin 
method need not be used.) Estimation of the median and quartiles; inter- 
quartile range. 


The syllabus for A-level examination 


P s i ; the 
Elementary trigonometry. Circular functions of angles of any magnitude 
addition formulae and their consequents; circular measure. 


. : ts 
Elementary algebra. Factor theorem for polynomials; relation between cn 
and coefficients of algebraic equations: partial fractions (not involving m 
than one quadratic factor). 


Coordinate systems. Cartesian. plane polar. 


s ; : ions: 
Functions. As mappings and as graphs; range and domain. Special nn 
odd, even and periodic functions. Inverse functions. Particular functions a 


5 DRE à à LT i er- 
their graphs: algebraic: trigonometric: logarithmic and exponential. hyp 
bolic cosine and sine. 


Eco " 3 » H lita- 
Limits of sequences of numbers. Convergence of simple infinite series (qua + 
tive treatment with no formal definitions or tests). Terms of a converg 
sequence as successive approximations to the limit. Iterative processes. 


Derivatives (of real functions of one real variable only). Differentiation of 
algebraic and trigonometric functions, of products and quotients. of invece 
and composite functions. Second and higher derivatives. Maxima and minima: 
applications of differentiation to physical situations. 


i RR "A of 
Tangent as a linear approximation. Approximations by the first few ipte 
Taylor's series: application to Standard functions (for example, binom k 
series, circular functions). Newton’s approximation to a root of an a 
The notion of integration as Summation, with applications (for example, 
area, volume, mean values). Numerical methods of integration ; trapezium an 
Simpson’s rules, 
The fundamental theorem of integral calculus. Its application to evaluation 
of integrals, Standard integrals; integration by parts; simple substitutions. 
The idea of algebraic structure 


i and of binary operations: groups. isomorphism. 
Equivalence relations: equiva’ 


lence classes, Partitioning of sets. 
Vectors. Coordinates in t 


hree dimensions, Scalar products. Lines and planes. 
Transformation matrices, 
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Systems of linear equations in three unknowns; geometrical interpretations 
and applicability of matrices. 


Matrices. Square matrices: echelon form; solution of 3x3 equations by 
reduction te echelon form. Non-square matrices (3 x2 and 2x 3): applica- 
tions to geometrical transformations. 


Vectors which vary with time. Two-dimensional applications to displacement, 
velocity, acceleration, relative velocity. Motion of a particle in a plane using 
vectors: Cartesian and parametric coordinates. 


Complex numbers. Their sums and products. Geometric representation as 
(i) points, (ii) displacements (iii) rotations and enlargements. The form 
r(cos 0 +jsin 0), the notation |z], the triangle inequality. 


The formation of differential equations for physical situations. Simple applica- 
tions involving elementary knowledge of: Newton’s laws of motion; force, 
momentum, impulse; conservation of momentum ; work and energy; d.c. and 
and a.c. circuit theory. (Absolute units of force only will be used. Questions 
may be set on other applications, in which case the questions will be self- 
contained requiring no prior knowledge). 

Solution of differential equations. First-order separable variables, linear 
first-order with constant coefficients with simple particular integrals which 
can be found by inspection. The step-by-step solution of 

dy 


Wa S(x,y). 


Computing. Flow diagrams; conditional jumps. Compound probabilities; 
the binomial distribution. Measures of spread: standard deviation. Con- 
tinuous distributions. The normal distribution (use of tables of the error 
function). Distribution of the mean of large samples. Tests for significance. 


United States of America 
is Committee on School Mathematics (UICSM ) 


University of Illino 
the content treated in grades 9-12 of the secondary 


A description follows of 
school. 


Grade 9 
The arithmetic of the real numbers (Unit 1). Addition, multiplication, subtrac- 


tion and division of real numbers; basic principles for real number (commuta- 


tive etc.); comparing real numbers: use of > and < ; the number line; absolute 


value. 


Generalizations and algebraic manipulation (Unit 2). Variables and algebraic 


United States of America 


5.8.2 


5.8.3 


i ressions ; 
expressions; generalizations and proofs: transformation of exp: 
theorems and basic principles for transforming expressions. 


Equations and inequations (Unit 3). Graph of a sentence: e 
language (interval, segment, ray, half-line) to name loci; solution o en. 
and inequations; equivalent equations; formula and word PIS 
expanding and factorizing expressions; solution of quadratic eq 

Square roots; approximations. 


i i i er-plane 
Ordered pairs and graphs (Unit 4). Graphing on pictures of the wi ds 
lattice and the number plane; intersections and unions of sets; re 
numbers and of expressions (domain of factorization): positive 1 
exponents; scientific notation. 


Grade 10 


s 
Geometry (Unit 6). Segments and angles as sets of points ; measures of ne 
and angles; congruence of segments and angles; su lementar ‚com Their 
tary, vertical and adjacent angles; perpendicular lines; triangles rite 
Properties: geometric inequations; parallel lines: quadrilaterals; m is 
polygons; trigonometric ratios; rectangular coordinate systems; pro 


N Š i 2 endix : 
analytic geometry ; circles and their properties ; measures of regions; app! 
the rules of reasoning. 


Grade 11 
" = Le " ions and 
Relations and functions (Unit 5) [Relations] principles for sets; relation: 


geometric figures; properties of relations; function as a special kind of ei 
tion; functional notation and ways of referring to functions; ii 
functions (fog); functional dependence; variable quantities ; linear d 
(graph, slope, intercept); Proportionality and variation; quadratic func! 

and quadratic equations; systems of equations. 


Mathematical induction (Unit 7 


numbers and positive integers fro; 
recursive definitions; 
—— ceunitc 
tine problems. 


] itive 
) Development of properties of Fran 
m basic principles: mathematical indu hän- 
Properties of the set of integers; divisibility; Diop 


j : 1. difference 
Sequences (Unit 8). Sequences: Continued sums (Y. notation); differe 


B ; ions; continued sraduct tion); 
Sequences; arithmetical progressions: continued products (|| DE is; 
a " i TAI —— MÀ": , 
integral exponents; geometric Progressions; combinations and permuta 

the binomial theorem; prime numbers. 


T" ; istence 
Elementary functions: Powers, exponentials, and logarithms (Unit 9). Exist 


; er -bound 
and uniqueness of principal square roots and cube roots; least-upper-b tial 
principle: principle roots; rational numbers; rational exponents ; expone 


3 CPU i ithmic 
functions; logarithmic functions; some laws of nature; natural Meu 
function; monotonicity and continuity; irrational numbers, infinite sets a 
density of the rationals in the reals; solid geometry; functional equations. 
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Grade 12 


Circular functions and trigonometry (Unit 10). Definition of cosine and sine 
in terms of winding functions; ‘analytic trigonometry’; laws of cosines and 
sines; applications; inverse circular functions; solution of equations. 


Complex numbers (Unit 11). Complex numbers as ordered pairs of reals; 
arithmetic of complex numbers; conjugates; quadratic equations; systems of 
quadratic equations. 


Currently, the UICSM is engaged in a research programme which has as its 
ultimate goal the development of curriculum materials for grades 7-12. This 
activity is being supported by the National Science Foundation. In this 
development, careful attention is to be paid to applications of mathematics to 
various branches of science. Project efforts have been concentrated on the 


development of seventh-grade and tenth-grade materials. 


Description of the seventh-grade programme 
The seventh-grade materials will consist, in the main, of two parts. The first 
o contain extensive work with the arithmetic of rational numbers. 


part is t 
Since traditional teaching techniques seem unsuccessful in enabling students 
king with common and 


generally to attain a reasonable proficiency in wor! 
decimal fractions, the UICSM feels that a major effort to develop new 
pedagogical devices in this area is in order. In the proposed development, 

ed as operators on lengths. Beginning with 


the rational numbers are treat 
natural operators, such as 3 which maps a length L onto a length 3(L), that 


is, three times as long as L, and continuing with the intuitively obvious notion 
that each such operator has an inverse, we develop all of the usual arithmetic 
operations. This is done in a way that enables the student to develop his 

intuitions for understanding the nature of these operations. 
The second of these parts is devoted to an intuitive development of geo- 
metric concepts. In this approach, the student is not, of course, required to 
though he is expected to give plausible 


give formal proofs of theorems, ted. i 
arguments for any assertions he might make. The objective with regard to 


geometry in grades 7, 8 and 9 is to develop, on an intuitive level, all of the 
basic notions of school geometry. It is this phase of the student’s early 
secondary mathematics training which will lay the foundation on which the 
formal study of geometry in the tenth grade will be built. 

The first trial (1964/5) of the seventh-grade course has been with children 


of below-average ability. 


Description of the tenth-grade programme 

The tenth-grade geometry programme has a twofold purpose. First, in the 
assumption that the student has been allowed to develop his intuitions about 
three-space in grades 7, 8 and 9, we propose to formalize these intuitions by 
deducing them from carefully selected postulates. This first purpose is a 
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standard one. The departure from the realm of traditional geometry develop- 
ments in the United States appears in our second purpose. In order to realize 
the first purpose we define certain distance-preserving mappings of Euclidean 
three-space onto itself. It is our second purpose to allow the ‚student to see 
how the construction of a particular set of postulates, dealing with these 
mappings, is effected from perfectly plausible intuitions about points, lines 
and planes in three-space. It is through this second purpose that we hope x 
give the student some insight into the manner in which mathematics is en 
A brief description follows of the chapters prepared by UICSM sta! 
members, from a developmental mathematics outline written by Vaughan for 
use with experimental classes. (Note that rules of logicare interspersed through- 
out the mathematics development.) 


Chapter 1: Introduction. Intuitive discussions about force table pryda) 
velocities, and reflections in mirrors; intuitions about orientation on a line, 
on a plane, and in space. 


i ions; certain 
Chapter 2: Sets, functions and slides. Review of concept of functions; er i 
mappings (slides, i.e. translations) of set R of reals onto R defined; sli ds 
R? and on R? defined; properties of composing slides; inverses of slides; 


? s E : ides R? 
distance-preserving defined; noting properties common to slides on R, on 
and on R?. 


Chapter 3: An intuitive introduction to translations of &. Translations of 6; 
introduction to an algebra of points and translations. 


Chapter 4: An introduction to logic. Generalization: role of er 
deriving a theorem from postulates; conditional sentences; rule of modus 


Ponens; replacement rule for equations; the deduction rule; converses; 
biconditional sentences, 


Chapter 5: The algebra of points and translations. Instances of generalization 
alternate choice for postulate 2; the bypass postulate; postulates about 


(the set of translations on ©); fixed points; subtraction of translations from 
points and from translations. 


Chapter 6: Commutative groups. F is a commutative group; significance of 
commutative-group postulate; examples of commutative groups; noncom- 
mutative groups; isomorphism; examples of subgroups. 

Chapter 7: Continui: 


ng the algebra of points and translations. Extending the 
th 


eorem list; a convenient rule of manipulation. 


Chapter 8: Extending the algebra and logic. Admitting real numbers as opera- 
tors on translations; logical conjunction and alternation; rule of the dilemma : 
denying an alternative; exportation and importation. 


Chapter 9: Vector spaces. Review of the 


group concept and scalar multiplica- 
tion; 7 as a vector space; applied probl 


ems (velocities and forces). 
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Chapter 10: Linear dependence and independence. Linear combinations in a 
vector space; sequences; linearly dependent sequences; linear independent 
sequences ; double denial ; modus tollens: linear dependence and independence 
of translations. 


Chapter 11: Lines in &. Collinearity ; definition of line; rule of contradiction ; 
determining a line through two points; direction of a line and of a translation; 
sense of a translation; parallel lines; skew lines; translations map lines onto 
parallel lines. 


Chapter 12: Subsets of lines in 6. Rays and segments; half-lines and intervals; 
senses of rays and half-lines ; parallel sets; proportionality ; points of division ; 
midpoint. 


Chapter 13: Triangles and quadrilaterals. Triangles; points of division of 
sides of triangles; medians; quadrilaterals; simple, convex quadrilaterals ; 
trapezoids; parallelograms; position vectors; centre of gravity of triangular 
regions. 


Chapter 14: Planes in &. Coplanar points; plane; plane direction; parallel 
planes; parallel lines and planes. 


Chapter 15: Dimension and bases. Establishing the dimension of. 7 isa three- 
dimensional vector space; intersections of planes; bases for & ; components 
and coordinates; Cartesian coordinate systems; equations of lines; vector 
equations; parametric equations; equations of planes. 


Chapter 16: Orthogonal projections. Properties of projections; projections of 
vectors ; projections of points; norm of a vector; unit vectors; dot multiplica- 
tions; 7 is a three-dimensional inner-product space: length of a vector; 
distance between points; orthogonal vectors; inner-product spaces; Schwartz’s 


inequality; triangle inequality. 


The material outlined above was taught during the year 1963/4 to two tenth- 
grade classes at University High School, Urbana, Illinois. 

Another trial of a revised version of the first draft has been taught to three 
tenth-grade classes at University High School during the school year 1964/5. 
In addition, the original classes will be merged into a single class, and these 
Students will study the topics listed below as part of their eleventh-grade work 
in mathematics. 


Chapter 17: Distance and perpendicularity. Distance in &; metric properties; 
Perpendicularity of lines and planes; perpendicular bisector ofa segment. 


Chapter 18: Orientation of lines and planes. Oriented lines and planes; ortho- 
Normal bases; unit orthogonal vectors; determinants; sense classes. 


Chapter 19: Angles. Sensed angles; right angle; adjacent angles; cosines; 
acute and obtuse angles: vertical angles; angle bisectors; sines; supplementary 
angles; complementary angles; oriented triangles; sine law; cosine law; 
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projection law; angles and triangles; measures of angles. 


Chapter 20: Isometries of &. Definition of isometry; plane reflection; proper 
rotations; resultants of rotations; glide reflections; twists; composing 
isometries. 


Chapter 21: Congruence in &. Congruence as a distance-preserving mapping; 
triangle congruence theorems. 


In addition to studying the above topics in the eleventh grade, the class will 
study exponential functions, logarithmic functions and circular functions 
(trigonometry). 

For one who might object to the fact that this treatment of geometry spans 
the tenth and eleventh grades, it should be pointed out that all the major 
topics treated in the traditional tenth- and eleventh-grade mathematics 
programmes in the United States are also treated in this programme. The 
major difference is that, while in the traditional programme there is a sharp 
division between the treatment of algebraic topics and the treatment of 
geometric topics, this division does not exist in the proposed programme. 
This is due in no small part to the unifying effect of the treatment of geometric 
topics in the context of the vector space 7. 
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6 A Modern Secondary-School 
Syllabus in Mathematics 
for the Scientific Stream 


Prepared by W. Servais. First published in Mathematics Today. 1964, Organization for 
Economic Co-operation and Development 


6.0 Introduction 


60.1 In compiling a syllabus, the first step is to choose a set of topics, which means 
that some topics are rejected and others adopted. Once the topics have been 
selected they must be arranged in a suitable progression, that is, their set must 
be given a partial order, since order will depend on the point of view adopted. 
Depending on whether one is concerned with (a) the rational arrangement of 
subjects, (b) the urgency of learning and using them or (c) the process by which 
the mind assimilates them, they would have to be arranged in a logical, a 
practical or a psychological order, respectively. For teaching purposes, the 
final order will have to reconcile all three aspects, while avoiding the worst 
pitfalls. 


6.0.2 Nowadays we have a better understanding of mathematical ideas and the ries, 


we are subject to greater pressure because of the steady increase in their 
applications, and we are more alive to the psychology of mathematics and its 
learning processes. This means that it has become a more compe 
to compile a mathematical syllabus but, on the other hand, we are in a better 
position to solve that problem. 


lex problem 


6.0.3 Byan understanding of its structures — and thanks to their versatility - mathe- 


matics has recovered its unity through set theory. : 

Teaching should proceed in the light of these findings and, using set theory 
as a basis, should build up a more unified construction, structured by homo- 
geneous modern ideas. It should do this not only to present an authentic, 
albeit elementary, image of the science of mathematics, but also to develop 
the Psychological ability to use mathematics as a tool in a broader, more 
deliberate and more effective way. 

To achieve this it is not enough to get rid of obsolete subjects and replace 
them by subjects of more topical value, or to graft a few modern ideas onto an 
outdated syllabus. Mathematics must be taught by making active use ofits 
structures both as means and as ends. 

This means that mathematics will cease to be tau 


ght in terms of special 
Properties and will in future be organized around a number of general t 


hemes. 
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Practical teaching experience shows that when it is taught in this way pupils 
acquire an astonishing mastery and intellectual drive which enable them to 
forge ahead. 


The proposed syllabus for the scientific streams in secondary schools has been 
planned in this spirit. There are three areas which are of vital importance is 
the application of mathematics to physics, biology and the human sciences: 
vector spaces; elements of analysis: elements of probability and statistics. 

These are the lines on which teaching must be organized if it is to meet the 
needs of those who use mathematics. Moreover, these themes provide the 
substance for a complete mathematical education. 


Vector spaces, elements relating to continuity, limits, differential calculus uw 
integral calculus are so universally used in science and technology that i 
superfluous to emphasize their importance. 


It is important to stress the practical and educational implications of the 
elements of probability and statistics: 


(a) Their fields of application are extremely diverse and extensive. 


(b) They represent a complex mathematical model synthesizing all the re- 
sources of the structures studied. 


(c) They are an introduction to the random concept, which children often find 
fascinating and which has unrivalled educational value as it offers more 
opportunities for mental agility than any other branch of mathematics. 


Mathematical logic is acquiring greater importance every day. It is recom- 
mended that a study should be made of it as soon as possible in conjunction 
with that ofsets, using one to throw light on the other. In this way the notions 
and criteria essential for formulating statements and definitions, and for 
developing mathematical demonstrations will become familiar. 


A fairly explicit syllabus has been submitted, not to make it more compelling 
but to give an idea of its organization and ramifications. i 
Experience with classes shows that this syllabus can be taught effectively in 
practice. It has turned out that as much time should be spent on essential 
notions as is required to assimilate them constructively and lastingly. In order 


to achieve the aims of the syllabus, it is essential not to be side-tracked by 
minor issues. 


The syllabus can ofcourse be adjusted to conditions in each particular country. 
Where this one is done it is recommended that (a) the three essential objectives 
should not be lost sight of; (b) a functional and structural arrangement should 


; 
be maintained to enable those objectives to be achieved economically and 


effectively. 


Some people will want to increase th 


e number of subjects taught by adding 
the theory of conics, descriptive geo; 


metry, elements of projective geometry, 
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the study of hyperbolic functions, the rudiments of differential equations, and 
multiple integrals. 

Before these additions are made, their theoretical and practical importance 
for a modern secondary-school course should be properly assessed. 


In any event, a sensible attitude must be adopted towards this, as to any other, 
syllabus and see that what is done is done properly, with the unhurried calm 
that is conducive to good results. Experience shows that where the teaching 
is organized functionally and based on the structures of mathematics, it is 
possible, in a shorter period of time, to achieve results which cannot be 
equalled by less-thoroughly planned methods. 


Our experimental work has convinced us that it is possible to use the proposed 
subjects as a basis for a thorough mathematical education which will provide 
not only a sound training in essential concepts but also a body of practical, 
useful data. 


A mathematical education of this kind depends not so much on the syllabus 
as on teaching method, for it is only good teaching that can make a syllabus 
meaningful. Let us make no mistake: any syllabus, however sensible and 
balanced it is, can degenerate into mere dogma in the hands of a dogmatic 
teacher. 


A modern syllabus calls for modern teaching methods to give it life and 
effectiveness. To meet the requirements of a mathematics of structures, a new 
and effective teaching method is now being evolved based on mental struc- 
turation. It teaches mathematics by making the learner participate. The pupil 
is trained to mathematize a given situation by identifying its structures. He 
learns to schematize, assemble, inquire, deduce, calculate and interpret, by a 
judicious choice of methods and processes. The method makes as much use 
ofimaginationand guessworkasit does of verification and criticism. It develops 
ability to cope with the unknown and confidence to use the known. 

In a word, it gives a dynamic and creative impetus to the pupil’s thinking, 
which guarantees his ability to invent, adapt, master and organize. 


Documentation 


The programme elaborated below draws on the following sources: 


(a) The Dubrovnik programme. $ 
(b) The programme of the Commission on Mathematics of the College 


Entrance Examination Board. 
(c) The experimental programme established by the Centre Belge de la 


pédogogie de la mathématique. 
(d) The Scandinavian experimental programme. 
(e) Work of the International Commission for the Improvement of Mathe- 


matical Instruction. 
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(f) The experimental programme of the Gymnasium in the Neuchâtel Canton. 
(g) The Madrid experimental programme. 
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Sets 


(a) Set, object, belonging, e, equality. Inclusion A c B, subsets of a set £. The 
set of subsets, P(4). Empty set, Venn diagram. Determination of a subset of é 
by a condition on a variable x € 6. Equivalence and implications of its con- 
ditions on a set £. 


(b) Algebra of sets. Intersection A ^ B, union A UB, difference A\B in liaison 
with the logical operations conjunction A, disjunction v , and negation "B. 
Complement £\A ofa class of &. The symmetric difference A A B. Associativity, 
distributivity. Intersection and union of a family of sets. Quantifiers, Vx € &, 


3x e &. Partitioning and covering of a set. The product set A x B, the product of 
a succession of sets. 


Relations 


(a) Relation of a set A to a set B. Representation by a graph, by a table. The 
relation R as a set of ordered pairs, a subset of A x B. Domain and image of a 
relation. Condition on two variables x r y determining a relation in A x B. 


(b) Reciprocal of a relation, composition of two relations. Relations that are 
reflexive (anti-reflexive), symmetric (anti-symmetric), transitive (connected). 


Relations of equivalence; partitioning, quotient set. Relations of order, strict 
order, total order, partial order. 


Functions 


(a) Functional relation of a set E to a set F. Mapping of E into and onto F. 
E = F:x — f (x). Images of subsets of E by f; f(A), (Au B), f(ANB). 
Reciprocal of a function, reciprocal images. Quotient set of E by f. Injection. 


surjection, bijection, functional, reciprocal function or inverse. Composition 
of functions. 


(b) Group of permutations (bijections) of a set E. 
(c) Equipotence of sets. Cardinal number. 


(d) Homomorphism and isomorphism of sets structured by relations OT 
operations. 


The set of natural numbers 


(a) The natural numbers, finite sets, denumerable sets, succession of elements 
of a set. Addition and multiplication defined by means of the union and 


product of sets. Total order of the natural numbers, consistency with addition 
and multiplication. 
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(b) Axioms of Peano. Induction. 
(c) Division, remainder. Ring of residual classes modulo n. 


(d) Divisor, prime numbers, factorization, primary numbers. Greatest com- 
mon divisor, least common multiple. Relation to the operations ^ and U on 
the set of primary divisors of the numbers considered. 


(e) Systems of numeration, binary and denary. 


(f) Combinations. Arrangements with repetitions of m objects n at a time: 
mapping of a set of n objects into a set of m objects. Simple arrangements of 
m objects, n at a time: injections of a set of n objects into a set of m objects. 
Permutations (simple) of a set of m objects and bijection of this set onto an 
equipollent set. Combinations of m objects taken n at a time. Sets of subsets 
of n elements contained in a set of m objects. Number of subsets of a finite set. 


The line and the plane; dilatations 


The plane as a set of points, lines as subsets of a plane. Axioms of incidence 
and parallelism. Direction, parallel projection. Axioms of total order on each 
line, half-line, intervals, segment, convex set of points. The parallel projection 
of one line on another is a function increasing or decreasing. Dilatations 
(stretchings): bijection of the plane mapping one line onto a parallel line. 
Enlargements and translations. Compositions. Properties of the group. Equi- 
pollent ordered pairs, vectors, projection of equipollent vectors. Addition of 
vectors. Properties of a group. Addition in a plane furnished with an origin. 
Isomorphic groups. 


Groups 


(a) Examples. Additive and multiplicative groups in the set of residual classes 
modulo m. Tables of a group. The group of integers Z, +. The group of 
bijections of a set. Permutations of a finite set. The group of displacements and 
rotations which map onto itself the set of points of a plane (one point, two 
Points, three points, four points, five points). Studying the cases where the 
Points are the vertices of an equilateral triangle, a square, a regular pentagon. 
The group of translations of the plane, the additive group of vectors ina plane. 
The additive group in a plane with a given origin. The group of enlargements, 
given the centre. The group of dilatations. 


(b) Definition ofa group G, x, internal law of composition everywhere defined, 
associativity, identity element, the symmetric of an element. Equations 
TC b, y«a = b in a group. Commutative group. Additive and multiplica- 
tive notation. Symmetric of a sum or product. Multiples of powers of an ele- 
ment. The scalar law of a group. Cyclic groups. Subgroups. 


The ordered ring of integers 


The group Z, + and the additive group generated by a point on a line having 
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a given origin. Order on the line and order on Z, +. Multiplication of integers. 
The ordered ring Z,+,.,<. 


The line and the field of real numbers 
(a) Graduation ofa line having an origin and unit point. Axiom of Archimedes. 


(b) Subgraduation by successive bisections (or subdivisions by ten). Develop- 
ment of binary (or denary) limits. Binary (denary) unlimited sequences, Axiom 


of continuity. Parallel projections of one graduation on another. Theorem of 
Thales. 


(c) Real numbers determined by binary (or denary) construction. Ratio of 
vectors, product of a vector by a real number, Addition of real numbers and 
addition of vectors. Multiplication of real numbers, and multiplication of 


enlargements. Distributivity of multiplication over addition. The field of real 
numbers, totally ordered. 


(d) The rational numbers as quotients of integers, sums and products. The 


commutative and totally ordered field of rational numbers Q, +,., >. Rational 
approximations to a real number. 


Numerical computation 


(a) Addition, subtraction, multiplication and division of real numbers from 
approximate values. Absolute errors and relative errors. The number of 
significant digits in a decimal development. 


(b) Logarithms. Multiplicative group generated by a real number q, positive 
and not equal to one. Infinite geometric progressions G. Additive grouP 
generated by a real number not equal to zero. Infinite arithmetic progressions 
A. Isomorphism G — A: logarithmic function defined on G. Base, logarithms 
to base ten. If one takes g = 1-000 230 311 Sandr = 0-0001, 00? = 10 and 


10 000r = 1. Logarithmic computation, tables and rules. The nth roots of 
positive real numbers, 


(c) Concepts of logarithmic and exponential functions: isomorphism of the 
multiplicative group of positive real numbers (R*,.) and the additive group 


of all real numbers (R, +). 
Polynomials with real coefficients 


(a) The ring of polynomials in one or several variables over a field, over a ring: 
Numerical value, polynomial function of R toR. 


(b) The Euclidean division in a ring of polynomials with real coefficients 
Division by x— a. Zeros of a polynomial in a given domain, Factorization. 


(c) Equation of the second degree in one variable. Solution to second-degre® 
equations. Inequations of the first and Second degree in one variable. 
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The vectorial plane and affine geometry 


(a) The commutative group of vectors in a plane (V,+). Multiplication of 
vectors by real numbers. Structure of real vectorial algebra (R,V, +). 


(b) Structure of real vectorial algebra in a plane with given origin. Cartesian 
coordinates of vectors and of points. Parametric equations and Cartesian 
equation of a line. System of equations of the first degree in two variables. 
Matrices and determinants having four elements. Inequations and systems of 
inequations of the first degree in two variables. Linear programming. Area of 
parallelograms and orientation. Transformation of coordinates of vectors and 
of points. 


(c) General affine transformations. Translations, central symmetries, enlarge- 
ments, affine axial symmetries, axial affinities. 


Metric Euclidean geometry of the plane 


(a) Perpendicularity of lines. Axioms. Perpendicular lines and parallel lines. 
Orthogonal axial symmetry. Axiom of the bisector. 


(b) Group generated by orthogonal symmetries ; isometries. Isometric figures. 
Circle. Group of displacements, rotations and translations. Axioms of rigidity. 
Invariance of perpendicularity. 


(c) Unit vectors, isometries. Distance between two points. Scalar product. 
Cosine of an angle. Theorem of Pythagoras. Triangle inequality. Orthogonal 
basis. Trigonometric circle. Sine, cosine, tangent of an angle. Fundamental 
formulae of trigonometry. 


(d) Similitudes of the plane. The Euclidean geometry group. Equation of a 
circle with orthogonal basis. Canonical form of the equations of the conics. 
Affine and metric equivalences. 


Descriptive statistics 

(a) The statistics pertaining to a population (set) divided into classes. Values 
and frequencies. Total frequency and composite frequencies. 

(b) Statistical distribution of a variable. Histograms, frequency polygons, 
Cumulative frequency polygons. Mode, median, mean (arithmetical). Quartiles 
and deciles. Interquartile range, standard deviation. 

(c) Statistical distribution of two variables. Marginal and conditional distribu- 
tions. Regression of the mean. Linear regression. Correlation. 


The plane and the field of complex numbers 


(a) Equality and addition of complex numbers, and the additive group in a 
Plane having an origin. Cartesian form a+bi. The opposite of a complex 
number. Conjugate complex number. 
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(b) Multiplication of complex numbers and the group of similitudes with 
centreat origin O. Trigonometric form of complex numbers (polar coordinates). 
Inverse of a non-zero complex number. 


(c) Distributivity of multiplication with respect to addition. The field a 
complex numbers. Linear functions of a complex variable and the group © 
similitudes of the plane. 


(d) De Moivre's formula, the n nth roots of a complex number. Statement of 
the theorem of D’Alembert. 


Groups, rings, fields 


(a) Groups, subgroups. Intersection ofa set of subgroups. Subgroups ee 
by a subset. Subset generators. Lateral classes, order of subgroups of groups © 
finite order. Normal subgroups, quotient group. 


(b) Ring, field, commutative fields. 


(c) Ring of polynomials of one variable (several variables) on a ring; on a field. 


Euclidean division in a ring of polynomials of one variable having coefficients 
ina field. 


(d) Field of rational fractions. Homomorphisms and isomorphisms. 
Vector spaces 


(a) The planes and the lines of space; incidence; intersection, parallelism. 
Groups of displacements in space; translations and homotheties. Vectors, 
vector space. Space, furnished with an origin, as a vector space. 


(b) Definition of a vector space and examples. Linear combinations of vectors: 


(c) Subvector spaces. Intersection of a set of subvector spaces. Subspace 
generated by a subset. 


(d) Linear dependence. Fixed families, free families. Generators of families. 
Bases, coordinates. Spaces of finite dimensions. Dimensions. 


(e) Linear mappings. Matrix of a linear mapping with respect to a basis. ISO“ 
morphism of vector spaces of the same dimension over a field. 


(f) Change of basis. Elements of matrix calculation. 
(g) Linear forms. Dual spaces. 


(h) Solution of systems of linear ei 
linear combinations. 


quations by elimination through the aid of 
(i) Determinants. Application to the theory of linear equations. Orientation. 
Geometry of affine space 


(a) Parametric equations of a line, of a plane, of a segment. Dividing a segment 
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into a given ratio. Cartesian equation of a plane in space. Lines and parallel 
planes. 


(b) Affine transformations. Group. Invariance of the set of lines and of the set 
of planes preserving parallelism and intersection. Affine equivalence of quad- 
ratics. Particular transformations. Subgroups. 


Euclidean geometry of space 


Scalar product. Euclidean metric. Sphere. Perpendicular bases. Perpendicu- 
larity of lines and planes. Analytic expressions. Vectorial product (x product). 
Perpendicular symmetry with respect to a plane. The group of symmetries 
generated by perpendicular symmetries. Rotation about an axis, axial sym- 
metry, displacement, spiral displacements. Figures invariant under these 
transformations. The group of displacements. The group of similitudes of 
Euclidean space. 


Finite probability spaces 


(a) Chance experiences having a finite set & of a simple nature. Events, subsets 
of &. 


(b) Elementary probability defined on &. Probability of an event p(A) of an 
outcome A c &. 


PÉ)=1, p(g)=0, 0<p(A)<l. 
If AnB=@, p(AUB) = p(A+p(B). 
Independent events: p(A ^B) = p(A).p(B)- 


(c) Stochastic variable defined over & Mathematical expectation of a function 
of a stochastic variable. Mean, variance, distribution of a stochastic variable. 
Chebichev’s inequality. 


(d) Joint distribution of two variables defined over & Marginal distributions. 
Mathematical expectation of a sum and a product of several stochastic in- 
variables defined over &. 


(e) Binomial distributions. Mean and variance; law of large numbers. 


Metric space and topology 


(a) Open interval, closed interval over the real line R. Open disc (sphere), 
closed disc (sphere) over the real plane R?, Open ball (sphere), closed ball 
(sphere) over the real space R?. Open regions of the line, plane and space. 


(b) Definition of a distance. Example of an affine distance. The corresponding 
Structure of metric space. 


(c) Topological space. The topology of open regions. Neighbourhoods, closed 
neighbourhoods. 
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Continuous functions 


(a) Continuous functions of a topological space E defined over a Br 
space F. Continuity of a point of E, continuity of a subset of E. Examples: 
Identical functions over E. Constant function of E into F. 


(b) Translation, enlargement, parallel projections in affine space, isometries i 
Euclidean metric space. Continuous bijection to a continuous reciproca 
homomorphism. Subhomomorphisms of space. 


(c) Composition of two continuous functions. Composition of two homo- 
morphisms. 


H = " . H à in. 
(d) Functions that are continuous at values in a plane furnished with an on 
Sums of continuous functions, scalar multiplication of a continuous functi 
by a real number. Vector structure of these functions. 


i : s TR t of 
(e) Functions continuous at values in R, continuity of the sum and produci 
continuous functions. Quotient of two continuous functions. 


(f) Continuous functions of R (or a subset of R) into R. Eramet € 
exponential, logarithmic. Image ofa segment byacontinuous function. cia 
continuous functions of R into R. Subring of polynomial functions generate 
by the identity function R > R:x — x and constants. 


(g) Limit of a function at a point. Sequence and limit of a sequence. Cauchy 
theorem of convergence. Series, theorems on the important series. 


Differential calculus 


(a) Infinitely small or continuous functions and zeros at a point. Derivative. 
Rules for calculating the derivative of a sum, product and quotient of functions 
differentiable at a point or over a set of points of R. Successive derivatives: 
Calculation of derivatives of exponential, logarithmic, sine, cosine and tangent 
functions. 


(b) Primitives. 


(c) Functions differentiable at a, functions differentiable n times at a. Calculus 
of differentials, Development of the limit of order n. 


(d) Taylor's and MacLaurin’s formulae. Development of the limits of exponen" 
tial, logarithmic, sine and cosine functions. 


(e) Graphs of real functions of a real variable, Tangents, increasing and de- 
creasing functions, maximum and minimum. Concavity, asymtotes. 
Integral calculus 


(a) The notion of a definite integral 


b 
IS dx. 


A Modern Secondary-School Syllabus in Mathematics for the Scientific Stream 


6.2.24 


227 


If cis a constant, by definition, 
b 


f cdx = c(b—a). 


Integral as a step function. (A numerical function f defined in an interval 
[a, b] is called a step function, if, for any E > 0, there exists a function ó on 
[a, b] such that [/(x) — 6 (9| < E for every x in [a, b].) Upper and lower 
integral of a bounded function. When these two functions are equal, their 
common value is by definition 


b 

f (x) dx. 

Integral of a monotonic function on [a, b]. Integral of a continuous function 
on [a, b]. Integral as the limit of a sum. 


(b) Linearity of integrals. Chasles’s formula. The law of the mean. 


(c) The integral 


F(x) = fro du 

in which f(x) is everywhere differentiable where this function is continuous. 
Primitive of a continuous function. 

(d) Method of integration by parts and by a change of variables. 


(e) The logarithmic function defined by 


x 
t= |Z. 
, u 


a 


(f) Applications of the integral to the finding of areas, volumes, masses. 


Probability over the real line = 
(a) Real stochastic variable defined over the set of real numbers. Probability 
distribution. Rectangular distribution; binomial distribution. Distribution 
given by an integral. Mathematical expectation ofa real function ofa stochastic 
variable. Mean, variance; dispersion; reduced variable to mean = 0,0 = 1. 
Chebichev's inequality. The normal distribution. 

(b) Sampling. Estimation of a probability. Estimation of the mean. Interval of 
confidence of a mean and of the probability of large samples. 


(c) Axiomatic definition of a probability space. A probability space is a set & 
furnished with the following structure: 


(i) In the space £, there exists a family 4 of subsets called events, which are 
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such that: € and Ø are events; if A, B, Aj, À; 
the following also are events, 


4X4, AUB, AnB, UJ A. (| A. 


ieN ieN 


(ii) For each event A and each event B 


A,.... are events, then 


— n: 


ANB = Ø = p(AUB) = p(A)-- p(B). 


bility P 
(iii) Over Z, there is defined a function (of real values) called the probabi 
such that 


p(6)-1 pg=0 
and for all other events A € 7 
0 « p(A) « 1. 


(iv) IfA,, A5,..., A, ... is a succession of events such that 
A, >A,>A3;>...5A,>... and (\A = Ø 
ieN 


then lim p(A,) = 0. 


ER ee become 
Note. In finite spaces, F is the partition of & and (i), (ii) and (iii) simply 
the elementary probability defined on & 


h to 
To show how the above programme becomes a unified global m “The 
the study, it is necessary to see when and how each item is ae i" rid 
following sections are a breakdown by years of study. Much si 7 he lower 
designated for ages fifteen and sixteen has already been studied in t 
cycle of secondary schools having a modern programme. 


First year (fifteen and sixteen years old) 


Sets, relations, functions (6.2.1-3) 


PER) 
Among those who have concerned themselves with the modernizat iza 
instruction, it is generally recognized that the foundation of this mO tions: 
tion must be the basis of science of mathematics itself: the related nO been 
sets, relations, functions, In those countries where new instruction m is 
introduced in the lower cycle of the secondary school, this founda tents 
taught beginning at twelve years old. We only make explicit the con 


Se e (from 
which will be in constant usage throughout the course of the upper cycle ( 
fifteen to eighteen). 


The set of natural numbers (6.2.4) 


os the 
The natural numbers are the cardinal numbers of finite sets. One studie 


à à Sur x d decima 
operations on these numbers, their representation in a binary an 
System of numeration, and their use in computation. 


ds am 
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6.3.3 


6.3.4 


6.3.5 


6.3.6 


6.3.7 


6.3.8 
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The line and the plane; dilations (6.2.5) 
Lines and planes are considered as sets of points. The modern concept of 
parallel lines (identical lines or disjoint lines in the same plane) allows a 
definition of parallel projection (in the plane with respect toa line of the plane) 
and the dilatations which are the bijections in the plane applied to all lines with 
respect to a parallel line. 

Equipollent couples and vectors are introduced in connexion with trans- 
lations. The plane furnished with an origin and the addition of points is a 
group isomorphic to that of the translations of a plane. 


Groups (6.2.6) 
The concept of group is unfolded by many examples, and an elementary study 
is made of the concept of an abstract group. 


The ordered ring of integers (6.2.7) 


The ring (Z, +,., <) is studied along with the representation of inte 
graduated line. 


gers on a 


The line and the field of real numbers (6.2.8) 

The subgraduation of a line by successive subdivision by two (or by ten) and 

he marking of the points by this construction (binary or denary) done finitely, 

or infinitely, give simultaneously a construction of the set of real numbers and 

the line furnished with an origin. 
The rational numbers are introduced as quotients of integers. I 

manner, the thorny question of the real and rational is resolved. 


This method of introducing the real numbers has been developed by the 


Centre of Mathematical Pedagogy under the direction of Papy. See Affine 
M h the collaboration of Debbaut. 


E lane Geometry and Real Numbers by Papy wit in his On the 
M a certain way it represents the ideas expressed by Lebesgue 1 ale 
easure of Magnitudes. 


n this 


Numerical computation (6.2.9) 


T a E 
Pus four operations on real numbers are carried 
1 ES calculates an upper bound to the errors. An 

garithms allows the use of tables and a slide rule. 


out by approximate values. 
elementary introduction to 


Polynomials with real coefficients (6.2.10) 
= the basis of the study made in the lower cycle, Sende 
bi ynomials in one or several variables over a TINS: A distinction 15 DI 
woot à polynomial form and a polynomial function. The er 
fees de in a ring of polynomials in x with real coefficients leads to fac is 
en Equations and inequations of the first and second degree in one var 

Te solved, 


one introduces the ring of 


First : 
Year (fifteen and sixteen years old) 


6.3.9 


6.3.10 


6.3.11 


6.4 
6.4.1 


6.4.2 


6.4.3 


6.4.4 


6.4.5 


230 


The vectorial plane and affine geometry (6.2.11) 


The plane, in which an origin is given, has a structure of real vectors of two 
dimensions. The Cartesian coordinates are defined and equations and in- 
equations of the first degree in two variables are studied with applications E 
linear programming. An introduction is given to matrices and nine 
using only four elements. In this connexion, the area of parallelograms an! 


j i ne 
the orientation of the plane are studied. The affine transformations of a pla: 
are examined. 


Metric Euclidean geometry of the plane (6.2.12) 


- m i ies. 
The group of displacements and of isometries is generated by axial "Apc 
One introduces the distance between two points, the angle as a couple o! 


: fies u 
lines, the scalar product of two vectors and the trigonometric ratios. The group 
of similitudes of a plane are studied. 


Descriptive statistics (6.2.13) 


suds, os 2 , ideas 
The elements of descriptive statistics give opportunity to put to work the ide: 
acquired in numerical calculations and in graphical representation. 


Second year (sixteen and seventeen years old) 


The plane and the field of complex numbers (6.2.14) 


Just as the real numbers have been introduced in connexion with the group of 


homothetic translations, the complex numbers are introduced in relation with 
the group of similitudes of the plane. 


Groups, rings, fields (6.2.1 5) 


The examples of groups, rings and fields, encountered in the preceding study, 
now open and bring to light a more general study of these notions. 


Vector spaces (6.2. 16) 


Vector structure of a Space having an origin serves as a base for the introduc- 
tion of linear algebra which is presented in a general fashion. 


Geometry of affine space (6.2.17) 


The study of geometry of real affine space is made with all the resources of 
vectorial and analytic representation. 


Euclidean geometry of. space (6.2.18) 


The scalar product of two vectors allows the definition of metric notions. 

Orthogonal symmetries with respect to a plane generate the group of iso- 
metries and the group of displacements of space. The composition of displace- 
ment of enlargements gives the similitudes of space. 
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6.5 
6.5.1 


6.5.2 


6.5.3 


6.5.4 
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Finite probability spaces (6.2.19) 
On the basis of concrete chance experiences, there is built a presentation of the 
concepts of calculus of probability limited to sets having a finite number of 
cases, as elementary as possible. 


Third year (seventeen and eighteen years old) 


Metric spaces and topology (6.2.20) 

The Euclidean distance function enables one to define an open region of a 
line, plane or space. One now extends these notions to any distance. Then the 
fundamental concepts of topology are revealed. 


Continuous functions (6.2.21) 

The notion of continuity of a function at a point and over a se 
all its generality and specifically for a number of examples, 
exponential, logarithmic, sine, cosine and tangent. The limit of 
defined in connexion with continuity at a point. 


is presented in 
in particular, 
a function is 


Differential calculus (6.2.22) 
The definition of a derivative leads to rules for finding the derivative ofa sum, 
product and quotient of functions having a derivative at a point or over à 
subset of IR. The derivatives of the exponential, logarithmic, sine, cosine agd 
tangent functions are calculated. The inquiry into primitives is introduced as 
the reciprocal of derivative. P R 
Functions differentiable at a point are introduced in connexion wit = 
development of limits. The formulae of Taylor and MacLaurin furnish Es 
developments. These formulae are applied to exponential, logarithmic, Sin 
and cosine functions. The derivatives are used in the study of graphs of real 
functions of a real variable. 


Integral calculus (6.2.23) 
The integral 

b 

[ro ax 


ns (defined by step 


is defined from the point of view of integrals of step functio s 
Bone f iven. The integral 


functions). The elementary properties of integrals are then gi 
[ f(u) du 


ne i re 
of a continuous function f is a primitive of the function. These results à 
applied as in the classical calculus. 


Third year (seventeen and eighteen years old) 


6.5.5 
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Probability over the real line (6.2.24) 


Elementary ideas on the distribution of the probability of a real stochastic 
variable over the set of real numbers. With respect to sampling by large 
samples, the estimations and the intervals of confidence of the mean, and of 


the probability are explained. One uncovers the definition of a probability 
space. 
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The Training and Re-Training 
of Mathematics Teachers 


Prepared by W. Servais 


There is a severe shortage of qualified mathematics teachers in every country. 
Even those which could still, until recently, count on a supply of good graduate 
teachers, are now forced to use unqualified staff in order to cope with the 
massive intake of pupils. In regions where a substantial proportion of mathe- 
matics teachers have never had an adequate basic training, the situation, bad 
enough in normal times, becomes disastrous when classes are often over- 
crowded and the teacher lacks a thorough grasp of his subject. 

If the desired quality of mathematics teaching is to be maintained, if not 
improved, the vital problem is to train teachers in the content of mathematics 
and in teaching methods, and to keep their knowledge up to date. The two 
tasks, to keep working teachers abreast of new developments and to train new 
entrants to the profession, are of equal importance and must be carried out 
simultaneously. We shall consider them both, beginning with the training of 
future teachers, which is likely to yield more profitable results in the long term. 


Training primary teachers 


The responsibility for mathematics teaching lies in the first instance with 
teachers in primary schools and kindergartens. 

Far from being negligible, the contribution of kindergarten teachers is of 
fundamental importance. Educational games give young children a concrete 
introduction to essential mathematical activities: partition of a set into classes, 
recognition of equivalence, seriation according to a given order, establishing a 
one-to-one correspondence, reproduction of drawings retaining the topo- 
logical properties, etc. The significance of all these operations will be apprecia- 
ted later, but their intuitive performance provides the essential basis for 
mathematical education. Kindergarten teachers must be able to understand 
the process of learning mathematics which lies before the pupils whose first 
steps it is their duty to guide. In Belgium, for instance, the mathematics 
syllabus for Froebel teachers proposed by Lenger and Servais, and adapted 
experimentally in 1958/9, includes the basic concepts concerning sets, rela- 
tions, elementary functions and topology. However revolutionary such an 
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initiation may appear, a little reflection will show how functional it really is, 
since it helps these girls to understand their courses in psychology and 
pedagogy, for example with regard to the experiments of Piaget. 

Primary teachers have the complex task of teaching practically all subjects 
to children between the ages of six and twelve. They cannot be expected to be 
specialists in all of them. In view of the importance of mathematics, however. 
they must be able to teach it Properly. In some countries, training courses 
for primary teachers include a full secondary education or are equivalent 
thereto. Prospective primary teachers thus have or will have the opportunity 
to learn the new secondary curricula. They will then have to deepen their 
knowledge and, if necessary, broaden it so as to be able to comprehend 
modern concepts of integers, fractions, negative numbers, numeration by 
Position, linear functions (traditionally concealed under the name ‘rule of 
three’) or the simplest geometrical transformations, to mention only the most 
obvious. Moreover their methodology teacher, in conjunction with their 
mathematics teacher, should familiarize them with the principles and use of 
recently developed techniques of primary mathematics teaching, such as the 
coloured Cuisenaire rods advocated by Gattegno, the various materials and 
mathematical games Successfully developed by Dienes, or the research of 
Suppes and others. It is desirable that teachers of methodology in training 
colleges for primary teachers should themselves be involved in the new 
movement. 

It is questionable whether every primary teacher will be capable of teaching 
mathematics satisfactorily to his pupils. Some countries have realized that, 
with present requirements, this is an over-optimistic view. Denmark has 
found one satisfactory solution, described by Piene (1963)*: the curriculum 
for primary teachers includes a choice of a special subject. The course for those 
who choose mathematics includes (a) some portions of the higher secondary 
syllabus, (b) aspects likely to secure a better professional outlook and deeper 
understanding (logic, set theory, etc.) and (c) detailed treatment of certain 
Sections of the primary syllabus. Other countries, like the United Kingdom 
(Mathematical Association of the United Kingdom, 1963), have a mathe- 
UN graduate (often the headteacher) in many primary schools. 

- bro ee which obviously cannot yet be generally adopted, but it 
esirable that the staff of each Primary school should include at 


l A à Feat 
"oris © teacher with special qualifications in mathematics who can act as 


Ing compai i i in junior 
secondary schools. g parable with that required in juni 


*References for chapter 7 will be found on p. 252. 
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Training secondary teachers 


While practice varies according to the country. secondary-school teachers 
are usually trained either at the universities or at higher or secondary colleges 
of education. If there are two levels of training, teachers trained at the lower 
asa rule teach in the junior secondary classes (from eleven or twelve to fifteen), 
while the senior classes (from sixteen to eighteen) are taught by those who 
have studied mathematics at the university or equivalent higher educational 
establishments. These main categories may be subdivided when there are 
various types of secondary schools, in particular, those providing general 
education and technical schools. 

We are not concerned here with describing the different types of prepara- 
tion in various countries, but with indicating what we consider to be some of 
the future requirements, although these are probably still somewhat ideal. 

One necessary condition must be emphasized. Every secondary-school 
teacher should have a broad, balanced general training. This was recognized 
by the Unesco symposium at Budapest which urged in its recommendations 
that teacher training should be founded on a full course of secondary 
education. 

In order to teach a subject properly, one must both know it thoroughly 
oneself and know how to impart it effectively to others. In the case of mathe- 
matics, in which internal deductive reasoning is an essential feature, it is even 
more necessary to have a sound knowledge, especially when dealing with 
modern mathematics which has reached a degree of structuration and organic 
unity hitherto unknown. Learning mathematics requires the pupil to organize 
his intelligence even more than to acquire knowledge. The steps to such 
learning should be very familiar to the teacher who has to guide the pupil 
along them by suitable means and methods. 

In order to achieve the high efficiency desired, mathematics teachers must 
now be given a more advanced and more thorough mathematical and 
pedagogical training. 


Mathematical training 


The level of the teacher's training must be distinctly higher than the level at 
which he himself is to teach. 

With this end in view, the Budapest International Symposium recommended 
that all mathematics teachers for secondary schools should receive 


specialized training in modern topics . . to include the following fundamental topics : 
theory of sets and logic; abstract algebra ; topology; geometry (axiomatic treatment, 
using vector spaces and other parts of abstract algebra and topology); analysis; 
theory of probability and statistics; history of mathematical thought. 

The teachers for the higher classes of the secondary schools should make a more 
profound study of the fundamental notions and also have extra courses in specialized 
topics. 
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The essential point is not so much the extent of the technical information 
on.a subject as the spirit in which the subject is treated. From this point of view, 
modern mathematical concepts are capable of throwing completely new. 
light on the most classical subjects. In the training of future teachers, this is an 
advantage of which full use must be made for the benefit of education. . 

At each level of training, the teacher must have a proper understanding 
of the nature of the mathematical thought which his pupils will encounter 
later. It is desirable that teachers should be trained to teach at least some classes 
at the next level above. This would be extremely useful in a period of teacher 
shortage. . 

Details of mathematics syllabuses for teacher training are outside the 
scope of this book. They may, moreover, vary according to local traditions 
and academic facilities; CUPM (1961/2) and the Düsseldorf programme of 
the University of Münster may be useful for reference and comparison. In 
the latter programme, the senior course is divided into two parts, pure 
mathematics and applied mathematics. Even in topics appearing in both 
programmes — algebra, functional spaces, integration, ordinary differential 
equations, analytic functions of a complex variable — there are substantial 
differences in the way they are interpreted from the standpoints of pure and 
applied mathematics, as the former requires a more detailed treatment of 
Structures and the latter a broadening of knowledge. . 

Some subjects, moreover, are quite separate: general topology, differential 
Beometry of curves and surfaces in R?, study of elementary concepts (from 
the higher standpoint of modern mathematics), are reserved for the pure 
mathematics course, while the applied mathematics course deals with integral 
equations, partial differential equations, calculus of variations (although 
elements of this topic are given in the pure mathematics course), distributions, 
Laplace and Fourier transforms, special functions. 

The Düsseldorf programme 
calculus of probabilities at the 
Neither does it refer to an 


matics courses are over-loaded. Some 
in third-level courses reserved for post- 
hat future teachers should be introduced 
in a modern way, at the first and second 


is for their training and ensure that it does 
in a few years, 


ool Mathematics (1963) proposed a study of 
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they suggest including differential geometry of space curves, multi-dimensional 
differential and integral calculus, problems of limit conditions, Fourier series, 
integral equations, Green’s functions, etc. 

There is no doubt that the introduction of so-called higher topics into 
secondary syllabuses is a recurring phenomenon and its inevitable conse- 
quence is to raise the level of training for secondary teachers. This is a feed- 
back phenomenon to which we must pay great heed if we are not to run into 
disaster. In this connexion, Revuz has pointed out (OECD, 1964) that, even 
now, the first level of the Diisseldorf programme is inadequate as a proper 
grounding for the teaching of arithmetic and algebra according to the 
Dubrovnik programme (OECD, 1961), and that it is deficient in respect of 
probabilities. 

So far we have considered only the strictly mathematical training of future 
teachers. If we wish the teacher to be able to show his pupils how useful 
mathematics is in society, he must himself know of interesting applications. 
For this reason the Unesco symposium at Budapest recommended that 
the training of all mathematics teachers should include courses in one (or two) 
science subjects (e.g. physics, chemistry, biology, mathematical economics, 
psychology). 

Only in this way will the teacher be capable of personally presenting moti- 
vations and work regarding the applications of mathematics, and of co- 
operating with his colleagues in other sciences so that his teaching will 
not be arid and suffer from the absence of outside contacts. It is undeniable 
that, from this point of view, the reform movement in certain countries has 
been directed towards a broader theoretical structure and that so far not 
enough use has been made of mathematics as a tool in scientific investigation 
in secondary schools. 

This situation may be due to several causes: (a) lack of interest or lack of 
attention shown by mathematics teachers with regard to the application of 
mathematics to science; (b) ignorance, on the part of science teachers, of the 
nature and value of modern mathematics as an instrument; (c) inadequacy 
of the level of the pupils’ acquaintance with this instrument; (d) inadequate 
development of the quantitative and mathematical aspects of science teach- 
ing (for example, physics is presented from the aspect of qualitative phenomena, 
without using formulae, and the teacher does not make his pupils solve 
enough problems involving mathematics); (e) lack of co-ordination between 
mathematics and science courses. Mathematics and physics teachers should 
collaborate in setting their pupils real problems in which the formulation 
and data are taken from the laboratory; the outline of a solution is discussed 
with the physics teacher, and the numerical solution is done in the mathematics 
class. 

It is during the initial training of mathematics and science teachers that the 
taste for application, and practical experience thereof, should be developed, 
so as to make people fully aware of the nature and role of mathematical models 
in the empirical sciences. 
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Training in teaching methods 


A thorough knowledge of the subject to be taught is a necessary nn 
for being a good teacher, but is not sufficient in itself. There can be no rea 
promotion of a subject without effective teaching methods. 

Mathematicians often neglect the importance of teaching methods, although 
the scientists who have the greatest influence on the spread of mathematics 
are often outstanding teachers. Cases of brilliant mathematics students who 
have turned out to be equally brilliant teachers are often quoted, but alongside 
these fortunate examples of natural talent, there are many others who, 
lacking such gifts, are left at the mercy of their inexperience. The pupils then 
suffer from the trials and errors of the young teacher, who may never u 
an adequate knowledge of how to teach and blame his pupils for the results o 
his own lack of skill. There are few subjects where the influence of the teacher 
is so decisive as in mathematics. . 

Young pupils, in particular, are sensitive to the mode of teaching offered 
to or imposed upon them. The recent IEA survey carried out under the auspices 
of the Unesco Institute for Education, Hamburg showed that, in the first 
year of secondary school, the best results are obtained by open-minded 
teachers who encourage the personal work and personal expression of their 
pupils. . 

The pedagogical training of teachers should receive as much attention 
and be as up to date as their mathematical training. It was one of the merits 
of the Budapest International Symposium that it laid due emphasis on this 
point. It is not unusual to find two types of inadequately trained mathematics 
teachers. On the one hand, there are those who know mathematics but have 
only a rudimentary training in educational theory and methods, and, on the 


other hand, those who have a general training in education and are very nearly 
ignorant of mathematics. 


(a) Psychological training. To Strengthen the ‘educational theory' side of 
teacher training, 


the most urgent need and the most profitable course is to 


get away from the usual general treatment of teaching methodology, theory 
and the history of education. 


A proper trainin; 


g in educational psychology is essential and should cover 
three main points: 


(i) Psycho-genetic development from chi 
Secondary teachers, sufficient data re 
understanding of the attitudes and res 
(ii) Differential Psychology of character and behaviour in order to enable 
the teacher to adapt his 


teaching to individual pupils rather than merely 
lecturing to an abstract "pupil in general’; to handle a class efficiently, taking 
account of affinities in constituting working groups; to appreciate the psy- 


chological impact of his own reactions and, in particular, to assess the influence 
of his own personality in his relations — easy or difficult — with his pupils and 


Idhood to adulthood including, for 
garding adolescence to give them an 
ources of that age group. 
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his assessment ofthem. Certain tensions in the atmosphere ofthe mathematics 
class are due to failure to appreciate these points. 


(iii) The psychology of intelligence, to understand the stages of learning in a 
rational subject like mathematics, and to make the teacher familiar with the 
means to be used to encourage learning and the precautions to be taken when 
moving from one mental level to the next. 


In order to encourage an active approach in his pupils, the teacher should 
be aware of the various forms of motivation, and above all should realize the 
importance of the emotional aspects involved in learning, which are all the 
more vital since the subject is abstract and calls for the continuous active 
involvement of the learner if it is to be mastered. 

The prospective teacher should beacquainted with the results of psychological 
research which are of significance for mathematics teaching. Much still remains 
to be done, but it is undoubtedly of advantage that teachers should be able 
to make the most of what is already known (see chapter 4) and that researchers 
should concentrate on the subjects requested by mathematics teachers. 

At the Unesco symposium in Budapest the following recommendations 
were made as to subjects for research vital to modern mathematics teaching: 


Besides a deeper investigation into the teaching of sets, vector spaces and connected 
topics, experiments should be continued on the presentation of the following subjects 
in the context of modern mathematics: elements of topology, elementary geometry, 
introductory statistics and probability, differential and integral calculus, mathe- 
matical logic. Each of these topics should be tried out with various age groups In 
different types of schools in order to find how early they can be introduced, and the 
methods to be used. 


Research should be undertaken to show the motivations likely to induce the pupils to 
engage in true mathematical activity, according to their temperament and age: 
enjoyment of games, increases of interest through some individual choice of work, 
the many interesting applications of mathematics, the challenge of problem solving, 
satisfaction over success in solving a problem, spirit of competition (Olympiads), 
awareness of mathematical thought — its historical evolution, the beauty of the 
rational quality of mathematics. 


There are various lines along which mathematics may be learned: practical and 
graphical work on a given topic, formal lessons given by the teacher, problem solving 
(individually or in groups), individual discovery work, discussion, reading of mathe- 
matical textbooks, films, study with the aid of teaching machines, television lessons. 
The respective pros and cons of these methods, for presenting various topics, should 
be studied with reference to levels of attainment and other circumstances. 


In addition, suggestions were made as to subjects for research into the 
development of mathematical thought which would have a bearing on teach- 
ing: formation of concepts, proofs, role of problems, structured materials 
and games, use and role of diagrams and symbolization, etc. 

It is also natural for mathematics students who have taken a course in 
probability and statistics to be introduced to the applications of these subjects 
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in research on educational psychology. Mathematics teachers should be aware 
of the use made of mathematical methods applied to the social sciences. 


(b) Methodological training. In addition to his psychological training, the 
future teacher should be given special training in teaching methods based on 
the new ideas. 

There is a teacher-centred method of teaching, in which the teacher states 
the rules and makes the pupils learn them by heart and repeat them in applica- 
tion over and over again; or he states and proves theorems and then makes 
the pupils use them in exercises, 

Modern active teaching methods are centred on the pupil who learns 
through what he does himself more than by any other means. Memorizing 
becomes functional; the pupil retains knowledge by repeating the same 
Processes. Important concepts and properties are distinguished and fixed in 
themind by being encountered repeatedly, and in varied and effective situations. 

By adapting tasks to the pupils’ abilities and progressively increasing the 
level of difficulty, it is possible to ensure repeated personal achievement. 
which provides one of the strongest emotional motivations. | 

Modern methods of mathematics teaching develop an approach similar 
to that employed by the users and creators of mathematics. It is obvious that 
mathematicians do not start with the statement of a problem, and even less 
with a theorem or definition. What they do first is to explore a situation, à 
state of affairs, concrete or abstract, which by its presence constitutes à 


challenge to their powers of discernment or invention. In the course of this 
exploration, ideas are clarified, som 


others are discarded. A scheme begi 


examples. 
The young teacher must be trained 


the importance of which was stressed by 
heuristi 


incompatible with the length of syllabuses. 
viz. guided or directed discovery, where the 


peaking, and devotes himself more to encourag- 
is active learning. 


In practice, a compromise is used, 
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At the start, the pupil is not bothered with problems of expression ; he tackles 
the situation he is examining through action and reflection. Later, pupils 
engaged in the same type of investigation will exchange views and results. The 
need to express these in order to communicate them will provide a basis for 
using mathematical language. 

With this method the teacher is no longer the sole repository of mathe- 
matical truth. which he dispenses by his words. His authority is no longer a 
barrier between the pupil and the object of study. for it is the latter which is 
the real objective reference and authority. (The idea of the barrier of the 
teacher’s authority was introduced by Davis, 1964). 

In the dialogue taking place in class, the teacher is no longer the person 
who answers all the questions; he holds back in order to encourage exchanges 
between pupils. Their mistakes, which are inevitable and salutary in the 
learning process, are no longer punished but are freely discussed so as to 
clarify the situation. If some pupils overshadow the others too much, they are 
made to speak last. Learners are thus encouraged to gain confidence in their 
own ability to cope with new situations. 

To do something without understanding it is undoubtedly a blind and 
ineffectual way to proceed. This explains the mediocrity of a teaching system 
based on routine drill and forced learning by rote. Similarly, to understand 
something without doing it is an illusory gain, without any thorough assimila- 
tion. This is the cause of the low efficiency of the teacher whose abundant 
explanations deprive the pupil of the opportunity for reflection and practice. 

Modern teaching methods seek to make the pupil do what he understands 
and understand what he is doing. In this way understanding and practice will 
contribute to the retention of knowledge. 

Memory, of course, plays an extremely important part in mathematics when 
we have to seek and find ways of solving a problem or carrying out an algo- 
rithmic development accurately. What is needed as a basis is not purely 
mechanical rote learning, but organized memorizing, the effectiveness of 
which is assured through the mathematical links between the various elements. 
Thus, with the help of a few vital facts memorized in the new way, it is possible 
to evoke and find a whole arsenal hidden in the memory store. 

That is why the structure of mathematical knowledge is just as important 
for its retention as for its comprehension. Thinking with the help of structures 
is more vigorous thinking. From this point of view, the axiomatic concept 
(chapter 3) may be seen as the summary of all that is necessary to ensure 
retention of a structure. 

The organization of a theory can be better developed with the help of 
problems to which theorems correspond. It is of great educational importance 
that axioms and theorems should havea substantial content, so that knowledge 
can be anchored firmly to a few solid supports. 

The exercises which contribute to the permanence of learning should be 
programmed in the modern sense, each exercise presenting a new difficulty 
which requires an effort of ingenuity. In this way, instead of settling down 
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into the easy comfort of what he has already seen, the pupil gets practice in 
overcoming obstacles. . s e 

By means of a well-organized system of exercises and applications, em 
possible to analyse in detail the systematic errors which so many pupils make. 
Such errors, well known to the teacher, are used by him as a reason for further 
explanations and remedial exercises designed to develop in the pupil the 
habit of checking and self-correction. , 

The future teacher must show the same open-minded and sympathetic 
attitude to all manifestations of mathematical thinking by young people. 
whether the results be mistakes or discoveries. With a knowledge of the 
psychology of learning, he is in the best position to ensure productivity in a 
happy classroom atmosphere. . LO 

"Education is and will remain an art; it will never become a science. This 
statement is felt by some educationists to imply that education cannot um 
to the method and objectivity which are peculiar to the sciences. Is the art Pi 
the doctor or the engineer devoid of method and objectivity and opposed, in 
some measure, to the science of the biologist or the physicist? Do not these 
arts — and education in particular - consist of making the most of the vae 
of science and integrating them into the practical, often complex, solutions 0 
individual problems? ] , 

Educational theory cannot be identified with one of the forms in which 
it takes shape, viz. teaching method; this would merely reduce it to the € 
of vocational training. It must remain open to the general problems A 
methods, techniques and curricula, which are being so energetically reviewe 
and challenged today. In the study of these subjects, the prospective teacher 
must comprehend present-day mathematics in its logical organization and 
in its practical applications. He must see clearly what it can contribute to the 
thorough understanding of the subjects he has to teach. Psychology will 
provide him with data for understanding his pupils, their intellectual develop- 
ment and the processes of mathematics learning. 

Teacher trainees should be instructed by highly competent teachers who 
display in their own teaching the qualities required of the future teacher. The 
methods by which he is taught should illustrate at a higher level what he Jioni 
practise at a lower level: investigation, documentation, discussion, individua 
work or team work. Workshops and seminars should train his critical thinking 
and imagination and initiate him into experimental research on lessons, 
explanations, books, materials, syllabuses and evaluation methods relating 
to the various subjects taught in secondary school. . f 

A fairly long period of teaching practice in schools, under the direction © 
the methodology teacher and with the guidance of serving teachers, shoul 
fit him to start teaching on his own with assurance and success. í 

The prospective teacher must be informed about the development o 
mathematics teaching, the attempts to improve it undertaken in various 


countries, the part he will have to Play in its promotion, and his duty to keep 
himself up to date in his professional training in the future. 
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(c) Present and future requirements. The aim is to train good, even excellent, 
teachers to meet present and future requirements. It is essential to overcome 
the shortage of teachers not only in developing countries but, equally, in those 
countries anxious to maintain their level of development. Every teacher- 
training system has to solve the awkward problem of combining optimum 
quality and maximum quantity. Countries which set out, at all costs, toemploy 
only properly qualified teachers who have had a long, thorough training, 
find themselves forced to give too many jobs to any teachers they can find. 

Obviously, there is a threshold below which mathematical and pedagogical 
training would be permenently compromised. Training must ensure reason- 
able familiarity with the principles and the spirit of these disciplines. Additional 
training can come afterwards, but it is impossible to rectify a wrong grounding, 
and difficult to expand a foundation which is deficient from the beginning. 
Accepting this principle of the critical level, a prospective teacher need not be 
required to have the specialized training of a potential researcher. It would be 
regrettable to turn unduly advanced studies into a system of criteria of excel- 
lence of training. 

The report of the Mathematical Association of the United Kingdom (1963) 
contains considerations full of prudent realism, including the following 
recommendations : 


Grants should be made available for students who have been recommended by their 
university to repeat a year of their course. Grants should also be available for pro- 
spective teachers of mathematics who for academic reasons are not allowed to con- 
tinue at university, so that they can transfer to other institutions where the academic 
pressure is more suited to their ability. 


Universities should publicize more widely, preferably in attractively illustrated 
pamphlets, opportunities which exist for the study of mathematics at various levels 
at these institutions and for the many careers, including the teaching professions, 
which are open to mathematics graduates. 


Universities should make still more places available for potential mathematicians. 


Some universities appear to be more concerned with the very best students, who are 
less likely to teach in schools than the average student. They might well consider 
whether they should not make more effort to teach and help the slower students, and 
perhaps prevent them from giving up or changing subjects. 


We shall add one factor whose importance increases with the rising com- 
petition of external demand: one of the causes of the shortage of teachers is 
the inadequate salaries paid in this profession. 


Further training of teachers 


Responsibility for training 
In our rapidly evolving world, the further training of serving teachers is a 
necessity. Those in positions of leadership within the education system must 
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understand that further training should be a regular part of the teacher's 
professional life, but should not be additional to their already very heavy 
school duties. . z 

In countries active in teacher education. a variety of bodies assist in € 
teachers up to date: teachers’ associations: specialized education centres an 
institutes; universities and higher educational establishments. 

The following international organizations arrange meetings where mathe- 
maticians and teachers can pool their views and the results of their experience: 
the International Commission for the Teaching of Mathematics (ICTM): 
the International Commission for the Study and Improvement of the Teaching 
of Mathematics (ICSITM); Unesco and the Organization for Economic 
Co-operation and Development (OECD). 

Mathematics teachers’ associations take part spontaneously in the reform 
movement with more or less limited resources and sometimes without much 
support from the public authorities, This is an indication of how well teachers 
understand their responsibilities and how much reliance can be placed on the 
professional conscience and devotion of a large number of them. These are 
valuable contributions, for there is no doubt that serving teachers, well in- 
formed about the new ideas, are in the best position to carry out valid teaching 
experiments in sufficient numbers, : 
Mathematicians also share the responsibility for promoting mathematics 
education. It is not surprising that many of them, including some of the most 
eminent, provide teachers with essential basic information. Their support is à 
guarantee of the scientific quality of the reform. 

Users of mathematics also have a contribution to make by specifying to 
teachers what are the requirements of science and technology. Their approach 
is of interest in that its pragmatism offsets the emphasis on theory on the part 
of pure mathematicians, If mathematics teachers are to have some idea of the 


present practical importance of their science and its new applications, they 
must be kept informed. 


Means employed in the advanced countries 


Serving teachers must ac 
long-term undertaking. 
making teachers receptiv 
them an over-all picture, 
considerable time. For t 
weekly seminars, or repe; 
holidays for instance. 


quire a new training in depth and this represents a 
However useful individual conferences may be in 
€ to new ideas, opening up new prospects and giving 
it is essential to work on the new material for some 
his reason, various Courses have been organized — 
ated weekend meetings, or longer courses, during the 


Some countries have arranged television programmes for teachers or the 
general public. In this way it is possible to reach a very large audience, but 


the extreme brevity of the talks means that their content has to be very highly 
concentrated. 


After a group initiation, 


teachers must get down to personal study if they 
are to acquire a sufficient 


mastery of the new basic ideas, Hence the need, 
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stressed at the Unesco symposium at Budapest, for special manuals for 
teachers to acquaint them with the sense and importance of modern mathe- 
matical ideas and with the relevant methodology. Of similar importance is 
the distribution to teachers of documents on the international trends for 
reform, the particular situation in their country, the necessity of planned 
efforts, their personal responsibility to their pupils and the scientific value of 
the new ideas. 

Educational news is also circulated by those experimenting with pilot 
classes. Teachers pay particular attention to articles explaining how to 
present a new subject in class, and follow with great interest practical lessons 
demonstrating modern teaching methods in action. 

In recent years contacts have been established with other sciences and with 
industry, especially in countries anxious to develop an education which will 
havea practical relevance. In this way teachers are acquainted with the mathe- 
matical knowledge their pupils will need for careers or studies beyond 
secondary education. 

Similarly, teachers must know what concepts may already be employed in 
secondary-school science. Contacts with teachers of physics, chemistry, 
biology, geography and economics are profitable, and should be established 
without delay to further one of the aims of the reform. 


Action in the developing countries 


In the developing countries acute problems of teacher training are encountered 
at two levels. 


(a) Provision of competent staff and equipment for colleges of education. 
Here it is necessary to change both the curricula and the teachers’ attitude 
towards their students. 


(b) Application of reforms on a wide scale, for which a large number of teachers 
will have to be trained. 


The training of a small number of teachers for the first task has been under- 
taken by consultants sent out under national or international aid programmes 
to give training courses. This system is inadequate for carrying out large-scale 
reform. A larger number of itinerant consultants would be necessary to give 
regular assistance for a year or more. However, these measures often do not 
affect those in positions of authority nor those best qualified academically. 
Too-great disparities in the training of the instructors taking part in the 
courses, and the fact that these are so short, militate against achieving adequate 
lasting results. 

The solution might be, as found in the Republic of the Congo (Brazzaville), 
to bring together a group of well-qualified teachers for an intensive seminar 
providing them with ideas and means with which they can, on their own, 
continue the work started in a few special centres. 

The reform must come from above. It would seem desirable for several 
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countries to pool their most highly qualified teachers so that they can pai 
extremely concentrated instruction in a permanent institution where goo! 
consultants could give invaluable assistance. 


Further efforts needed 


Countries which started early enough in reforming mathematics teaching 
have already achieved significant and encouraging results. However, despite 
the efforts made, the teachers who have been equipped to apply a modern 
syllabus successfully represent only a fraction of the whole body of mathematics 
teachers. Ifall serving teachers are to be trained thoroughly, it will be necessary 
to commit much larger resources to the work. The progress of teaching is 
dependent on this. 6 i 

One country where school organization shows great variety, the United 
Kingdom, has regrouped its forces in the Joint Mathematical Council of a 
United Kingdom. In its Report on In-Service Training of Teachers of Mathe 
matics, the Council analysed the situation and recognized, inter alia: 


re y i st 
that the numerous activities carried out to date have brought in only the mo: 
enthusiastic fraction of teachers ; 


that teachers were not only not obliged to participate but had to devote their free 
time to the work and would seldom do it for nothing; 


that the organizers and their helpers, often unpaid, could not extend their activities 
owing to the lack of time and resources; 


that the majority ofmathematics teachers are 
unaided. 


not capable of coping with the situation 

In order that the new training may be available to all, the Council recom- 
mended that the following bodies should be set up: local education authority 
mathematics centres, regional advisory units, a national committee, a national 
information centre. 

An idea of their purpose can be gathered from the titles. The plan gives a 
detailed outline for the organization, role and cost of each of these parts of 
the machinery. This example shows how the training of serving teachers 
can be ensured by an organic system of institutions. 

Countries already benefiting from the services of local centres and national 
bodies know that it is advisable to develop local activities and, at a higher 
level, to co-ordinate, guide and second their efforts. In fact, the promotion of 
mathematics teaching is not a mere matter of once-and-for-all reform, but 
must be the gradual result of a continuing development maintained by a com- 
plete organization provided for that Purpose. 

The reform movements will continue to encounter difficulties for some 
years, however much ground is gained. Teachers who have been outdistanced 
by the vanguard must be induced to bring themselves up to date. Owing to the 
shortage of teachers, it will scarcely be possible to grant leave for re-training 
and it will not be easy to find enough experienced persons for the task. 
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To overcome these obstacles, it will be increasingly necessary to share the 
intellectual wealth of mathematics in order to multiply it: teachers who have 
undergone the new training must act as instructors for fellow teachers attending 
re-training courses. 

Similarly, countries must help each other more and more, pooling experience 
and exchanging teachers. This cross-fertilization must be fostered by national 
contributions and also by the international organizations which have been 
created for this purpose. 


Teachers and parents 


No drive for better mathematics teaching can be launched without the co- 
operation and goodwill of the mass of teachers responsible for giving it. As 
stressed in the previous section, the reform movement will require, to be 
effective, the further training of practising teachers, who must necessarily 
enlist support for their efforts on other levels, not only within the educational 
system but also in society at large. 

Teachers should not neglect to obtain the support of a section of the public 
which is directly involved in the educational process - the parents of pupils. 
Parents are beginning to realize the disparity between the mathematics 
education they received and the mathematics now advocated and taught 
in schools. They must be informed and, if necessary, introduced to the new 
concepts and methods. . 

For the pupils drawn into the experimental curricula, the new mathematics 
takes on the charm of a creative activity in which the individual's own capa- 
cities for inquiry, ingenuity, discovery and invention can be enchantingly 
exercised. The ability to understand and make progress, formerly the lot ofthe 
few with the traditional ‘bump of mathematics', is becoming accessible to 
larger numbers of pupils. 

However, there are the parents — the people with ambitions for their 
children — who find themselves faced with exercise books, often cryptic and 
full of coloured graphs and esoteric symbols, where there is little trace of the 
good old mathematics of their own days. The reform movement need not fear 
resistance from the pupils, but may be hampered by the parents, especially, 
when without full knowledge, they give their views with conviction. 

By way of example, here is the judgement of a father, which appeared in an 
article entitled ‘Nous ne sommes plus au pays de Descartes’ in the Voix des 
Parents of March 1962, quoted in Walusinski (n.d.). 


It is obvious that the introduction of set symbolism into the primary syllabus brings 
us to the ultimate limit of absurdity; and yet is it not the logical conclusion of a suc- 
cession of errors, of which one of the earliest and not the least, was the almost entire 
elimination of arithmetic teaching? Is it not madness that nowadays a pupil taking 
the class 1, or elementary mathematics course, should be incapable of solving the 
good old problems of proportion, net gain or loss, etc., without using xs and ys as 
crutches and without cranking up the blind mechanism of algebraic equations? 
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Walusinski goes on, 


Obviously this extract is given in no spirit of mockery. We feel it to be helpful to draw 
the attention of all teachers to the unfortunately far from exceptional nature of such 
reactions. They come, clearly, from unsatisfactory information about the a 
as they now are . . „ about the reform proceeding, as they are and as they should be. 


What are we to say when parents make sneering comments to their children 
as inept as they are ill-considered? Yet we must understand the parents 
point of view. , " 

Imagine their amazement and disappointment when they find in their 
children's exercise books notes on subjects which they themselves have never 
learnt, unknown symbols and problems they have difficulty in solving. It B5 
disturbing and distressing for a father to admit to his twelve-year-old son that 
he knows nothing about a classroom problem or cannot solve it, particularly 
when the father in his time has had schooling at the same, or even a higher 
level. This is the explanation of the reaction cited above, which reveals the 
father's wish to be able to use his knowledge of standard problems - of 
proportions and the tap or train type of net gain or loss — the formative or 
practical value of which, it must be said, is limited. 


This, in turn, produces two types of reactions which the author has frequently 
noted in the parents of pupils: 


(a) A relocation of the alleged cause of a pupil's failure. Ill-informed parents 


no longer say, ‘My son does not understand mathematics', but *My son 
doesn't really grasp set theory.’ 


(b) Anxiety to bring themselves up to date: 
explains all that better than the exercise bi 
enough and where I’m not sure my son 


“Where can I get a good book which 
ook, where the notes are not explicit 
may not have made a mistake?” 

In point of fact, good textbooks are n 


essential to the parents as to their children. It is on this account that some 


such books, like Papy’s Mathematique Moderne I, are written in colloquial 
style for adolescent or adult students. 


The School Mathematics Stu 
has realized how essential it i 
brief course for them, of which 


ecessary in two respects; they are as 


dy Group, like many other working groups. 


s to inform parents and has prepared a fairly 
it says: 


- , many parents do have questions 
which rightfully deserve answers. 

Some of these questions have alread: 
Revolution in School Mathematics, Nati 
There are, however, two kinds of questi 
easily answered. Typical of these are: 


ly been answered in print (see especially The 
ional Council for Teachers of Mathematics). 
ions often asked by parents which are not sO 
"What are the new topics in the new programmes 
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and what good are they?', and "What are the new ways of treating traditional mathe- 
matical topics?” 
These questions cannot be answered by means of generalities. 

The only way for a parent to understand a new mathematical topic, or a new way of 
presenting an old one, is to study it just as his children do in school. ` 

For this reason, SMSG has prepared a small textbook for parents. Chapter 1 of 
this text deals with number bases other than ten, a topic relatively new to the school 
mathematics programme. The other chapter deals with a review of the whole numbers 
in which emphasis is put on concepts and structure, as well as computation. 

The book is meant to be used as a text and to be studied carefully, rather than read 
superficially. Exercises are provided throughout each chapter, answers to which are 
supplied at the end of the text. 


This last sentence underlines one of the real difficulties of the effective 
documentation of parents: assimilating the new ideas calls for work by them. 
Getting a grasp of present-day mathematics is not effort-free: indeed, it 
requires more effort from adults than from the young. The difference in the 
respective yields from the effort required today and from that required in the 
past is quite certainly that modern mathematics is more intelligible and that 
knowledge of it pays better through the deeper and broader operative power 
it confers. Parents who have really taken the trouble to work on the novel 
modern notions, like pupils in school, grasp their possibilities and become 
supporters of reform. 

There remains those parents who cannot make the necessary effort for lack 
of time or lack of educational background. Even if they have not sufficient 
spare time for a real study of the subject, however, it is possible for them to 
get a fair idea of the intentions and purposes of the reform undertaken from 
short texts giving an understandable description of the essentials of the new 
ideas without mathematical development. 

This is the nature of the booklet, The Revolution in School Mathematics, 
mentioned earlier, and ofa recent publication by Revuz (1964), which discusses 
wrong ideas about mathematics, how present-day mathematics developed and 
the prospects for the future. 

It is necessary that books or articles should seek not to impress the public 
with their learning, but to provide a simple and effective answer to the questions 
which interest their readership, namely the new subjects and the present-day 
methods. Though it may be desirable to put the accent on what is new, not 
only in regard to set theory, it is equally needful to drive home the point that 
the reform of mathematics is not a matter of throwing overboard everything 
old, but of pruning antiquated and useless topics to make more room for 
those items in the heritage from the past which are shown to be sound and 
important by the condition of things today. 

Given the advance of science and man’s ever growing creative ability, each 
future generation is bound to find that even young children must know 
subjects of which their parents never heard. In the final count, what should 
reassure parents is the child’s superiority to themselves in mental agility and 
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ingenuity where new things are concerned. To convince parents and mathe- 
matics teachers or users that the new mathematics teaching is on the right 
lines, there is no means more effective than to let them see for themselves the 
pleasure and liveliness with which children in class react to it. 
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Some Notions of 
the Basic Structures of 
Mathematics 


Prepared by W. Servais 


It is impossible to discuss the reform of mathematics curricula without referring 
to the new content, that is, to the basic structures which form the core of 
modern mathematics. This appendix presents some of these basic notions 
through definitions, examples and a few demonstrations. 

The aim of this appendix is not to give a comprehensive introduction to the 
study of mathematics, a subject on which there are already numerous books 
addressed to various levels of learning, but rather to identify and explain 
a glossary of new terms and symbols. In this sense it is intended to serve as a 
reference for those involved in the planning and execution of modern mathe- 
matics curricula by providing them with a guide to the general concepts and 
specific terms and symbols employed throughout this book. In the Further 
Reading list the reader will find a short list of authors to be consulted for 
further reading on the topic discussed in each section. 

The selection of topics represents a common core of a modern mathematics 
syllabus.* While the choice of topics and their sequence has meant adopting 
a particular point of view, it will be recognized from the sample syllabuses 
presented in chapter 5 that the pattern of presentation may vary considerably. 
In fact, experiments are still continuing in order to try out these topics with 
various age groups in different types of schools in order to determine how 
early they can be introduced and the methods to be used. 


Logic 


In modern mathematics teaching there is a tendency to make more explicit 
use of the concepts and symbols of logic. 


Expressions and terms 


In written language, use is made of graphic signs. In mathematics, assemblies 
É 3 Sn 
of signs are used to represent expressions. For example, ‘1’, ‘+’, ‘sin x’, 


*Duc to lack of space, probability and statistics have been omitted, since they have not yet been 
accepted universally as part of the basic structure. Acknowledgement is made here to all those 
who, by their criticisms and comments, questions and encouragement, helped to define the aims 
of this section, particularly Mrs A. Z. Krygowska, G. Choquet, D. Gvozdenovic, G. Pickert, 
A. Revuz, S. Robinson, C. Roth, J. Sebastiao e Sylvia and M. Stone. i 
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'j—dv, ‘x+5 = 11 and 7 isa prime number’ are all signs or — 
5 j : 
used in mathematics. The inverted commas show that we are referring to t 


here are themselves variable, being called free variables, to indicate the Lemon 
bility of substitution. The objects designated by the constants which replac 


Equality M 
The terms ‘2’ and ‘5— 3 designate the same object, the number two. This is 
denoted by the equality, 2 = 5—3, 

Let T(x) = x? 6x—10. The result 
constant 2 will be called T(2). 
Then TQ) = ?-6x2-10, 
Similarly 7(5-3) = (5— 3)? —6(5—3)— 10. 
Since we have the equality 2 — 


of replacing the variable x by the 


5—3, we also have the equality T(2) = T(5—3). 


Propositions and conditions 


A proposition is an expre 
either true or false. For ex 
matician’, ‘2 = 5—3’, ‘th 
ments of which the first t 


ssion making a factual statement which may be 
ample, the propositions, “Newton is a great mathe- 


e Earth moves round the moon’, make factual state- 
wo are true and the third false. 


x e nor false as long as we give 
no specific values to the Variables ‘x, ‘y’, 2. In substitution, variables are 
replaced by appropriate constants, givi 


equation is a condition having the f 
least one of which is variable, as 


Some Notions of the Basic Structures of Mathematics 


A.1.4 


A.1.5 


257 


solution of an equation in a variable is a value of the variable for which the 


equation becomes true. 
All the values which a variable may take constitute its universe or domain 


of variation. For example, in the condition 


x is a great mathematician, 


the universe of the variable may be taken as the set of men. When the con- 
dition contains several variables, each of them may have a universe. 


Quantifiers 

The expression ‘3x’ is called the existential quantifier on the universe con- 
cerned. It is read ‘there is at least one x such that’. For example, the existential 
proposition 3x(x*—x—7 = 0) means that the equation x?—x—7 = 0 has 
at least one real root, the set of real numbers being taken as universe. 

The expression ‘Vx’ is called the universal quantifier on the universe con- 
cerned, and is read, ‘for all x’, or ‘whatever x may be’. The proposition obtained 
is universal. In the universe of men we have Yx (x is mortal) which means, in 
ordinary language, all men are mortal. 

We know that by convention in a substitution the same variable x must be 
replaced by the same constant, wherever it appears. Consequently, in a 
universe we have Vx:x = x. This proposition expresses the reflexivity of the 


equality. 
Equivalence 


Given two conditions P and Q, their equivalence is denoted by P = Q, which 
is read, ‘P is equivalent to Q’. It is true in every case where P and Q are either 
both true or both false; it is false in all other cases. This is summarized in 
Table 6, using the symbol ‘1’ to denote true and ‘0’ to denote false. 


Table 6 
P Q PQ 
1 1 1 
1 0 0 
0 1 0 
0 0 1 


Consider the equations 
3x-4=x and x=2. 


For all real values of ‘x’, these two conditions are simultaneously true or 
simultaneously false. The equivalence 3x—4 = x <> x = 2 is therefore true 
whatever the real value of x. This may be written Vx:3x—4 = x < x = 2on 
the set of real numbers. The conditions P and Q are said to be equivalent. 


Logic 


Any two true propositions, or any two false propositions, are equivalent. 
PP, that is, any proposition is equivalent to itself. à 
Whatever the conditions P and Q may be, the equivalences P <> Q an 


Q « P are in each case simultaneously true or simultaneously false, that is, 
there is true equivalence between them. 


A.1.6 [Negation ] yi P 


A.1.7 


Every condition has its negation. It is written ^P. and read ‘not-P’. It is true 
whenever P is false and false whenever P is true. Thus the negation of xasan 
even number’ is ‘x is not an even number’. The negation of x = y is also 


written x # y. Whatever P may be, it is equivalent to its double negation 
> 
(PP). 


| Contradiction) 


Two conditions, each of which is the negation of the other, are called contra- 


dictory. When one is true, the other is false. P <> Q and P <> (7Q) are con- 
tradictory, as are Vx:P and 3x:7P. 


Conjunction 


The conjunction P and a condition Q (or P and Q) is written P À Q. It is true 


whenever P and Q are both true, but false in all other cases. This may be 
tabulated as in Tables 7a and 7b. 


Table 7a 


Table 7b 
P Q PAQ or P ^ Q 
1 1 1 1 1 1 
1 0 0 1 0 0 
0 1 0 0 0 1 
0 0 0 0 0 0 


_ A system of two simultaneous equations (or inequalities) is their con- 
junction. 
Whatever P may be, the conj 
variable, and its negation is tri 
The following equivalences 


junction P A (P) is false for all values of the 
ue. This is the principle of non-contradiction. 
are also true, whatever P, Q and R may be: 
PAP=P (idempotence), 
PAQæQAP (commutativity), 
(PAQ)ARSPa (QAR) (associativity), 
ee) 


A.1.9 


258 


The disjunction of P and Q is written P v 
case when at least one of the conditions P 
are both false. It is summarized in Tab) 


Qand read ‘Por Q’. It is true in every 


and Qis true, and false when P and Q 
les 8a and 8b. 
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Table 8a Table 8b 


P Q PvQ or P v Q 
1 1 1 1 1 1 
1 0 1 1 1 0 
0 1 1 0 1 1 
0 0 0 0 0 0 


For example, the equation (x?—x-—12) (x?—16) = 0 breaks down into the 
two equations x?—x—12 = 0 and x?—16 = 0. It is therefore satisfied for 


solutions of at least one of these equations, that is, to their disjunction 
(x2=x—12 = 0) v (2 —16 = 0). 

Whatever P may be, P v (^P) is true. This is the principle of the excluded 
middle. 


Also PvP=P (idempotence), 
PvQ+QvP (commutativity), 


(PvQ)vR<Pv(QvR) (associativity). 


Implication ] 


The implication of condition Q by condition P is written P = Q and read 
“f P then Q’. This is false in every case when P is true and Q false and is true 
in all other cases. This is summarized in Tables 9a and 9b. 


Table 9a Table 9b 
P Q P=Q p > Q 
1 1 1 1 1 1 
1 0 0 1 0 0 
0 d 1 0 1 1 
0 0 il 0 1 0 


P is called the antecedent and Q the'consequent of the implication. Q = P is 
called thelreciprocallof P = Q. When P = Q is true in every substitution, 
we say that P implies Q or is a sufficient condition for Q, and that Qisa 


necessary condition for P. 
For example, the equation x — 2 implies the equation (x—2)(x+3) = 0, 
since if the first equation is satisfied, so also is the second. 


Sets 


The idea of a set is the most fundamental in mathematics. Georg Cantor 
(1845-1918), the originator of set theory, expressed the idea as follows: ‘A set 
M isacollection, asa single whole, of well-defined and distinct units of thought. 
These units are called the elements of M. 


Sets 
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It is easy to produce many examples of sets, of families, of classes, all 
synonymous from an elementary point of view; the pupils will cake 
provide further and varied examples drawn from everyday life. Other sets, O 
a mathematical type, will soon become familiar to them: the set of integers, 
the set of multiples of three, the set of points in a plane, the set of points in a 
circle, the set of circles ina plane, etc. 

To denote that an entity a is an element of the set E, or that a belongs to E, 


we write a € E. We also say that E contains or includes a. If bé E, b is not 
contained in E. 


To specify a set E, it is necessary and sufficient that for any given entity a, 


we have either that a € E or that a € E, with no ambiguity. The elements of a 
set E can be conveniently represented as points, round which a closed curve 


is drawn. This is called a Venn diagram (after John Venn, 1834-1923), an 
improvement on the circles of Euler. 


ek 


E 


Figure 37 Venn diagram representing a set E 


containing elements a, b, c. . . - 
The element k is not included in the set E 


To designate a set, the elements of which are represented by the symbols 
a, b, c, d, e, f, we use the notation (a, b, c, d, e, f }, placing the symbols between 
braces. Thus the expression {1,2, 3,4, 5} represents the set of numbers one, 
two, three, four, five, and not merely the numerals which stand for them. 

A set A is identical to set B if every element of A is an element of B and 
vice versa. In this case we write A = B. For example: 

11,2, 3) (2,8. 1}, 

{1,2, 3} = 2,4, 3,3}, 

{1,2,3} = {1,1+1,1+2}. 

For every object a there is a set {a} 


Which contains a as an element and no 
other. Such a set is called a singleton. Similarly, for every pair of entities a 


and b there is a set {a,b} which Contains each as an element and no other. 
Such a set is called a pair. 
Subsets 


Given a set A and a set B, it may happen that 


3 every element of A is also an 
element of B, as in the case when A = {1,2} 


and B = {1,2,4} and also when 
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A = {4,5} and B = {5,4}. These are examples of inclusion, which is shown 
intuitively in Figure 38. 


(a) B (b) 


Figure 38 Venn diagrams representing the inclusion of set A in set B, 
written A c B:(a) A # B. (D A = B 


Inclusion possesses the following properties. 
(a) Reflexiveness. For all sets A, A € A. 
(b) Asymmetry. For any sets A and B, if A < Band B c A, then A = B. 
(c) Transitivity. For any sets A, B and C, if A c B and B c C. then A c C. 


We begin with a set of entities £. To determine a subset A of & a condition 
must be satisfied, or a property must be possessed by an element of & if and 
only if this element belongs to A. For example, in the set of positive integers 
N = {0,1,2,3,...,n,...} we wish to specify the multiples of 5. This is the 
subset {x|x is a multiple of 5}, which is read as “the set of x such that x is a 
multiple of 5°. If we wish to make it quite clear that the basic set consists of 
the positive integers, we may write this more fully as 


(x|x e N; x is a multiple of 5}. 


In plane geometry, a locus defined by means of a condition imposed on its 
points is a subset of the plane which satisfies this condition. 

For every set & and every condition P(x) defined over 6, the elements of & 
for which P(x) is true form a subset of & known as the truth set and denoted 
by (x e £| P(x)} which is read, ‘the set of elements x of & such that P(x) is true’. 

The set defined by (x e 4|x # x} cannot contain any elements, since, for 
all x, x = x. This is called the empty set, of which there can only be one. It is 
denoted by Ø or by { }. Every set contains the empty set as a subset. 

If two conditions P(x) and Q(x), defined on a set 6, are such that, for each 
element in set & they are both simultaneously true or simultaneously false, 
the two conditions are said to be equivalent. E 


Sets 


Examples. (a) In the study of geometrical loci, when a locus is defined by one 


ize the 
property, we must find an equivalent property to enable us to recognize 
locus. 


(b)As (xeN|x!i-4- 0} = {2} = {xe N|x-2 = 0j. 


the equations x?— 


4 = 0 and x—2 = 0 are equivalent on the set of positive 
integers N, but the 


y are not equivalent on the set of real numbers R. 


(c) In the set {2,3,5,7,8, 9,12}, the conditions x is prime and x « 8 are 
equivalent, as they both determine the same set (2,3,5, 7). 
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C6 
A 


Figure 39 The intersection of set A and set B 


[niersection. r s ] of 
ntersection.|The intersection of set A and set B, written AnB, is made up 
elements which belong at one and the same time to set A and set B, 


AnB= ix|/(xe A)A (xe B)) 


; isjoint 
When the sets A and B have no common element, they are said to be disjoir 
sets and we have AnB = 


. , " " ch 
ith the intersection of geometrical figures, su 
as sets of points, lines or circles, 


" s 
of quadrilaterals and the set of regular polygon 
is the set of Squares. 


of the set of multiples of 6 and the set of multiples of 15 
is the set of multiples of 30, 


AuB= Ixlce A) v (xe B)}. 
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AuB 


Figure 40 The union of set A and set B 


Examples. The union of the divisors of 6 and the divisors of 10is {1, 2,3, 5,6, 10}. 
The equation (x?—9) (x? +5x+6) = 0. which splits up into x* —9 = 0 and 
x?+5x+6 = 0, has a solution set 
(xez|x^-9 = 0ju(xeZ|x t 5x46 = 0} 
or {—3,3}u{—3,—2} = {—3, -23)- 
[Diference)The difference A\B is the set made up of those elements which 
belong to A and do not belong to B. 


A B 


Figure 41 The difference A\B 


Example. The difference between the set of integers Z = {0,1,—1,2, —2,3, —3, 
..,n,—n,...} and the set of positive real numbers R* is the set Z\R* of 
negative integers and zero. 


When set A is a subset of set B, the difference A\B = Ø and the difference 
B\A is called the complement of A with respect to B. In the set of natural 
numbers, for example, the set of odd numbers is the complement of the set of 
even numbers. 


Symmetric difference.| The symmetric difference AAB is the set made up of 
those elements which belong either to set A or to set B, but do not belong to 
both sets A and B. 


Sets 
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AAB 
A 


Figure 42 The symmetric difference A A B 


Laws of the algebra of sets 
The operations, for given sets, which form their intersection, union or differenc 


are given the same names as the sets they produce. For any sets A, B and C, 
we have: 


(af Idempotence of intersection and union, 


ANA=A and AVA = A. 

(b) Commutativity) of intersection and union, 
AnB=BnA and AuB = BuA. 

(c) Associativitylof intersection and union, 


(AnB)nC = AnBnc) and (AUB)UC = AU(BUC). 


(d[Distriburicity,) 


(ANB)UC = (AUC)n (Buc) and 


(elabora) 


AN(AUB) = À and AU(ANB) =A. 


(AUB)nC = (ANC)U(BNC). 


An&=&nA=A and AUG = DIA=A, 
(g) 4 and Ø are also absorbing elements, 


AND = GnA = Ø and Aug = EVA = €. 


Boolean algebra 


The operations on the subsets of a non-empty set are an example of a Boolean 
algebra (named after George Boole, 1815-64). A Boolean algebra consists of 
a non-empty set B of elements on which are defined two operations N and 
Y, which satisfy the following Conditions: the operations must be everywhere 
defined, be associative, commutative and distributive, have at least one 
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Be Pe 


(a) 


(b) 


Figure 43 (a) Two switches a and b in series denoted by anb; (b) two 
switches in parallel denoted by aub 


neutral element and at least one complementary element for each operation. 
An interesting application of this algebra is in electrical switching circuits. 
Two switches a and b, when connected in series are denoted by anb, and 
when in parallel by aU b. The complement of an open switch a is closed and is 
represented by a’. 0 is a switch which is always open and 1 is a switch which is 
always closed. It follows that ana’ = 0 and aua’ = 1. By means of this 
system of algebra it is possible to reduce complicated circuit diagrams to 
simple or more difficult equations which can readily be solved. 


Binary relations 


Let A = {a,,a,a3,a4} be a set of cars and B = {b,,b2,b3}, a set of drivers. 
To list all the possible cases of a car of A being driven by a driver of B, we must 
form all the couples of which the first element belongs to A and the second to B. 
These are shown in the Table 10. 


Table 10 
A 
B ay az az ag 
bi (a1. 51) (as. bi) (a3. bi) (a4, bi) 
b; (a,,b2) (a5. 52) (a3,b2) (a3,b2) 
b; (a, b3) (a3, b3) (a3. b3) (a4. bi) 


To indicate all the possible couples in set diagrams, each element of A is 
joined to each element of B, as in Figure 44. Alternatively, all the possible 
couples are represented by a rectangular array of points (Figure 45). 
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Figure 44 All the possible couples of which the first element belongs to set 


(Jm ise t 
A and the second to set B are represented by the lines joining the elements 
of set A to those of set B 


Figure 45 The couples of the Cartesian product A x B represented by a 
rectangular array 


d 
The set of all these couples is called the Cartesian product of A and B, d 
is denoted by A x B, The operation is called Cartesian multiplication. 


i d 
A = B, the Cartesian product AxA is written A2 (Figure 46) and is a 
i ‚if we refer the coordinates of poin 
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Figure 46 The Cartesian square of set A: Ax Aor A? 


y 
(0, y) Q5») 
O (0, 0) (x, 0) x 


Figure 47 A point in a plane represented by a couple of coordinates (x, y). 
The set of couples of coordinates of all the points in a plane is the 
Cartesian square R? 


Cartesian multiplication is distributive, but not commutative or associative. 
The Cartesian product can only be empty if at least one set is empty. 

A binary relation is a set of couples. For example, the set {(Descartes, geo- 
metry), (Descartes, dioptrics), (Shakespeare, Hamlet), (Da Vinci, Mona Lisa)} 
is a binary relation. The idea may be extended to ternary relations, which are 
sets of triplets, and n-ary relations, which are sets of n-tuplets. Since a binary 
relation is a set, the usual laws of sets operate. 

If R = {(1,2), (1,3), (2,2), (2.4), (3,5)}, we may denote that a couple (x, y) 
belongs to this relation by writing xRy. The set made up of the first elements of 
the couples is called the domain of R; the set made up of the second elements 
is called the range or image of R. These are written as dom R and ima R 
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respectively. To draw the graph of a relation R it is sufficient, in e = 
(dom R)u (ima R) to represent each couple in R by drawing an = 
the first element of the couple to the second. For example, the re zT k 
R = {(1,2), (1,3), (2,2), (2.4). (3. 5)) may be represented by the graph aim 
48. A couple with identical elements, such as (2.2) is represented by a loop. 


Figure 48 GraphofR — {(1, 2), (1,3), (2, 2), (2, 4), (3, 5)} 


A relation for which the couples start in A and end in B is called a relation 
of A to B, A being called the set of departure and B the set of arrival. ; 

Instead of calling the set of couples a relation, as we have done here, 2 
writers call a condition in (x, y) a binary relation, and the set determined by 
this condition on A x B its graph. hos 

In the square A? of set A, the relation made up of all the couples (x, yw b 
first element is the same as its second, is called the identity relation or the 


y 


(0, 1) 


(1,0) 


Figure 49 In the Cartesian plane 


R? the identity relation Ir represents the 
line x = y or the set of couples of 


equal numbers 
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Ta 


Figure 50 The identity relation I, shown on a Venn diagram of set A asa 
loop at each point 


identity determined by the condition x = y. When the set A is finite and we 
construct a table of A? in which the rows and columns are placed in the same 
order, the elements of the identity relation I, will lie along the diagonal. For 
this reason I, is described as the diagonal of A2. In the Cartesian plane R°, 
the relation Ig is the Cartesian straight line x = y (Figure 49) or the set of 
couples of equal numbers. Figure 50 is a Venn diagram in which the identity 
relation I, on the set A is represented by a loop at each point. 

In the set A = {1,2,3,4,6,8} the relation defined by the condition ‘x is a 
divisor of y' is an example of a reflexive relation, since each number divides 
into itself. Consequently the couples (1,1). (2. 2), (3.3), etc. belong to the 
relation, each being given a loop in the graph (Figure 51). 


Figure 5] The relation defined by the condition ‘x is a divisor of y’ in the 
set A = {1,2,3,4,6, 8}isa reflexive relation. There is a loop at each point 
in the Venn diagram 


The relation obtained by interchanging the elements of each couple in R is 
called the reciprocal and written R^. The reciprocal of the relation x < y is 
y < x. A relation which is identical with its reciprocal is called a symmetrical 
relation. In a set of persons, the relation x has the same forename as y, and the 
relation x was born in the same year as y, are each symmetrical. In a set of 
straight lines in a plane, the relation of parallelism is symmetrical, as is the 
relation of perpendicularity. 
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If R is a relation of set A to set B, and S is a relation of set B to E € 
that aRb and bSc, or the second element of a couple (a,b) of R is also 


first element of a couple (b. c) of S. we say that the couple (a, c) belongs to the 
composite of R to S, written RoS (Figure 52). 


RS 


Figure 52 The composite relation R.S of set A to set C, composed of the 
relation R of set A to set B and the relation S of set B to set C 


graph is shown in Figure 53, 
are used. 


5 
on 1o 
x 


Figure 53 Graph of the relati 
tead a book y Published in town z 


Plane, using the signs L to denote x perpen- 
Parallel to y. we have 


LEZ Leff = Lo fl, 


It will be seen from this rm a composite relation of R 
with itself, called R2 — RoR. 
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The relation x < y on the set {5.6.7} is {(5,6), (5.7), (6. 7)). Its square is 
{(5,7)}. If; as in this case, the relation contains its own square, it is called a 
transitive relation. 

Every relation R of a set & which is at one and the same time, reflexive, 
symmetric and transitive, is called a relation of equivalence on &. For example. 
the relation of identity is clearly a relation of equivalence on every set. The 
relation of congruence modulo 5 (the remainders after numbers have been 
divided by 5 are equal) is also an equivalence relation. The equivalence of 
fractions, a/b and c/d, defined by the condition ad = bc, is also an equivalence 
relation in this sense. 

In a set & of real numbers, consider the condition x < y. The relation so 
defined is reflexive, since x is equal to itself; transitive, since x < y and 
y € z it follows that x < z; and asymmetric. Such a relation, having these 
three properties, is called a relation of order, and the set is said to be ordered. 
It is the asymmetry which distinguishes a relation of order from a relation of 
equivalence. 
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Consider a relation in which each couple consists of one person and his birth- 
day. The noteworthy features of this relation is that a person has only one 


dom R e 


S" 


Figure 54 Relation in which each couple is a person and his birthday 


birthday. Each element in the domain is the first term of one, and only one, 
couple belonging to the relation. In the graph, therefore, only one arrow 
will start from each of the points representing elements. This is the criterion 
of a functional relation or function. Expressed in symbols, 


R is a function <> Vx e dom R 3 (x, y) € R. 


We say that the function is defined in A and has its values in B. When the 
domain of the function is the whole of set A, we say that the function is defined 
on A, that it maps into B, or that it is a mapping of A into B (Figure 55). 
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domR=A 


B 


Figure 55 Graph ofa function mapping set A into set B 


When the image of the function is the whole of set B (Figure 56), we say 
that the function is surjective in relation to B. or a surjection. We say that it 
maps A onto B, as distinct from the incomplete use of B, which is mapping into- 
ee 


domR=A 


imaR=B 


Figure 56 Graph ofa 
function is the whole of set B 


function mapping set A onto set B. The image of the 


synonymous. 


Although each element of dom F is the first term of a single couple only. 
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p 


B 


Figure 57 The mapping A x {b} 


there is nothing to prevent several elements of dom F having the same 
image. An extreme case is that in which all the elements of A have the same 
image, as shown in Figure 57. The mapping thus obtained is said to be constant 
on A. Its image is the singleton {b}. This constant mapping is the Cartesian 
product A x {b}. It should be clearly distinguished from the element b. 

A function is called injective, and the mapping called an injection, ifand only 
if any two distinct elements in its domain have distinct images. A mapping 
which is both injective and surjective is called a bijection. In a bijection 
mapping A onto B, every element of A has as its image a specific element of 
B: and every element of B is the image of one and only one element of A. 
Thus the elements of A and B are in one-to-one or bijective correspondence. 
A bijection of a set A on itself is called a permutation of A. The special case of 
the permutation in which each element of A maps on itself is called the 


identical transformation. 


Examples. There are many examples in daily life of functions in which one 
set A is mapped into another set B, by conditions like: `y is the father of x’, 
‘y is the mother of x’, ‘y is the name of x’, ‘y is the mass of x’. The definite 
article ‘the’ indicates the uniqueness of the image of x by the function in 
question. 

Numerical functions which map a set of real numbers into or onto the set 
R of real numbers are well known. The practice of drawing up a table giving 
the value of F(x) for each x is in accordance with the definition of a function. 


In elementary work the notion of a function restricted to a mapping of R 
is often used and implied when we express functions by means of conditions 
like: y = ax+b, y= ax?+bx+c, y = 1/x, y = sin x, y =, y = log, x. 

A function may also be given by drawing its graph in Cartesian coordinates. 
The set of couples (x, F(x)) constituting F is displayed as a set of points with 
coordinates (x, F(x)). The set may consist of a single curve (which may be a 
straight line) or several curves, and may include isolated points. 
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Binary operations are functions defined on a set of couples. 

Geometrical transformations which map part ofa plane (or space) into the 
plane (or space) are functions. Translations, rotations, symmetries and en- 
larging transformations of the plane (or space) are permutations of it. f 

Measures which map a set of parts of a line, plane or space into a set R 
of non-negative reals are functions. f 

A real numerical sequence uy, U2, u3,..., U,,..., finite or infinite, is a 
mapping of the set of subscripts {1,2,3,...,n,...} into the set IR of real 
numbers, the image of n being u,. 

In classical logic the attribution of truth or falsity to the propositions of a 
given set determines a function on that set. The function is two-valued, true 
or false, and these values are usually denoted by 0 and 1. 

If y = F(x) the reciprocal image of y is the set, written F^ !(y), of elements 


of A whose image is y by the function F. It is not, in general, a functional 
relation of B to A. 


Examples: 


If, in a set & of individuals, we establish a correspondence between each 
individual and his nationality, we obtain a mapping of & into the set of 
nationalities. This function determines in 4, as a reciprocal, a partition into 


classes, each presumed known, consisting of the set of all persons in & having 
a particular nationality. The s; 


equivalence condition 


three forms 3n, 3n-- 1, 3n+2, where neZ, 


If we project all Points of a space & onto a plane P by rays parallel to a 
direction D, so th 


direc So that a point x € & corresponds to its projection p{x) € P; then 

if A is a straight line parallel to the direction D, all the points lying on A will 

be projected into the same point. The classes of partition of space are all the 
d are determined by the equivalence pix) = p(y). 

ction of x whose derivatives with respect to x can be deter- 


Composite functions 


If Fis a function defined on A, with values in B, and G is a function defined on 
B with values in C, so that y — F(x) and z = G(y), then z — G[F()], which 
may be written as a composite function z = (G. F)(x) (Figure 58). The 
result produced by the Composition of these two functions is a relation of À 
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to C. It is defined on A and is functional, since an element x of A is the first 
term of at most one couple (x, z) belonging to the composite G o F, which is 
itself a mapping of A into C. The order of mapping is shown in the order of 
writing G and F. GoF means that the first mapping is F and G follows. The 
composite of a bijection and its reciprocal is the identity mapping. 


G.F 


Figure 58 The composite function GoF 


Cardinal numbers 


The most primitive, and at the same time the most functional, way of deter- 
mining the number of elements in a set of concrete objects is to establish a 
bijection between this set and a reference set of, for example, notches on a 
stick or knots on a string. This is the basis of counting, Two such sets. A and B, 
between which there exists a bijection, are said to be equipotent. This is 
written A ~ B. The equipotence relation is an equivalence, which is (a) re- 
flexive, since every set is equipotent with itself; (b) symmetrical, since if A 
is equipotent to B, B must be equipotent to A; and (c) transitive, since A ~ B 
and B ~ C — A = C, that is, the combined effect of the bijection between A 
and B and that between B and C is equivalent to a bijection between A and C. 

When two sets A and B are equipotent, we say that they have the same 
cardinal number of elements and write 


#A = #B (cardinal A equals cardinal B). 


Some writers use the sign Al: others write card A, for a cardinal. If we write 
0= £z. 1- #{a}, 2 = # {a,b}, etc. the system of numerals develops. 

All sets in the same equivalence have the same cardinal. 

The sum of cardinal numbers is defined by means of disjoint sets. If 
AnB = Ø, that is. if the two sets are disjoint, the sum of #A and #B is 
the cardinal number of the union of A and B. The cardinal numbers 0, 
0+1 = 1, 1+1 = 2, 2+1 = 3,... form the sequence of natural numbers. 
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This set begins with 0. If the 0 is omitted and the series begins with 1 3 
called the set of non-zero natural numbers. A set is finite and contain: 
if it i i 234 ee nh 
elements if it is equipotent to {1,2,3,4, bo f . 
The addition of natural numbers is the function which brings u 
(a,b) into correspondence with the sum a+b. It follows that the additio: 
natural numbers is (a) commutative, a+b = b+; (b) associative, 


(a+b)+c = a+(b+c); 


and (c) it has a neutral element 0, whose addition leaves the original number 
unchanged, 


a+0 = 0+a = a. 


The definition of the product of two cardinal numbers is derived from s 
Cartesian product of two sets. The multiplication of two natural pue s 
the function which brings into correspondence with a couple (a, b) anothe 
number, the product a x b. It follows that this multiplication is, like en 
(a) commutative,sincea x b = bx aand (b) associative, (a x b) x c = a x (b x à 
so that the order of multiplication of three or more numbers does not affeci 
the result. It also has a neutral element 1, multiplication by which leaves h 
number unaltered, ax 1 = 1xa = a, and an absorbing element 0, for € 
ax0 = 0xa = 0, Another property is that multiplication is distributive ove 
addition, 


(a+b)xc = (ax c)+(bx c). 
Groups 


A function defined ona set of couples is called a binary operation. If this ot 
tion is defined for every couple in the set, it is said to be everywhere defined. H 
the operation maps the couples back into the original set, that is, if the resu 


of the operation is to be found somewhere within the set, it is called an internal 
Operation; this is the Property of closure. 
A set & which has an intern: 


is called a groupoid or gruppoid. 
called a monoid or demi-group. 


If a set G has an internal Operation * everywhere defined, and also the 
following properties, it is called a group: 


(a) The operation is associative, 
Yx,y,2E€G:(x#y)ez = X*(ysz). 

(b) The set contains a neutral element e e G, 
VxeG:xse = e*x = x. 


(c) Every element x € G has an inverse, 
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VreGix leGixxx ! 2x tex = e. 


The group here defined is written (G, +). Every group must contain at least 
one element. the neutral element. The cardinal #G is the order of the group 
(G, +), and according as the number #G is finite or not, the group is said to 
be finite or not. When the group operation is also commutative, the group is 
said to be an Abelian or commutative group. 


Examples. The set of subsets of a set & forms a group with the operation A 
(symmetric difference). The group is Abelian. 

The following are all Abelian groups: Z, +), (Q. +), (R, +) and (C, +), 
where Z is the set of rational integers, Q is the set of rational numbers, R is 
the set of real numbers and € the set of complex numbers. These groups are 
sometimes called the additive groups. 

The suffix reading non-zero, and Q, R and C as in the previous example, 
(Qo, .), (Ro, .), (Co, .) are multiplicative Abelian groups. 

In elementary geometry there are many examples of groups of transforma- 
tions. The group of translations, the group of similitudes with a given centre 
in a plane or in space, the group of rotations in a plane or in space having the 
same centre or axis, are all commutative. Non-commutative are the groups 
of translations and rotational symmetries in a plane or in space, the group of 
dilatations in a plane or in space, the group of direct isometries in a plane, etc. 

The set of polynomials in x with real coefficients, R[x], formsa commutative 
group with the operation +; so also does the additive group (C[x], +) of 
polynomials with complex coefficients. 

The groups mentioned above are all infinite. We can also find many 
examples of finite groups. 

The group of permutations of a pair of elements, one being the identity 
element I, the other the transposition T, which exchanges the elements, being 
the other, has a group operation table shown in Table 11. 


Table 11 
o I 
I 1 T 
d T I 


The identity transformation / and the symmetry S about a rectilinear axis 
form a group of order 2 with the group operation + (composition) and the 
table is Table 12. 


Table 12 
o I S 
I I S 
S S 1 
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The additive group of the residue classes, Ö and i, modulo 2 yields Table 13. 


| 
Table 13 | 
+ | 0 i | 
0 6 i 
i i ò | 


The multiplicative group of non-zero residue classes Í and 2, modulo 3, 
has Table 14 as its group table. 


Table 14 
x i 2 
i i 5 
2 2 i 


It is apparent that all these group tables of order 2 are identical in form. 
The reader should determine for himself, by checking the group axioms, 
whether Table 15, of order 3, defines a commutative group or not. 


Table 15 
* e a b 
2 e a b 
a a b e 
b b e a 


Examples of such groups are the additive group of residue classes modulo 3 
the rotation group which transforms a given equilateral triangle into itself, 
and the multiplicative group of the three complex roots of unity. 

Groups of order 4, such as the additive group of residue classes modulo 4 
the group of rotations which transforms a square into itself, the multiplicative 
group of non-zero residue classes modulo 5, and the multiplicative group © 


powers of the imaginary number i — i°, i}, 12, — all have a table of the form of 
Table 16. 
Table 16 

* e a b c 

e e a b c 

a a b c e 

b b c e a 

€ c e a b 
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In the group table it is impossible for an element to occur more than once 
in the same row or column. 

A group in which the elements are all powers of one element is called a 
cyclic group. All cyclic groups are commutative. 


Subgroups 

A subgroup of a group (G, *) is a subset of G which is also a group with the 
same operation +. In any subgroup (S. x) of (G, x), the neutral element of the 
subgroup is identical with that of the group and the symmetry of an element 
in the subgroup corresponds to that of the same element in the group. 

In elementary geometry, either plane or in space, the subgroup of displace- 
ments is a subgroup of the isometries which is itself a subgroup of the simili- 
tudes. The group of translations is a subgroup of the group of displacements, 
of the group of translations and point symmetries, and of the group of trans- 
lations and dilatations. 

If in a group of permutations of a set & we take those permutations which 
remain unchanged. that is, which transform into themselves, these elements 
form a subgroup of the group. For example, in the group of isometries of 
space, we can form subgroups by taking (a) the isometries which leave a single 
point unchanged, (b) the isometries which leave two points unchanged or (c) 
those isometries which leave the vertices of a triangle unchanged. 

When, in a group of permutations of a set &, we take all those which leave a 
given subset invariant, that is, which transform the subset into itself, we 
obtain a subgroup ofthe original group. For example, we can obtain subgroups 
of the isometries of the plane or of space by taking those transformations 
which leave unchanged (a) an isosceles triangle, (b) an equilateral triangle, (c) 
a rectangle, (d) a square, (e) a regular polygon, (f) a circle. We may also obtain 
subgroups of the isometries of space by taking those transformations which 
leave unchanged (a) a tetrahedron, (b) a regular tetrahedron, (c) a regular 
pyramid, (d) a cube, (e) a regular polyhedron, (f) a sphere. 

If (S,*) is a subgroup of (G, +), a coset is formed by taking every element 
aeG in turn, and forming the product, using the operation * with every 
element of S. It is called a right-hand or left-hand coset, as the case may be, 
according to whether a lies to the right or left of the element of S in the product. 
These cosets are written S«a and a*S respectively. 

The order ofa subgroup ofa finite group isa divisor of the order of the group 
itself. The only subgroups of a group whose order is a prime number are itself 
and the subgroup which has as its only element the neutral element. It is 
cyclic. Every group which is finite and of prime order is cyclic. 


Rings and fields 


The set of natural numbers N, the set of integers Z, the set of rational numbers 
Q, the set of real numbers R, the set of complex numbers C, the set R[x] of 
polynomials of one unknown defined on R, and the set C[x] of polynomials 
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of one unknown defined on C - all these sets have two closed operations, 
defined throughout, namely addition (+) and multiplication (.). Any set which 
has these two operations can be written (6, +,.). 


A set (A, +,.) which has these two operations everywhere defined is called 
a ring if the following axioms hold: 
(a) (i) Associativity, 
Vx,yzeA:(x+ty)+z = x+(y+z). 
(ii) There exists a neutral element 0 € A, such that 


VxeA:x+0 = 04x =x. 


(iii) Every element x € A has an inverse X for addition, such that 
WeASxeA:x+X¥ = X+x = 0. 

(iv) Addition is commutative, 

Yx, yEA:X+y = y+x. 

(b) (A, .) is a monoid, 

Vx,,2EA:(x.y).z = x.(y.z). 

(c) Multiplication is distributive with respect to addition, 

from the left Vx,y,zeA:x.(y+z) = (x.y)+(x.2), 

from the right Vx,y,zeA: (x+y).z = (x.2)+(y.2). 


When multiplication in a monoid is commutative, the ring is said to be 
commutative. 


A skew field (K, +,.) isa ring in which multiplication determines a group in 


the set Ko = K\{0}. A skew field in which multiplication is commutative is 
called a field. 


Examples. (Z, +,.) is a commutative ring, as is also (KZ, +,.), where KZ is the 
set obtained by multiplying the elements of Z by a fixed number k eZ. 

(N, +,.) is not a ring. 

(R[x], +, .) and (C[x], +, .) are rings of polynomials. 

(Q, +,.), (R, +,.) and (C, +,.) are fields. 

The set of residue classes modulo m (where m is of course a whole number) 


with addition and multiplication mod m, is a commutative ring. When m is 
prime, the ring is a field. 


The set of terminating decimal numbers, positive, zero or negative, is a 
commutative ring, but not a field, with addition and multiplication. 
The set Z(4) of subsets of £, with the Operations of symmetric difference 


A and intersection n is a commutative ring (P(E), A,n). Functions of real 
or complex values defined on a set 4 form a ring when addition is the addition 


of functions defined on & and with values in R or G 
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Yx Ee & :(f+g)(x) = f(x) +>). 
and multiplication is the multiplication of functions 
Wx €& :(f.g)(x) = f(x). ER): 


Matrices in a ring 
Given a ring (A, +,.), we can construct a matrix of m rows and n columns by 
forming a table written 


Qu dip +++ Gin 
a213 A22 ... Am 
Ami Am2 +++ Amn 


The table is obtained by mapping the Cartesian product 


4,1) (52) < (Lm 
Qj) (22) .. Qm 
(1,2,... Re = ( a 
(m, 1) (m2) ... (mn) 
into A; that is, we make a correspondence between a number a and each of the 
elements of the product. Such matrices are then families of A indexed by this 
set of double indices. For this reason the set of matrices with m rows and n 
columns with values in the ring A is called A"*". Matrices of the form Aran 
having a single row, are called row matrices, and those of the form A"*!, 
having a single column, are called column matrices. A matrix of the form 
A"*". having the same number of rows as columns, is called a square matrix. 
Matrices are equal when each element of the one is equal to the corres- 
ponding element of the other. The addition of matrices is the addition of 
corresponding elements, defined on a set, 


(a+b) = aut bu, 


forallke{1,2,...,m}andalllef{1,2,...,n}. 

From these definitions and the fact that (A, +) is a commutative group, it 
follows that (A"*", +) is a commutative group for addition. The neutral 
element is the null matrix, when every element is equal to the neutral element 
0 of (A, +). The negative of a matrix is the matrix having each element the 
negative of the corresponding element of the first matrix. 

Multiplication of matrices is defined only for the case of matrices in the form 
A"*P and AP*" (ie. when the number of columns in the first is equal to the 
number of rows in the second), otherwise multiplication is not possible. Each 
term in the product matrix is obtained by multiplying each term in the 
appropriate row of the first matrix by each term in the appropriate column in 
the second matrix, and adding the products. When it is defined, matrix multi- 
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eee se ad 
plication is associative and also distributive over addition, both from left vs 
right. It is not, in general, commutative. (A"*". +..) is a non-commuta| = 
ring. Square matrices of the form A"*" have a neutral element for mu 
plication, the unit matrix 


L © we 0 
© 1 ae iO 
i ms 


" " 1 whenk = I, 
in which ay = 0 Wie 


A square matrix in which all the non-zero elements lie on the leading 
diagonal, aj; = 0 if i # j, is called a diagonal matrix: 


a, 0 0 
0 d53 0 
0 0 CE 


Vector spaces 


ive 
In elementary geometry, vectors of the plane or of space form a eg 
group (V, +) for addition. Multiplication of a vector by a rational or a re 
number results in a vector. If K is a field of numbers, the mapping 


KxV >= V:(a,v) > av 
is called a scalar multiplication and has the following properties : 


(a) Vv e V:1v = v. 


The neutral element for multiplication in K, 1, is the neutral element for 
scalar multiplication, which is then a mapping of K x V onto V. 


(b) Vv e V, Va,b e K :a(bv) = (ab)v. 


Scalar multiplication is associative with multiplication in K. This is the mixed 
associative law. 


(c) We V, Va, be K:(a+b)v = av+by. 


Scalar multiplication is distributive over addition in the group (K, +). 
(d) Vu, v e V, Va e K:a(u4-v) = au+ av, | 


Scalar multiplication is distributive over addition in the group (V, +). 


Ifa commutative group (V, +) has a scalar multiplication by the elements 
ofa field K, and it has for its neutral element the neutral element of multiplica- 
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tion in K, and is also distributive over multiplication in both K and V, it is 
called a vector space on the field K. and is written (K, V, +). If the scalars are 
real, the vector space is said to be real. 

As we use the same notation for addition, +, in both K and V, it is convenient 
to use the same sign for multiplication in K and for scalar multiplication in 
the vector space. This does not lead to confusion if we use distinct symbols, 
such as bold type or superior arrows to denote vectors, as in geometry. 


Examples. The additive group of vectors in a plane, or in space, together with 
multiplication by real numbers, form a vector space on the field of real 


numbers. i 
The plane, or space, with a fixed origin O is an Abelian group (M°, +) 


when addition of points x, y, z is defined by 

Vx, y, ze I°: x+y = z & Ox+Oy = Oz. 

If we introduce multiplication by reals, by the definition 

Vae R, Vx, ye I° :ax = y e a. Ox = Oy, 

we obtain the vector space (R, II°, +). N 

Every field (K, +, .) can be considered as a vector space on itself (K, K, +), 
the module being (K, +) and the scalar multiplication being multiplication in 
(K, .). The fields (Q, +, .), (R, +, -), (C, +, ) can all be considered as vector 
spaces on themselves. 

Every ring (A, +, .) which has a subfield (K, +, -) isa vector space (K, A, +) 
on the latter. Also the field of complex numbers is a vector space on the 
field of real numbers and the field of real numbers is a vector space on the 
field of rational numbers. 

The product of vector spaces (V,,V2) on the same field K is formed by 
constructing the Cartesian product V, x V, and defining, for all v = (vi. Y2) 
v4 € V, v; € V5, u = (Uy, U2), u; € Vj, U2 E Vi, 


the sum uv = (u; - V4, U5 V2), 


and the product of v and x e K : xv = (xvi, xv3). 

The new vector space thus generated is called the product of a couple of 
vector spaces. Thus the vector space (K, K", +) is the product of m identical 
spaces (K, K, 4-). 


Metric spaces 


To a couple of real numbers (x, y) there corresponds a real, non-negative 
number |x—y| called the distance between x and y, written d(x, y). This 


determines a function: 


RxR > R: (x,y) 5 d(x, y). 
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which has the following properties: 
(a) Yx, y e R:d(x. y) > 0. 
(b) Yx, y e R:d(x, y) = 0 x = y, 
(c) Yx, y e R:d(x, y) = d(y. x), 
(d) Yx, y, ze R: d(x, y) < d(x, z)+d(z, y). 
It will be seen that these properties fit in with, and are derived from the 
conventional idea of physical distance; here they are only a starting point. 


If two numbers x and y are complex, we can define the distance between 
them as the absolute value |x— y| which then determines the mapping 


CxC > R:(x,y) 4 d(x, y), 


which has the same properties. 


When a distance function d is defined on a set £, the couple (6.d) is called 
a metric space. 


Examples. Distance may be defined on any set £. For instance, we may Say 
that for every couple (x, y), 


D x2 
dy) = t ifx # y. 


The distance thus defined is called the discrete distance on €. : 
Many distances can be defined on any set. It is easy to see that if d is a distance 
on 6, and k is a positive real number, kd will also be a distance on &. 


Ina plane, with rectangular axes of reference and equal units, the Euclidean 


distance between two points x = (x,,y,) and y = (x,,y;) is given by 
Pythagoras' theorem as 


dix, y) = J (6 x, +2} 


which satisfies the axioms of distance. Distance on the real line and in the 
complex plane are similarly defined. 


In the space R", the Euclidean distance between points x = (Xı,X2+- Xn) 
and y = (y. ya... -s Yn) is 


We can find a distance in the plane R? by taking 
d'(x, y) = Max(|xı—=y1|.|x2—y2|) 


or d'(x, y) — |xi-yi || xy, |. 


Let (6;, d,) and (£3, d;) be two metric Spaces. For every couple 
(x = (X1, X2), y = 01. Y2)) 


Some Notions of the Basic Structures of Mathematics 


A.10 


285 


of the product & x &, let d(x, y) = Max (dy (%1. 9i) dao. y2)). We are thus 
defining a distance on the set 6, x &,. The metric space (6, x 63. d) is then the 
product of the couple of metric spaces (6; , 42). Another definition of distance 
in the space product & x is to take d = (d+ 43). The definition can then 
be extended to a finite sequence of metric spaces. 

In a metric space (6,d) a set of points of & B(a, p) such that d(x.a) < p. 


B(a, p) = {xe&|d(x, a) < p}, 

is an open ball of radius p > 0. The sphere centre ae & and radius p > O is 
the set S(a, p) = (x e &|d(x.a) = p}. The union of these two, the open ball 
and the sphere, gives a closed ball. In a Euclidean three-dimensional space this 


corresponds to the Euclidean sphere, the open ball being its interior. In a 
Euclidean plane it gives a circle and an open or closed disc respectively. 


Continuity 
A function fon R is said to be continuous on the point aeR if, for alle > 0 
there exists a ô > 0 such that |x—a| < à implies )-f(a)| < s. It is 
continuous over A c & if it is continuous at every point in A. 

If (6, d) and (F, d) are two metric spaces, every constant function of 4 on F 


is continuous over 6. : 
In a metric space (£, d) we call a partition V of & which contains an open 


ball B(a, p) of positive radius p and centre a, the neighbourhood of the point a. 
An open ball with positive radius is a neighbourhood for each of the points 
within it. 


Topological spaces 


If from the concept of metric spaces we remove the idea of distance, keeping 
only the open sets and their properties: we can still define neighbourhoods and 
continuity of functions. By doing so we arrive at the idea of topological spaces. 

Given a non-empty set & we define a topology 7 on & asa family of 
partitions such that 


GET; 

BET; n 

if O,,0,,...,0,e7 then (\O.e7: 
i=l 


if forall ie J, O;e 7 then U OET. 
ie. 
The sets O € 7 are called open sets of & The above conditions state that 
& and @ are open sets, that the intersection of a finite family of open sets is 
open, and that the union of such a family is open. These axioms are similar to 
those for open sets of a metric space. The couple (6, 7), formed from a set & 
and a topology 7, is said to be a topological space defined on &. 
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If& is a set on which there are defined two distances, d, and dz, the two 
metric spaces thus obtained, (&, d,) and (6, d,), are said to be topologically 
equivalent if they generate the same topological space, that is, if the open sets 
of (6,d,) and (&,d,) are the same. A topological space is called separable if, 
given any two distinct points, there exist at least two disjoint open sets, each 


containing one of these points. Every space generated by a metric space is 
separable. 


Examples. In a set & + Ø, the set 7 = {G,6} is clearly a topology and is 
contained in every topology of &. 
The set (4) of partitions of a non-empty set & is a topology and (£, P(E ) 
is a topological space. The topology 7 (£) of & contains every topology of 6. 
Every space & which contains at least one pair {a,b} has many topologies. 


For example, {9,8}, {Ø, {a}, 4), {@, {a}, {b}, 6}. 


Ina topological space (£, 7), the neighbourhood V of a point a is a partition 
V c 6 which contains an open set O € 7 to which a belongs. 


Every open set is a neighbourhood of every point which it contains. 
The complement of an open set is a closed set. 


In every topological space the sets & and Ø are at the same time both open 


and closed. When these are the only sets with this property, the space is said 
to be connected. 


Further reading 


For further recommended reading on the topics in this chapter, the reader is 
referred to books by the following authors listed in the Bibliography. 
Logic 


Allendorfer and Oakley (1959); Arnold (1962b); Behnke (1958); Dubisch (1963); 
Exner and Rosskopf (1959); Kemeny et al. (1959a, 1959b); Kirsch and Steiner 
(1966); Meschkowski (1964); Stolyar (1965); Suppes and Hill (1964). 

Sets 


Adler (1958); Allendorfer and Oakley (1959); Behnke (1958); Dupont (1965); 
Fletcher (1964); Kemeny et al. (1959a, 1959b); Kirsch and Steiner (1966); May 


(1959); Meschkowski (1964); Papy (1959, 1963); Rosenstiehl and Mothes (1965); 
Suppes et al. (1957). 


Binary relations 
Behnke (1958); Dupont (1965); Fletcher 


(1964); Kirsch and Steiner (1966); May 
(1959); Meschkowski (1964); Papy (1963). 


Functions 


Behnke (1958-65); Choquet (1964); Dupont (1965): Kirsch and Steiner (1966) ; 
Meschkowski (1964); Papy (1963). 
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Cardinal numbers 
Behnke (1958-65); Dupont (1965); Kirsch and Steiner (1966); Meschkowski 
(1964); Papy (1963). 


Groups 

Adler (1958); Bachmann (1959); Behnke (1958); Dupont (1965); Fletcher (1964); 
Kemeny et al. (1959a, 1959b); Kirsch and Steiner (1966); May (1959); 
Meschkowski (1964); Papy (1961, 1963, 1964). 


Rings and fields . 
Adler (1958); Behnke (1958); Dupont (1965); Fletcher (1964); Kirsch and Steiner 


(1966); Meschkowski (1964). 


Vector spaces 

Artin (1957); Behnke (1958); Choquet (1964); Dieudonné (1965); Kemeny er al. 
(19592, 1959); Kirsch and Steiner (1966); Papy (1959, 1963); Pedoe (1963); 
Yaglom and Boltyanski (1961). 


Metric spaces 
Artin (1957); Behnke (1958); Choquet (1964); Dieudonné (1965); Kirsch and 
Steiner (1966); Meschkowski (1964). 


Topological spaces 
Adler (1958); Arnold (1962a); Choquet (1964); Kirsch and Steiner (1966); 
Meschkowski (1964); Papy (1959). 
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‘Teaching school mathematics 


. The introduction of ‘modern mathematics’ 
topics into the schools mathematics curriculum 
has been one of the most significant 
developments in the recent history of 
educational practice and theory. The demands 
of a computerized, technological age are for 
more and better training in new mathematical 
skills. Yet a majority of pupils experience 
difficulties in mastering the ideas of a traditional 
mathematics course. Only a simplified and 
unified course, carefully based on the 
fundamental concepts of mathematics, can 
meet the present-day demands without 
overburdening both the timetable and the 
pupils. 


In Teaching school mathematics, W. Servais 
and T. Varga offer a survey of new approaches 
to mathematics teaching, in practice and 

theory, from examples of classroom applications 
to the problems of identifying the processes by 
which mathematical learning takes place. The 
editors have drawn on contributions from 

many countries of the world, including Canada, 
Italy, Japan, Poland, UK and USSR. These 
contributions reflect the different experiences 
and approaches being tried in curricula and 
methods around the world. 


An appendix is included, giving a summary of 
the basic topics which represent a common 
core of a modern mathematics syllabus. The 
bibliography is both extensive and — . 
comprehensive, including research monographs, 
reports, textbooks, series and periodicals. 


Teaching school mathematics is a key 
reference work for all those involved with 
mathematics teaching. Administrators, 
educationists and teachers will all find it an. 
invaluable source of ideas. 
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